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Abstract

Many semiconductors, such as CdI, InN, GaN, and AlN, have a

wurtzite crystal structure. The surfaces of these crystals have been ex-

perimentally studied extensively, but there have not been sufficient the-

oretical studies of the surface thermodynamics of wurtzite crystal struc-

tures. In this article, we calculate the internal surface energy, specific heat

of a lattice gas, and sub-lattice coverage of the lattice gas on the (101̄0)
surface of a wurtzite crystal structure using the product-wave-function

renormalization-group (PWFRG) method (a tensor network method).

The PWFRG method is a transfer matrix version of the density-matrix

renormalization-group (DMRG) method. A characteristic feature of the

present calculation is that the right density matrix is not the same as the
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left density matrix due to the specific crystal symmetry of the wurtzite

structure. The calculated results are compared with results obtained by

the Monte Carlo method. We apply the results to the (0001) and (101̄0)
surfaces (interfaces) of Ih–ice. From the transition temperature of the

lattice gas, the effective bond energies between molecules on the prism

((101̄0)) surfaces are obtained as 71.8meV and 68.1meV for the ice/vapor

and ice/water surfaces, respectively. The surface energies at T = 0 K of

the ice/vapor surface γ
(0001)
surf and γ

(101̄0)
surf are obtained as 32.5 mJ/m2 and

34.6 mJ/m2, respectively, and the surface energies at T = 0 K of the

ice/water surface γ
(0001)
surf and γ

(101̄0)
surf are obtained as 30.8 mJ/m2 and 32.8

mJ/m2.

PACS: 05.70.Np, 05.50.+q, 05.10-a, 83.80.Nb, 82.65.Dp, 68.35.Ct, 05.10.Cc,

68.35.Md

Keywords: density-matrix renormalization-group method, product wave-

function renormalization-group method, tensor network method, two-

dimensional Ising model with a uniform and a staggered field, Ih–ice, faceting

transition temperature, roughening transition temperature, effective bond en-

ergy, surface energy of the basal and prism plane of ice

1. INTRODUCTION

Since it was first presented by White [1], the numerical renormalization-group

method called the density-matrix renormalization-group (DMRG) method has

become a powerful tool for reliably calculating one-dimensional (1D) quan-

tum systems such as 1D quantum spin systems [2, 3]. Nishino, Okunishi, and

their colleagues developed the product-wave-function renormalization-group

(PWFRG) method, a variant of the DMRG method, for 2D classical systems

[4, 5, 6]. The Hamiltonian in a 1D quantum system can be mapped to a transfer

matrix in a 2D classical system using the Suzuki–Trotter formula [7].

This PWFRG method is useful for obtaining physical quantities on a crystal

surface [8]–[22]. Since crystal surfaces and lattice gases are two-dimensional

objects, thermal fluctuations are strong enough to destabilize their ordered state

at finite temperatures [23]. Therefore, calculations based on the mean field ap-

proximation or the quasi-chemical approximation sometimes give incorrect re-

sults. More precise calculations than the mean field approximation are required

to obtain reliable results on surfaces at finite temperatures.
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In this context, the trimer–monomer transition on the Si(111) surface was

studied using the PWFRG method [9]. The critical curves of the trimer–

monomer mixtures calculated by the PWFRG method well describe the conver-

gence of the critical curves to the exact critical temperature of the hard hexagon

model. Adsorption with a coverage of less than 1 is shown to change the sur-

face tension, causing thermal step bunching [10, 11, 12, 13]. Here, the sur-

face tension is the surface free-energy per normal unit area. Detailed PWFRG

calculations on a restricted solid-on-solid (RSOS) model with a point-contact-

type step–step attraction (p-RSOS) model gives a discontinuous surface tension

[14, 15, 16] at low temperatures. Based on the connectivity of the surface ten-

sion, a faceting diagram with respect to the step assembling/disassembling has

been obtained [17]. This discontinuous surface tension provides new insights

for macrostep formation at the equilibrium [18, 19, 20, 21], such as for SiC or

for reaction- (interface-) limited steady state growth/recession [22] .

In this article, we outline the PWFRG method used to study surface phe-

nomena. As a model, we consider a 2D lattice gas on the (0001) and the (101̄0)
surfaces of a wurtzite crystal structure. The sub-lattice coverage and the specific

heat are calculated using the PWFRG method. The most characteristic feature

of the calculation is that the right density matrix is not the same as the left den-

sity matrix due to the specific crystal symmetry of the wurtzite structure. We

apply the results to the basal and prism planes of Ih–ice.

