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ABSTRACT 
 

This chapter presents a continuous-time image reconstruction (CIR) system for 

inverse problems in computed tomography (CT), which generates trajectories by means 

of solving a set of differential equations. The stability and convergence properties of a 

non-negatively constrained solution to the linear inverse problem have been theoretically 

proved, i.e., any solution emanating from a positive initial state is positive; the 

equilibrium corresponding to the desired image to be reconstructed is stable; and 

Kullback–Leibler divergence or Csiszár's I-divergence measure decreases along the 

solution.  

Due to the noisy nature of measured projection data, medical CT image 

reconstruction belongs to the category of ill-posed inverse problems. We present some 

experiments performed to compare the quality of reconstructed images for the CIR and 

conventional methods, using simulated noisy phantom data and projection data acquired 

from an X-ray CT scanner. The CIR system can be used to reconstruct images with 

almost the same quality as those with iterative image reconstruction (IIR) methods, and 

the quality of the images is better than that with the filtered back-projection (FBP) 

method. Because the CIR system can be created as an analog electronic circuit, its 

implementation in actual hardware yields faster image reconstructions than software-

based IIR methods. We constructed a prototype of the CIR system and confirmed that it 

worked well to illustrate the feasibility of implementing it on an analog electronic circuit. 

The theoretical and experimental results indicate that the use of hardware customized for 

the CIR system can reduce X-ray doses on human bodies in clinical CT scanning. 
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INTRODUCTION 
 

The most common algorithms for solving inverse problems in image reconstruction from 

projections in computed tomography (CT) are a procedure using filtered back-projection 

(FBP) [1–4]
 
that is a transform method and iterative image reconstruction (IIR) method [5–

13] based on difference equations. The FBP procedure is widely used for reconstructing 

images because its computational speed is higher than that of software-based iterative 

methods. However, compared with the FBP method, iterative methods can produce high-

quality reconstructed images with fewer artifacts, even for a small amount of projection data 

that has low signal-to-noise ratios (SNRs). 

Due to the noisy nature of measured projection data, medical CT image reconstruction 

belongs to the category of ill-posed inverse problems, [14] which means that its solution is 

not unique or does not exist. Discrete methods [15,16] and continuous dynamical methods 

[17–22] that can regularize such problems are available. The use of iterative algorithms to 

affect deblurring subject to non-negativity constraints on the solutions has been investigated. 

[12,23,24] Moreover, much research on IIR methods has been done on improving the speed 

of reconstruction. [11,25] However, the IIR systems executed on a digital computer are 

slower than hardware customized for the FBP procedure. 

The present authors have proposed a novel approach to the problem of reconstructing 

non-negatively constrained tomographic images based on the idea of continuous dynamical 

methods using the minimization of Kullback–Leibler (KL) divergence. [26] It consists of a 

continuous-time image reconstruction (CIR) system [27,28] that is described by a switched 

nonlinear system with a piecewise smooth vector field. The switched system is a dynamical 

system consisting of a finite number of subsystems and a logical rule that organizes switching 

between these subsystems. In the consistent case, we have theoretically proved the stability of 

an equilibrium which corresponds to the desired image to be reconstructed in the CIR system 

by using a common Lyapunov function [29] based on KL divergence or Csiszár's I-

divergence [30] between the equilibrium and the state. This means that the I-divergence 

measure decreases along the solution to the switched differential equation for arbitrary 

switching signals. We have also demonstrated that if we start from a positive initial state, then 

the corresponding solution will be positive. Hence, the CIR system does not produce images 

with unphysical negative pixel values. 

We present some phantom experiments carried out to compare the quality of 

reconstructed images with the CIR and conventional methods, using simulated noisy phantom 

data and projection data acquired from an X-ray CT scanner. The CIR system can reconstruct 

images with almost the same quality as iterative image reconstruction methods, and the 

quality of the images is better than that with the FBP method. Because the CIR system can be 

created as an analog electronic circuit, [31] its implementation in actual hardware yields faster 

image reconstructions than those with software-based iterative methods and is as quick as 

hardware customized for the FBP method. To illustrate the feasibility of implementing the 

CIR system on an analog electronic circuit, we constructed a prototype of the system that was 

mainly composed of integrators, multipliers, and summations using operational amplifiers 

(op-amps). We evaluated its performance using noise-free and noise-added projection data, 

and confirmed that it worked well. 
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Not only has there been a shift from FBP to IIR for image reconstruction of emission CT 

in nuclear medicine, but in X-ray CT, there has also been a trend where several IIR 

techniques have been used to reduce radiation doses. The theoretical and experimental results 

indicate that the use of a hardware customized CIR system having advantages both in image 

quality and in computation speed can reduce the doses of X-rays human bodies are exposed to 

in clinical CT scanning. 