In §2 we explain the wurtzite crystal structure and its lattice gas model on

the (0001) and (101̄0) surfaces. In §3, the outline of the PWFRG method is

explained. In §4, the calculated results are compared with the exact results and

Monte Carlo results to demonstrate the accuracy of the PWFRG calculations.

The application to Ih–ice is shown in §5. Discussions and the conclusion are

given in §6 and §7.

2. TWO-DIMENSIONAL LATTICE GAS MODEL

2.1. Lattice Gas Hamiltonian

The wurtzite crystal structure is shown in Fig. 1. Many hexagonal II-VI and

III-V semiconductors have this crystal structure. For the (0001) surface, the

honeycomb lattice consists of two triangular sub-lattices, denoted by A′ and B′

(Fig. 2 (a)). For the (101̄0) surface, the surface layer consists of four rectangular

sub-lattices, denoted by A′, B′, A′′, and B′′ (Fig. 2 (b)).
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Figure 1. (101̄0) surface of the wurtzite structure. The open and closed circles

denote A atoms and B atoms for the two-component systems, respectively. (a)

Overhead view. (b) Side view. The shaded area indicates the lattice gas layer.
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Figure 2. Overhead views of the (0001) and (101̄0) surfaces of the wurtzite

crystal structure. The dark thick arrows denote the lattice vectors ~a, ~b, and ~c.

(a) Basal plane. The triangular sub-lattices are denoted by A′ and B′. (b) Prism

plane. The elongated triangular sub-lattices are denoted by A′, B′, A′′, and B′′.

The thick light-colored bonds are outer bonds parallel to the (101̄0) plane (Fig.

1 (b)).

We consider the surface energy by counting the number of broken bonds

for a surface configuration. The lateral bond energy is denoted by φ. Then, the
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2D lattice gas Hamiltonian for the (0001) surface (basal plane) is expressed as

follows [24, 25, 26, 27]:

HLG,b = −φ
∑

(~x)

[

CA′(~x)CB′(~x) + CA′(~x)CB′(~x−~b)

+CA′(~x)CB′(~x−~b−~a)
]

−εA′

∑

~x

CA′(~x) − εB′

∑

~x

CB′(~x), (1)

where εA′ and εB′ are the surface chemical potentials for lattice gas particles

on the A′ sub-lattice and B′ sub-lattice, and CA′(~x) = {0, 1} is the lattice gas

variable at a lattice site ~x on the sub-lattice A′. When CA′(~x) = 1, the sub-

lattice site A′ at the lattice point ~x is occupied, whereas for CA′(~x) = 0 it is

empty. Similarly, CB′(~x) is assigned for a particle on the B′ sub-lattice site.

For the (101̄0) surface (the prism plane), the 2D lattice gas Hamiltonian is

expressed as follows [28]:

HLG,p = −φ
∑

(~x)

[CA′(~x)CB′(~x) +CA′(~x)CB′′(~x− ~c)

+CA′ (~x)CB′′(~x−~a− ~c) +CA′′ (~x)CB′(~x)

+CA′′ (~x)CB′′(~x) + CA′′(~x)CB′(~x+~a)]

−εA′

∑

~x

CA′(~x) − εB′

∑

~x

CB′(~x) − εA′′

∑

~x

CA′′(~x)

−εB′′

∑

~x

CB′′(~x). (2)

2.2. Thermodynamics of Stoichiometrically Binary Systems [24]

Let µA,crys(T ) be the bulk chemical potential of A-atoms in the crystal, ne-

glecting the pressure dependence of µA,crys(T ). µA,gas(PA, PB, T ) is the bulk

chemical potential of A-atoms in the ambient gas. PA is the partial pressure of

A-atoms in the bulk gas phase. Similarly, µB,crys(T ), µB,gas(PA, PB, T ), and

PB are defined for B-atoms. At the equilibrium for the coexistence of the two

phases, the condition

µA,gas(PA, PB, T ) + µB,gas(PA, PB, T ) = µA,crys(T ) + µB,crys(T ) (3)

should be satisfied [24, 28, 29].
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Moreover, we assume the following relationships:

µA,gas(PA, PB, T ) = kBT ln[PA] + const,

µB,gas(PA, PB, T ) = kBT ln[PB] + const′,

µA,crys(T ) = kBT ln[P0A] + const,

µB,crys(T ) = kBT ln[P0B] + const′. (4)

To simplify the description, we introduce a relative chemical potential ∆µA,

defined by

∆µA = µA,gas(PA, PB, T )− µA,crys(T )

= kBT ln[PA/P0A]. (5)

From the phase coexistence condition Eq. (3), we obtain

∆µB = [µB,gas(PA, PB, T )− µB,crys(T )]

= kBT ln[PB/P0B]

= −∆µA. (6)

The physical meaning of ∆µA is the bias between the components in the ambi-

ent gas phase. When the ambient phase of the crystal is a solution, the relative

chemical potential can be applied by replacing the vapor pressures by the con-

stituent concentrations in the ambient solution.

The surface chemical potential can also be calculated by simple broken bond

counting. For the (0001) surface, the surface chemical potentials are expressed

by

εA′ = ∆µA + ∆Eb − zφ/2, εB′ = ∆µB − ∆Eb − zφ/2, (7)

where ∆Eb ≈ φ/2 is the half energy of a connected bond directed into the

crystal and z = 3 is the number of nearest neighbor (nn) sites in the lateral

plane. The particles at B′-sites have dangling bonds protruding outward from

the layer. The excess energy of the dangling bond is assumed to be ∆Eb. The

third term in the right hand side denotes the excess energy of the broken bonds

in the layer when a single particle exists.

Similarly, for the (101̄0) surface, the surface chemical potentials are ex-

pressed by

εA′ = ∆µA + ∆Ep − zφ/2, εB′ = ∆µB + ∆Ep − zφ/2,

εA′′ = ∆µA − ∆Ep − zφ/2, εB′′ = ∆µB − ∆Ep − zφ/2, (8)
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where z = 3 and ∆Ep is the energy gain for a bond inward to the crystal from

a layer on the prism plane.

Interestingly, the lattice gas Hamiltonian on the prism plane (Eq. (2)) is

equivalent to the lattice gas Hamiltonian on the basal plane (Eq. (1)), if we

assume ∆µA → ∆µA + ∆Eb and ∆Ep = 0 in Eq. (8).

2.3. Mapping to the 2D nn Ising Anti-Ferromagnet

(a) (b)

(c) (d)

Figure 3. The Ising model and lattice gas model. (a) A surface configuration.

The striped particles indicate B-particles. (b) Another surface configuration

with the two empty sites in (a) changed to occupied sites and the occupied sites

in changed to empty sites. (c) Spin configuration corresponding to (a). The

open areas and striped areas denote A′ sub-lattice sites and B′ sub-lattice sites,

respectively. The circled spins are flipped from the antiferromagnetic order. (d)

Spin configuration corresponding to (b). The energy of this spin configuration

is the same as the energy of the spin configuration in (c).

Since the crystal surface is a 2D object, the thermal fluctuations are some-

times strong enough to destroy the ordered state [23]. Because of this, mean

field (or quasi chemical) calculations with respect to phase transitions may give

incorrect results. To obtain reliable thermodynamic results including phase tran-

sitions, we use the PWFRG method [4, 5, 6], which is a transfer matrix version

of the DMRG method [1, 2, 3]. To more easily perform the PWFRG calcula-

tions, the 2D lattice gas models are mapped to the equivalent 2D Ising model.
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For the (0001) surface, we introduce the Ising spin variables σA′(~x) =
{1,−1} and σB′(~x) = {−1, 1}, as (Fig. 3)

CA′(~x) =
1

2
(σA′(~x) + 1) , CB′(~x) =

1

2
(1 − σB′(~x)) . (9)

Substituting Eq. (9) into the lattice gas Hamiltonian Eq. (1), at the equilibrium

we have the spin Hamiltonian

Hs,b = J
∑

(~x)

[σA′(~x)σB′(~x) + σA′(~x)σB′(~x−~b)

+σA′(~x)σB′(~x−~b−~a)]
−H

∑

~x

[σA′(~x] + σB′(~x)) + constant, (10)

J = φ/4, H = (∆µA + ∆Eb)/2, (11)

where J is the anti-ferromagnetic coupling constant between nn spins and H is

the uniform magnetic field.

Similarly, for the prism plane, we obtain the following spin Hamiltonian

from the lattice gas Hamiltonian Eq. (2):

Hs,p = J
∑

(~x)

[σA′(~x)σB′(~x) + σA′(~x)σB′′(~x−~b)

+σA′(~x)σB′′(~x−~b−~a) + σA′′(~x)σB′(~x)

+σA′′(~x)σB′′(~x) + σA′′(~x)σB′(~x+~a)]

−H
∑

~x

[σA′(~x) + σB′(~x) + σA′′(~x) + σB′′(~x)]

−Hst

∑

~x

[σA′(~x) − σB′(~x) − σA′′(~x) + σB′′(~x)]

+constant, (12)

where

J = φ/4, H = ∆µA/2, Hst = ∆Ep/2. (13)

Here, Hst is a staggered field connected to the bond vertical to the prism plane.
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3. PRODUCT-WAVE-FUNCTION RENORMALIZATION-

GROUP ALGORITHM

3.1. Transfer Matrix for a Finite System

3 2N

1 2 2N31 2 2N3

T
^

1 2

PL W PR

T
^

α

α'

β

β'

σ
1

σ
2

σ'1σ'
2

σ

σ'

σ σ σ

σ' σ' σ' σ' σ' σ' σ'

(a)

(b)

Figure 4. Operation of transfer matrix. (a) The number of rows r on the left

system increases to r + 1 on the right system by the operation of the transfer

matrix on the planar system. The closed circles indicate summation with respect

to {σi}. (b) The right and the left transfer matrices PR and PL. W indicates the

elementary transfer matrix connecting PR and PL.