 

 

SYSTEM AND THEORETICAL ANALYSIS 
 

The basic problem in CT is to reconstruct a tomographic image from projection data. 

This becomes an inverse problem and can be fundamentally formulated as a problem of 

finding the solution x ∈  that satisfies the algebraic equation described by 

 

         (1)  

 

where y ∈ \{0} and A ∈ \{0} correspond to projection data and a normalized 

projection operator that an entry takes a value from zero to one; I and J correspond to the 

numbers of projection data and pixels.  represents the set of non-negative real numbers 

and \{0} indicates “except for null vector or null matrix”. A corresponds to the discrete Radon 

transform and its detailed representation is described in Kak and Slaney. [4] Although y and x 

are usually displayed as a sinogram and a tomographic image, we represent them as vectors in 

a mathematical description. Such inverse problems in medical CT are generally ill-posed, [14] 

and this means that Eq. (1) has no solution or a unique solution due to the specifications of 

CT scanners and uncertain noise. 

To mathematically relax ill-posed inverse problems in CT, we replace them with an 

optimization problem minimizing a cost function defined by 

 

     

(2) 

 

where e ∈  corresponds to the true image to be reconstructed, KL(x, e) denotes KL 

divergence [26] between x and e, and the function ln expresses the natural logarithm. KL(x, e) 

takes a non-negative value and becomes zero if and only if x = e. Hence, if a reconstructed 

image, x, takes the minimum value of KL(x, e), then it is the nearest image to the true image 

e; in other words, the purpose of this formulation is to find the nearest image to the true image 

under the criterion based on KL divergence. 

To find non-negative solution x to Eq. (1) such that the value of V(x) becomes minimum 

along the passage of time, we previously presented a CIR system [27] described by 
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      (3) 

 

where X := diag(x) is the J × J diagonal matrix where the diagonal entries starting from the 

upper left corner are the elements of x. Here, the superscript symbol, ⊤, represents the 

transpose of a matrix or a vector, e.g., A⊤ represents the transpose of A, and the initial values 

are set to x0 ∈  where  denotes the set of positive real numbers. By solving Eq. (3) 

for an initial value, x0, vector x is calculated at any time t and a reconstructed image with 

respect to x is obtained reshaping that to a J × J matrix. 

We have extended our CIR system by introducing subsets of a projection operator and 

projection data as those in block IIR methods. [12] We call it a block CIR system. [27,28] Let 

Bm ∈  and zm ∈  be, respectively, a submatrix consisting of Im partial rows of A 

and a subvector of y with the same corresponding rows of Bm, for m = 1, 2,…, M, such that 

there exists an elementary matrix P satisfying 

 

     (4) 

 

As illustrated in Figure 1, by dividing A and y into M blocks (subsets), we have M 

subproblems where each subproblem is described by zm = Bmx for m = 1, 2,…, M. Although a 

projection operator and projection data can be arbitrarily divided if the constraint in Eq. (4) is 

satisfied, we simply divide them into equal blocks in the order of rows. To circularly solve M 

subproblems for given initial value x0, we have proposed a composite dynamical system with 

M subsystems that are circularly switched at a time interval as illustrated in Figure 2. The 

dynamics of our block CIR system is given by 

 

     (5) 

 

for a time series, 0 = t0 < t1 < t2 < ⋯ < tM = τ, and a non-negative integer, k. This is a hybrid 

dynamical system [32] when M ≥ 2; if M = 1 then it is the same autonomous system described 

by Eq. (3). The behavior of xj(t) in a solution is schematically illustrated in Figure 3 in which 

we are switching between M subsystems online. As can be seen, the solution, x(t), to Eq. (5) 

is spatially non-smooth at the switching of blocks; however, the trajectory of x(t) is 

temporally continuous. 
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Figure 1. Division of projection operator and projection data into M blocks. 