We now explain how to apply the DMRG method to the surface system.

More rigorously, we adopt the PWFRG method.

Let us consider that one axis of the 2D classical Ising system indicates imag-

inary time and the other axis shows the location of the 1D system. Then, the

transfer matrix connecting a horizontal row to a neighboring horizontal row

works as the connectivity matrix from imaginary time it to i(t + ∆t), where

i2 = −1, for the 1D quantum system [30, 31, 32]. As shown in Fig. 4, in an

M × 2N Ising model with nn interactions, a row of spins {σi} is connected to

the next row of spins {σ′i} by the row to row transfer matrix T̂ as follows:

|ψ̃′(σ′1, σ
′
2, · · · , σ′2N) >= T̂ |ψ̃(σ1, σ2, · · · , σ2N) >, (14)

where 2N is the number of spins in a row. T̂ is a q2N ×q2N matrix, where q = 2
is the freedom of a spin. There are no occupied states to the left of the spin at
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σ1 or to the right of σ2N . In the thermodynamic limit, the partition function Z
of the 2D classical system is given by

Z = lim
N,M→∞

Tr T̂M = lim
N,M→∞

λM
max, (15)

where λmax is the maximum eigenvalue of the transfer matrix. The free energy

density of the system f(T ) is obtained by

f(T ) = lim
N,M→∞

1

2N
lnλmax. (16)

ζ

<0001>

<
1

2
1

0
>

-
-

Figure 5. (a) Transfer matrix for the Ising model modeled on the (101̄0) surface

of the wurtzite crystal structure. (b) Intra structure of the transfer matrix. (c)

Spin configuration for the elemental matrices for the transfer matrix.

In a finite size system, an approximate value λ of the maximum eigenvalue

and its wave-function is obtained by

λ = 〈ψ|T̂ |ψ〉/〈ψ|ψ〉. (17)
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To apply the DMRG algorithm, we divide the finite-size transfer matrix into a

right transfer matrix PR, left transfer matrix PL, and elementary transfer matrix

W (Fig. 4 (b)). Here, the size of PR (or PL) is (q ×m) × (q × m) with m.

Using the right and left transfer matrices, the transfer matrix is expressed as

T̂ = PL(σ′2, β
′; σ2, β)W (σ′2, σ

′
1; σ2, σ1)PR(σ′1, α

′; σ1, α). (18)

Here, α, α′, β, and β′ denote the block spin indexes, which run from 1 to m.

We now introduce the transfer matrix for the wurtzite Ising model Eqs. (10)

and (12). Two kinds of elemental transfer matrices W1 and W2, which appear

alternately, are introduced (Fig. 5). The explicit form of the matrices are

W1 =
∑

{α},{γ}

exp[−H1/kBT ], (19)

H1 = J[τ1ζ + ζσ1 + ζγ + τ2γ + γσ2]

−Hst

4
(τ1 + 4ζ + σ1 − τ2 − 4γ − σ2)

−H
4

(τ1 + 4ζ + σ1 + τ2 + 4γ + σ2), (20)

W2 = exp[−H2/kBT ], (21)

H2 =
J

2
[τ1τ2 + σ1σ2] −

Hst

4
(−τ1 − σ1 + τ2 + σ2)

−H
4

(τ1 + σ1 + τ2 + σ2), (22)

where kB is the Boltzmann constant, T is the temperature, and σi, τi, γ , and ζ
are spins. It should be noted that PR is not identical to PL due to the lack of

inversion symmetry.

3.2. Density Matrix

Let us denote the wave-function of the transfer matrix using the block spins,

such as ψ(β, σ2; σ1, α) (Fig. 6 (a)).

The right density matrix ρR(σ′′, γ; σ, α) and left density matrix

ρL(σ′′, γ; σ, α) are defined by the following equations, as illustrated in Fig. 6

(b) and (c):

ρR(σ′′, γ; σ, α) =
∑

{σ′},{β}

ψt(γ, σ′′; σ′, β)ψ(β, σ′; σ, α), (23)

ρL(σ′′, γ; σ, α) =
∑

{σ′},{β}

ψt(σ′, β; γ, σ′′)ψ(σ, α; β, σ′), (24)
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αβ σ
1

σ
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ρ
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(b) (c)

ρ
σ’’ γ

σ α

σ’’γ

σα

Figure 6. Diagrammatic representation of the wave function and density matri-

ces. (a) Wave function. (b) Right density matrix. (c) Left density matrix. The

shaded indexes represent the sum with respect to the block spins or the spin.

and the density matrix satisfies

TrρR = TrρL = 1. (25)

Since the wurtzite Ising AF does not have inversion symmetry, we have ρR 6=
ρL.

3.3. Sublattice Magnetizations

The sublattice magnetizations of the sites σ1 and σ2, which appear in W2, are

obtained as

mB′ = 〈σ1〉 = 〈ψ′|σ̂1δK(σ1, τ1)δK(σ2, τ2)|ψ′〉, (26)

mA′ = 〈σ2〉 = 〈ψ′|σ̂2δK(σ1, τ1)δK(σ2, τ2)|ψ′〉, (27)
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where |ψ′〉 is T̂ |ψ〉/
√

〈ψ′′|ψ′′〉 and |ψ′′〉 = T̂ |ψ〉. To obtain the values for the

sites α and γ , we define the sublattice magnetization operators M̂α and M̂γ as

M̂α =
∑

{α},{γ}

α exp[−H1/kBT ], (28)

M̂γ =
∑

{α},{γ}

exp[−H1/kBT ]γ. (29)

Then, the expectation values are obtained as

mB′′ = 〈Mα〉 =
〈ψ|PLM̂αPR|ψ〉
〈ψ|PLŴ1PR|ψ〉

, (30)

mA′′ = 〈Mγ〉 =
〈ψ|PLM̂γPR|ψ〉
〈ψ|PLŴ1PR|ψ〉

. (31)

The internal energy per unit cell E = E1 + E2 is obtained as follows:

E2 = 〈H2〉 = 〈ψ′|H2δK(σ1, τ1)δK(σ2, τ2)|ψ′〉, (32)

E1 =
< ψ|PLĤ1PR|ψ >
< ψ|PLŴ1PR|ψ >

, (33)

where

Ĥ1 = H1 exp[−H1/kBT ]. (34)

The specific heat is calculated as δE/δT , where δE = E(T + δT )− E(T ).

3.4. Renormalization

In this subsection, the PWFRG iteration is outlined briefly.

First, the elementary transfer matrices W1 and W2 are calculated. Then,

the initial right and left block transfer matrices PR and PL are prepared using

W1. Next, an initial wave-function vector ψ is prepared. Then, the iteration is

started.

1. PR, PL, and Wi are operated on the wave-function vector to produce Ψ′′

and Ψ′ (Fig. 7 (a)). If the iteration time is odd, Wi = W1, otherwise

Wi = W2. The operation is repeated imp times where imp = 3 in the

present calculations.
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(b)

(d)
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(c)

Figure 7. Diagrammatic representations of the PWFRG iteration, where the

shaded parts denote summations over the bases. (a) Wave-function vector after

operation of the transfer matrix on the old wave-function vector. (b) Right and

left contraction matrices. (c) Update of the right transfer matrix. (d) Update of

the right wave-function matrix. (e) New wave-function vector produced by the

wave-function matrices.
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A
R

A
R

t

RR

A
R A

R
A

R
RR

Figure 8. Diagrammatic expression of the wave function being updated by the

iterative product of the contraction matrices.

2. The physical quantities, such as the sub-lattice magnetizations and the

value of the partition function, are calculated using Ψ′.

3. The wave-function vector Ψ′ is decomposed into the right and left wave-

function matrices RR and RL with a size of (q ×m)× (q ×m).

4. The right and left density matrices ρR and ρL (Fig. 6 (b) and (c)) are

calculated using Ψ′.

5. The eigenvalues {ωµ} and eigenvectors of the right and left density ma-

trices ρR and ρL are calculated. The eigenvectors are sorted in decreasing

order of eigenvalue. The size of the matrix formed by the eigenvectors is

(q ×m) × (q ×m). The right and left contraction matrices AR and AL

are obtained by discarding the eigenvectors with eigenvalues smaller than

the m-th eigenvalue (Fig. 7 (b)). The size of the contraction matrices is

reduced to (q ×m)×m.

6. The elementary transfer matrix Wi is added to the right transfer matrix

PR. The size of the resultant PR is (q2 ×m)× (q2 ×m). Using the right

contraction matrix AR, the size of PR is reduced to give Pnew
R (Fig. 7

(c)). A similar operation is performed on the left transfer matrix PL to

obtain Pnew
L .