 

Figure 2. Schematic of block CIR system with M blocks. 

The main advantage of our block CIR system is that more circuit elements can be 

reduced in the circuit implementation than those in our unblocked CIR system. A CIR system 

described by ordinary differential equations can be implemented in hardware as an analog 

electronic circuit, i.e. it provides fast image reconstruction. However, since we should treat 

large CT problems consisting of, e.g., a tomographic image with 512 × 512 pixels and 800000 

projection data, which means 800 X-ray detectors and 1000 projection views in medical X-

ray CT, it is not realistic to create an unblocked CIR hardware system that requires circuit 
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elements of a number proportional to that of pixels and projection data. Choosing a large M, 

e.g., M = I, we can dramatically reduce the number of circuit elements. 

We introduce our results on a theoretical analysis of our CIR and block CIR systems 

[27,28] without their proofs below. Now, let ϕ(t, x0) be a solution to Eq. (5) starting from 

initial value x0. 

Proposition 1 If we choose positive initial value x0  ∈  in the block CIR system, then the 

solution, ϕ(t, x0), is in  for all t ∈ . 

Proposition 2 If there exists locally unique equilibrium e in the block CIR system except for 

the origin, then the value of V(ϕ(t, x0)) defined in Eq. (2) decreases in t ∈ . Moreover, e 

is an asymptotically stable equilibrium if e exists in . 

Proposition 1 means that images reconstructed with our block CIR system for given 

positive initial values have no negative pixels; viz., this is beneficial in imaging systems. 

Proposition 2 indicates that if the true tomographic image to be reconstructed exists, then our 

block CIR system produces the nearest tomographic image to the unknown true image after 

sufficient temporal progress under the criterion based on KL divergence. In addition, these 

propositions are guaranteed for arbitrary division of blocks, the sequence of blocks in use, and 

the time intervals of switching ordered blocks. Therefore, our unblocked CIR system also 

satisfies both the propositions. 

 

 

Figure 3. Schematic trajectory of solution to block CIR system with M blocks. 

 

EXPERIMENTAL RESULTS 
 

This section describes numerical simulations to enhance the results of our theoretical 

analysis presented as Propositions 1 and 2, comparisons of image quality from FBP, 

maximum-likelihood expectation-maximization (ML-EM), [8,9] and CIR methods. We also 

present applications of our CIR methods to projection data acquired from a real CT scanner 

and the circuit implementation of our CIR systems for fast image reconstruction. 
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Properties of CIR Method 
 

Let us numerically demonstrate the results obtained from theoretical analysis of our CIR 

methods. We temporarily set M = 3 and τ = 30 in the block CIR method.  Now, we consider 

ill-posed examples with a 128 × 128 true image J = 16384 and projection data sets derived 

from 185 detectors in a parallel-beam projection of 180∘ scan, i.e., the number of projection 

data is defined by I = 185Nv, where Nv denotes the number of projection views. Figure 4(a) 

shows the true image (Shepp-Logan phantom) in which a pixel takes a non-negative real 

number from zero to two. Using a projection operator, A, represented as a 185Nv × 16384 

matrix corresponding to the discrete Radon transform, we algebraically calculate two 

projection data sets with 45 and 450 views on the basis of y = Ae + ηW(0,1), where W(0, 1) 

∈  denotes Gaussian noise in which the mean and variance of noise amplitude correspond 

to zero and one. The η is a parameter to control the SNR of projection data, e.g., SNR ≃ 30 

when η = 1 and SNR ≃ 15 when η = 2. Figures 4(b) and 4(c) show noise-free projection data 

sets (sinograms) with 45 and 450 views in which the ordinate denotes the number of detectors 

from 1 to 185 and the abscissa represents the number of views in a range from 0∘ to 180∘.  

 

 

Figure 4. Phantom image and noise-free projection data (sinogram). Shepp-Logan phantom with 128 × 

128 pixels (a), sinogram with 45 projection views (b) and sinogram with 450 projection views (c). 

 

(a)

(c)

(b)



Ken'ichi Fujimoto and Tetsuya Yoshinaga 10 

 

Figure 5. Trajectory of objective function along solution to CIR systems. 

Even for noise-free cases, the inverse problems to reconstruct a tomographic image from 

projection data with 45 and 450 views are ill-posed. Concretely, the problem becomes an 

underdetermined case and has no unique solution when Nv = 45; although the problem for Nv 

= 450 has a solution corresponding to the phantom image in Figure 4(a), this becomes an 

over-determined case and the condition number of A⊤A is large. Needless to say, such 

problems for noisy projection data are also ill-posed. 

Figure 5 indicates the time evolution of V(x) along solutions x(t) to our CIR systems 

described by Eqs. (3) or (5) where we set xj(0) = 0.1 for all j. The trajectories of V(x) in 

Figures 5(c) and 5(d) were not smooth because of switching blocks. In Figures 5(b) and 5(d), 

the trajectories of V(x) with η = 0 and η = 1 are almost overlapping. Despite ill-posed 

problems, the values of V(x) except for 45-view projection data with η = 2 in Figures 5(a) and 

5(c) monotonically decrease over time during the simulated period. That means a solution to 

our CIR systems for projection data with enough views asymptotically approaches 

equilibrium even for noisy projection data. The results enhance our theoretical results, i.e. the 

aforementioned propositions. Comparing the trajectories of V(x) from the CIR and block CIR 

systems also indicates that either CIR method can produce images with almost the same 

quality at the same time without any relation to the division of blocks. Namely, although the 

trajectories of V(x) in the block CIR system were not smooth, we can see that the trajectories 

in the CIR and block CIR methods approximately overlapped by superimposing Figure 5(a) 

on Figure 5(c). Such overlapping was observed when Figures 5(b) and 5(d) were compared. 
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Figure 6. Images reconstructed by CIR methods for noise-free projection data.  

Figure 6 shows snapshots of images reconstructed with our CIR methods for noise-free 

projection data. Blurry images gradually became clear and approached the true image (the 

phantom image) over time. It can be seen that our CIR methods produce images that are close 

to the true image as time passes. 

The comparison of images reconstructed from 45- and 450-view projection data sets 

indicates that our CIR methods can be used to reconstruct better-quality images using 

projection data with sufficient views such as those with FBP methods. From the Radon 

transform and the projection slice theorem, it is well-known that images reconstructed with 
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FBP methods have whitish streaky artifacts when there are insufficient projection views but 

such artifacts vanish when projection data with enough views is used. We can observe similar 

phenomena in images obtained with our CIR methods. For example, let us focus on the four 

images at t = 1200 in Figure 6. We can observe mottles that are artifacts in the non-black 

regions of images reconstructed from 45-view projection data sets through visual inspection; 

such mottles are not observed in reconstructed images for 450-view projection data sets. The 

quality of the four images can quantitatively be measured on the basis of the V(x) values at t = 

1200 in Figure 5. The values of V(x) for respective η values at t = 1200 in Figure 5(b) are less 

than those in Figure 5(a), and we can see the same results when comparing those in Figures 

5(c) and 5(d). The results indicate that the qualities of reconstructed images for 450-view 

projection data are better than those for 45-view projection data. 

 

 

Comparison of Image Quality 
 

Let us examine how much the quality of reconstructed images changes for the SNR of 

projection data, the number of projection views, and the types of image-reconstruction 

methods. Assuming that the true image, e, is known, to evaluate the quality of a reconstructed 

image, x, we use two measurements: the KL divergence described in Eq. (2) and the L1-norm 

defined by D = | x - e | where |⋅| denotes the absolute value of the argument. The reason for 

using the L1-norm is to find which KL divergence is defined for images with only positive 

pixel values and this cannot be applied to evaluate the quality of images reconstructed with 

FBP methods that produce negative pixel values. 

We developed a method that can be used to reconstruct good-quality images even for 

projection data with a small number of views, thus reducing the X-ray dose for subjects in 

clinical CT scanning. For FBP, ML-EM, and CIR methods, we examined the extent of image 

degradation when the number of projection views was decreased. We used the Shepp-Logan 

phantom image in Figure 4(a) again and made several projection data sets with different 

numbers of views using the Radon transform. We used the Ramachandran-Lakshminarayanan 

(Ram-Lak) filter [1] in the FBP method. We tentatively set the number of iterations in the 

ML-EM method and the integral period of the CIR method to 100 for the former and 1200 for 

the latter. 