212 Noriko Akutsu and Yasuhiro Akutsu

7. The new right wave-function matrix Rnew
R is obtained by operating AR

to obtain RR (Fig. 7 (d)). A similar operation is performed on the left

wave-function matrix RL to obtain Rnew
L .

8. The new wave-function vector Ψnew is calculated using Rnew
R and Rnew

L

(Fig. 7 (e)).

9. Return to 1. The iteration is repeated until the max-iteration value is

reached.

The iterative operation of the transfer matrix in step 1 is key to this method

and gradually leads the maximum-eigenvalue wave function. Also important is

the contraction of the bases according to the eigenvalues of the density matrix,

after they were increased by the addition of another Wi to the transfer matrix.

Owing to these principles, the important bases for the maximum-eigenvalue

wave function are not discarded. The wave function converges to the maximum-

eigenvalue wave function efficiently.

Although the number of bases for the “block spin” m is not large, the ap-

proximate values of the physical quantities in the present method are more reli-

able than the mean field approximation because the contraction matrix is mul-

tiplied over each iteration to obtain the product-wave-function for the larger

system size (Fig. 8). Therefore, after sufficient iterations, we obtain values of

the physical quantities for a sufficiently large system size.

4. RESULTS

At H = 0 and Hst = 0, the Ising model Eqs (10) and (12) reduce to the ex-

actly solvable honeycomb Ising AF. The known exact transition temperature is

kBTN/J = 2/[ln(2 +
√

3)] ≈ 1.5186514 obtained from cosh[2J/(kBTN)] = 2

[33]. For the PWFRG calculation, the number of bases is m = 4–12, and the

maximum number of iterations is 400–50,000. Near to the transition tempera-

ture, a greater number of bases and iterations are required to obtain precise val-

ues. The transition temperature obtained at the zeros of the magnetization cal-

culated by the PWFRG was kBT
(m)
N /J = 1.5188, where the critical exponent

β = 1/8 for the 2D Ising model is assumed. The transition temperature obtained

by the specific heat calculated by the PWFRG method was kBT
(c)
N /J = 1.5185

assuming logarithmic behavior of the specific heat (Fig. 9). Thus, the errors of

T
(m)
N and T

(c)
N are less than 100 ppm.
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Figure 9. Logarithmic behavior of the specific heat calculated by PWFRG. H =

0, Hst = 0, kBT
(c)
N /J = 1.5185.

For Hst = 0 and H/J = ∆Eb/(2J) ≈ 1, the Ising model Eqs. (10)

and (12) express the one-component lattice gas model of the (0001) surface

of the wurtzite structure or the (111) surface of the cubic zinc-blend structure.

Examples of the surface are the basal plane of Ih–ice and the (111) surface of

Si. At H/J = 1, the calculated transition temperature was

kBT
(0001)
N /J = 1.3871. (35)

For H = 0 and Hst/J = ∆Ep/(2J) ≈ 1, the Ising model Eq. (12) ex-

presses the one-component lattice gas on the prism surface of the wurtzite crys-

tal structure. The temperature dependence of the sublattice magnetization is

shown in Fig. 10 (a). The PWFRG results are shown by lines and the Monte

Carlo (MC) results with the Metropolis algorithm are shown by symbols, where

the linear size of the MC system is 32–128, and the average time is 1 × 106

MC-step per site. Both results agree well.

Let us introduce sub-lattice order parameters as

q = |σA′ − σB′′ |, (36)

q′ = |σA′′ − σB′ |. (37)
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Figure 10. (a) Temperature dependence of the sublattice magnetization. The

dashed lines denote PWFRG calculations (A′ long dashed line, A′′ dotted line,

B′ dotted dashed line, and B′′ short dashed line). The open circles, open squares,

open triangles, and open diamonds show MC calculations. (b) Temperature

dependence of the order parameters to the 8-th power. From the extrapolation

of the line to qb = 0, we obtain kBT
(m)
N /J = 1.3015. The inset graph shows

the temperature dependence of the order parameters.