Figure 7 shows the images reconstructed with the respective methods for noise-free 

projection data sets. Needless to say, all three methods produced good-quality images that 

were similar to the phantom image in Figure 4(a) for the 450-view projection data. The ML-

EM and CIR methods also reconstructed images with almost the same quality even for 45-, 

90-, and 150-view projection data sets, i.e., there was little degradation in the images when 

they were visually compared. However, the image with the FBP method had whitish streaky 

artifacts for projection data sets from a small number of views; artifacts could clearly be 

observed in the image reconstructed from 45-view projection data using the FBP method. 

Note that the reason that the images obtained with the FBP method are brighter than those 

with the other two methods is due to the addition of a bias that raises all negative values of 

pixels to zero. 
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Figure 7. Images reconstructed from noise-free projection data with different numbers of views.  

We likewise investigated the extent of image degradation for noisy projection data with η 

= 1. As previously mentioned, the SNR of projection data was nearly equal to 30 at η = 1. 

Images reconstructed with the three methods for the noisy projection data sets are presented 

in Figure 8. We visually observed granulated artifacts in all the images due to added Gaussian 

noise, and the extent of granularity increased with decreasing numbers of projection views. 

We distinctly found that such granulated artifacts only appeared in non-black regions of the 

images reconstructed with the ML-EM and CIR methods, even though we observed them 

everywhere in the images with the FBP method. In addition, for the noise-free projection 

data, the FBP method enhanced whitish streaky artifacts for projection data sets with a small 

number of views. Compared with the FBP method, the effect of added noise was suppressed 

in reconstructed images with ML-EM and CIR. 

Figure 9 plots the values for KL divergence and L1-norm with respect to images 

reconstructed with the FBP, ML-EM, and CIR methods for the number of projection views: 

18, 20, 25, 30, 36, 45, 50, 60, 75, 90, 100, 150, 180, 225, 300, and 450, which are divisors of 

900. The “900” means the number of projection views in a 360∘ scan by a real CT scanner, 

which will be described later. As previously described, we used L1-norm to compare images 
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reconstructed with the three methods because reconstructed images from the FBP method had 

negative pixel values. 

 

 

Figure 8. Images reconstructed from noisy projection data with different numbers of views. 

Figures 9(a) and 9(b) compare images with the ML-EM and CIR methods using KL 

divergence. The KL values of images reconstructed with the ML-EM method were almost the 

same for all the projection data sets with more than about 100 views, i.e., the curve was 

almost flat for the projection data sets; moreover, this characteristic was also retained for 

noisy projection data. The CIR method had almost the same KL values as the ML-EM 

method for all the projection data sets with or without noise, i.e., the CIR method produced 

images that had almost the same quality as those with the ML-EM method. The KL values 

with respect to both methods, however, exponentially increased with a small number of 

projection views. 

Figures 9(c) and 9(d) compare qualities with respect to images reconstructed with the 

three methods using L1-norm. Note that the ordinate denotes the common logarithm of D. 

When measuring with L1-norm, the curves for the ML-EM and CIR methods were almost flat. 

However, the D values of images obtained with the FBP method strikingly increased with a 
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small number of projection views. These facts can be also visually confirmed from the images 

in Figures 7 and 8. 
 

 

Figure 9. Change in distance between reconstructed and phantom images for number of projection 

views. 

 

Figure 10. 128 × 128 phantom images and their profiles. 
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Next, we examined the qualities of reconstructed images using the line profile of images. 

Figure 10 shows two phantom images with 128 × 128 pixels that we called “Phantom 1” and 

“Phantom 2” for descriptive purposes; we plotted their profiles on a horizontal line in the 

middle of the respective images. The abscissa in the profiles denotes the column index on the 

horizontal line. In the phantom in Figure 10(a), the values for pixels inside the ellipse are 

constant, i.e., the profile curve in the region is flat. On the other hand, we arranged three 

small gray circles in the center of the phantom in Figure 10(b) so that the circles were close to 

one another, and therefore, the profile curve has three dense peaks at the center. 

We calculated 45- and 450-view projection data for a 180∘ scan of Phantom 1 and 

reconstructed images using the FBP, ML-EM, and CIR methods. In these experiments, we 

used the Ram-Lak filter in the FBP method and set the number of iterations for the ML-EM 

method and the integral periods for the CIR method to 100 and 1200, respectively. 