We do not normalize them to 1. The temperature dependence of the order pa-

rameters are shown by the inset figure in Fig. 10 (b). Based on the critical

exponent of the order parameter β = 1/8 for the 2D Ising model, the temper-

ature dependence of q8 and q′8 are shown in Fig. 10 (b). As seen from the

figure, q8 agrees well with q′8 and decreases linearly. By extrapolating the line
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Figure 11. Logarithmic behavior of the specific heat. kBT
(c)
N /J = 1.3012,

H = 0, Hst/J = ∆Ep/(2J) = 1. The open circles show the values obtained

by the PWFRG calculation. The lines connect neighboring circles. The inset

shows the temperature dependence of the specific heat. The solid line shows the

values obtained by the PWFRG calculations while the open squares show the

MC calculation (64 × 64).

to q, q′ = 0, the transition temperature is obtained as

kBT
(m)
N /J = 1.3015. (38)

The calculated specific heat values are shown in Fig. 11. The lines calcu-

lated by the PWFRG method show a sharp peak, whereas the values calculated

by the MC method show a low peak due to the finite size effect. From the semi-

logarithmic figure of the specific heat, the transition temperature is obtained as

kBT
(c)
N /J = 1.3012. (39)

To obtain this value, the critical amplitude at temperatures higher than TN is

assumed to be the same as the critical amplitude at temperatures lower than TN.

kBT
(c)
N /J = 1.3012 agrees well with kBT

(m)
N /J = 1.3015.
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5. APPLICATION TO IH–ICE

Table 1. Microscopic quantities(a = 4.52 Å, c = 7.36 Å)

Quantity Equation Value

Ice/vapor interface Ice/water interface

TR,b ≥ T
(0001)
N 289 K 274 K

TR,p ≥ T
(101̄0)
N 271 K [38]–[42] 257 K [69, 70]

φb ≈ φp 4J 71.8 meV 68.1 meV

∆Eb ≈ ∆Ep 2H = φb/2 35.9 meV 34.0 meV

γ
(0001)
surf T = 0 K 32.5 mJ/m2 30.8 mJ/m2

γ
(101̄0)
surf T = 0 K 34.6 mJ/m2 32.8 mJ/m2

5.1. The Ice/Vapor Surface

Usually, crystal/vapor interfaces (surfaces) are thought to be well defined. How-

ever, in the case of the Ih–ice/vapor surface, the surface structure is complex

because the metastable quasi-liquid layer (QLL) [35]–[48] exists on the ice sur-

face.

While a recent simulation study [49] showed that ice-like molecules can

be distinguished from liquid-like molecules locally by using a tetrahedral order

parameter [50, 51]. In addition, from detailed ice/QLL interface laser confocal

microscopy observations combined with differential interference contrast mi-

croscopy (LCM-DIM) [52], kinks and steps are observed on the surface between

the ice and the QLL [53].

The efficacy of the tetrahedral order parameter suggests the difference be-

tween ice and liquid is not due to the behavior of the long-range order but the

behavior of the 3D Ising model. Hence, we assume that the lattice gas model is

effective for the ice/QLL or ice/vapor surface. The surface energy of a surface

configuration is calculated using the lattice gas Hamiltonian Eqs. (1) and (2)

based on the number of broken bonds.

To obtain the effective bond energy, we start from the faceting transition

temperature at the prism surface [38]–[42]. The faceting transition temperature

is the same as the roughening transition temperature of the surface [54]–[60]. It
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should be noted that the transition temperature of the 2D Ising system gives a

lower limit of the roughening transition temperature. This is because the rough-

ening transition is caused by the proliferation of surface steps where the step

free-energy is equal to zero. Self-similarly formed islands or holes due to ther-

mal fluctuations pin the zig-zag configurations at a step-edge temporally. The

pinning of the step configurations decreases the step entropy. In the lattice gas

system, these islands or holes do not pin the steps (interfaces). Hence to reduce

the step free energy to zero, a higher temperature than that of the Ising model is

required.

The faceting transition temperature on the prism plane is observed at about

271–272 [K].[38]–[42] Therefore, we adopt the phase transition temperature

of the (101̄0) surface as −2 [◦C]. From Eq. (39), with T
(101̄0)
N = 271 [K],

2J is obtained as 35.89 [meV]. Assuming φb = φp with Eq. (35), we obtain

T
(0001)
N = 289 [K]. This temperature is higher than the melting temperature of

ice, which is consistent with the experiments. Using the value of φp, the surface

tension at T = 0 [K] is also obtained.

200 250 300

0.4

0.6

0.8

1 ∆µ  = 0A

∆E /J = 2
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er
ag

e

[K]

Figure 12. Temperature dependence of the coverage of the (101̄0) surface for

the ice/vapor interface. Dotted line: A′ sub-lattice site. Dashed line (red): B′

sub-lattice site. Short dashed line: A′′ sub-lattice site. Long dashed line (blue):

B′′ sub-lattice site.

Fig. 12 shows the coverages of the sub-lattice sites calculated with the sub-

lattice magnetization obtained by the PWFRG method. From the figure, we can

see that the molecules on the A′ and B′ sub-lattice sites are more stable than
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the molecules on the A′′ and B′′ sub-lattice sites at all temperatures. Since the

molecules on the A′′ and B′′ sub-lattice sites have dangling bonds ∆Ep that

protrude from the surface, the results are plausible. The microscopic quanti-

ties are summarized in Table ??. The obtained results lie in the range of the

experimentally obtained values.

5.2. The Ice/Water Interface

The interface tension of Ih–ice/water γSL can be measured by the nucleation

[61, 62], equilibrium contact angle [63], and equilibrium shape of ice grain

boundary grooves [64]–[68]. The values of γSL lie between 25–41 [mJ/m2].

Recently, measurements of the roughening transition of the (101̄0) plane

on Ih–ice in water under 165 [Mpa] have been reported.[69, 70] They faceting

transition was observed optically and the crystal growth mode was studied, i.

e. the nucleation growth mode and step growth with screw dislocation. It was

concluded that the roughening transition temperature of the prism plane is −16

[◦C]. We adopt Maruyama’s roughening transition temperature as the present

TR (≈ TN).

Using this T
(101̄0)
N for the prism plane, we obtainedT

(0001)
N , which is slightly

above the melting temperature of ice at 1 atm, by assuming φp = φb = 2∆Ep =
2∆Eb. The microscopic quantities φb and φp are summarized in Table ??. The

estimated ice/water surface energies γ
(101̄0)
surf and γ

(0001)
surf at T = 0 K also lie in

the region of the experimentally observed values [61]–[68]. The present γ
(0001)
surf

also agrees well with the results obtained by the recent molecular dynamic cal-

culations [71, 72].

The sub-lattice coverage is similar to Fig. 12. The difference is the values

of the effective bonds φp.

6. DISCUSSION

We neglect the second nn coupling between A–A or B–B particles. The differ-

ence between A particles and B particles, such as Si atoms and C atoms [73],

are not taken into consideration. For a two-component system, the sub-lattice

coverage and the phase transition temperature depend on the temperature T and

the relative chemical potential ∆µA in the ambient phase. The T and ∆µA

dependent results are the out of the scope of this article and will be presented

elsewhere.
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In the case of the PWFRG calculations for the RSOS family models, the

transfer matrix is constructed by a combination of the vertices [15, 10, 34]. In

particular, imp should be about 90 to obtain convergent values in the iteration.

This may be because there are a large number of states near the ground state.

Since the phase transition temperature of the 2D lattice gas model is lower

than the true roughening transition temperature, the values of the effective bonds

should be smaller than the present values. Also, although the value of the sur-

face tension for a smooth surface is almost constant, the surface tension at a

finite temperature decreases near the faceting transition as the temperature in-

creases due to the increase of the entropy with respect to the variety of surface

configurations. This explains why our values are slightly larger than the values

obtained by Benet et al. [74] for the surface stiffness [59, 74].
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CONCLUSION

For the two-dimensional (2D) lattice gas model on the (0001) and (101̄0) sur-

faces of a wurtzite crystal struacture, reliable phase transition temperatures

T
(0001)
N and T

(101̄0)
N were calculated using the PWFRG method.

• For the case of an nn honeycomb Ising model (∆µA = 0 and ∆Eb = 0 or

H = 0 and Hst = 0), the obtained transition temperature kBT
(m)
N /J =

1.5188 used in the PWFRG method agrees with the exact value of

kBTN/J) = 2/[ln(2+
√

3)] ≈ 1.5186514, giving an error of less than 100

ppm. In the case of the lattice gas on the basal plane (∆Eb/(2J) = 1 and
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∆µA = 0 in Eq. (11)), the transition temperature kBT
(0001)
N /J = 1.3871

is obtained. In the case of the lattice gas on the prism plane (∆Ep/(2J) =

1 and ∆µA = 0 in Eq. (13)), kBT
(m)
N /J = 1.3015 is obtained.

• For Ih–ice, the effective bond energy φp for the ice/vapor and the

ice/water prism surfaces (interfaces) were obtained as 71.8 meV and 68.1

meV, respectively, by a comparison with the experimental values of the

faceting transition temperatures. Here, the faceting transition temperature

is approximated by the phase transition temperature of the 2D lattice gas

model.

• Assuming φp = φb = 2∆Eb = 2∆Ep, the ice/vapor surface (inter-

face) energies at T = 0 K were estimated for both the (0001) and (101̄0)

surfaces, γ
(0001)
surf and γ

(101̄0)
surf , obtained as 32.5 mJ/m2 and 34.6 mJ/m2, re-

spectively (Table 1). The surface energies of the ice/water surface γ
(0001)
surf

and γ
(101̄0)
surf are also obtained as 30.8 mJ/m2 and 32.8 mJ/m2, respectively.
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