The images reconstructed from the noise-free and noisy projection data sets are shown in 

Figures 11 and 12. To evaluate the qualities of reconstructed images quantitatively, we also 

provided the values for KL and D below the respective images. Note that the values for KL 

with respect to the images reconstructed with the FBP method have not been presented. From 

a visual comparison and the values for KL and D, the qualities of the images reconstructed 

with the ML-EM and CIR methods were almost the same for the same projection data. The 

images using the FBP method were significantly inferior to those obtained with the other 

methods, because the D values for the images using the FBP method were about twice to 

fourfold those of the images using the ML-EM and CIR methods for the same projection data. 

The profiles of the images are plotted in Figures 13 and 14 where the dotted curves indicate 

the profiles of Phantom 1 and the solid curves represent those of reconstructed images. 

Let us compare them with the profile of Phantom 1 in Figure 10(a). For the 450-view 

noise-free projection data, the shape of the profile with the FBP method is similar to that of 

Phantom 1 on the whole; however, the FBP method produced negative pixel values in the 

range of pixels around 1 to 20 and 110 to 128, and moreover, the profile curves were slightly 

wavy to flattened in the region, particularly in the region around 25 to 105. In contrast, those 

using the ML-EM and CIR methods have no negative gray values and the shapes of their 

profiles are almost the same as that of Phantom 1. Even for 45-view noise-free projection 

data, no negative gray values appear in the profiles of the images obtained with the ML-EM 

and CIR methods and comparing them with the images obtained with the FBP method 

indicates that the ML-EM and CIR methods could reconstruct images of almost the same 

quality as the image with the FBP method for 450-view noise-free projection data. 

Due to a lack of projection views, the profile curve with the FBP method was noisy 

despite the use of noise-free projection data. Also, the profile curves from the ML-EM and 

CIR methods had fewer vibrations for noisy projection data in the central region than those 

obtained with the FBP method and there are no negative gray values. Note that the 

comparison of the respective profiles in Figure 14 with those in Figure 13 indicates the effects 

of noise added to the projection data. 

Focusing on a spot in the three peaks of Phantom 2, we evaluated the performance of the 

three methods in the same way. The reconstructed images and their KL and D values for 

noise-free and noisy projection data sets are shown in Figures 15 and 16. By visually 

comparing the 450-view noise-free projection data, the CIR method produced three peaks 

with sharper outlines than those in Figures 15(d) and 15(e); moreover, features with respect to 
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the CIR method were retained for not only the 45-view noise-free projection data but also 

noisy data. 

 

 

Figure 11. Images reconstructed from noise-free projection data. 

 

 

Figure 12. Images reconstructed from noisy projection data with η = 1. 
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Figure 13. Profile of images reconstructed from noise-free projection data. 

 

 

Figure 14. Profile of images reconstructed from noisy projection data with η = 1. 

Their profiles in Figures 17 and 18 enhance the reliability of the results in the visual 

comparison of images. For example, comparing the profiles in Figures 17(d)–17(f), the gray 

values at both bottoms of the central protuberance of the three with solid curves in Figures 

17(d) and 17(e) were higher than those in Figure 17(f). In other words, the fact that the 

vertical interval of the central protuberance is shorter than that of Phantom 2 indicates the 

outline of the protuberance is blurry. 
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Figure 15. Images reconstructed from noise-free projection data. 

 

 

Figure 16. Images reconstructed from noisy projection data with η = 1. 
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Figure 17. Profile of images reconstructed from noise-free projection data. 

 

 

Figure 18. Profile of images reconstructed from noisy projection data with η = 1. 

 

Application to Real Projection Data from CT Scanner 
 

We present our demonstration of image reconstruction using the FBP, ML-EM, and CIR 

methods for real projection data acquired from a multi-detector row CT (MDCT) scanner. 

The specifications for our MDCT scanner, the geometric conversion of acquired projection 



Continuous-Time Image Reconstruction for Computed Tomography 21 

data, and the scanning conditions are as follows. The MDCT scanner was equipped with 800 

X-ray detectors per row and acquired fan-beam projection data over 360∘ for the subject being 

scanned. Since the acquired projection data had a fan-beam geometry, they were transformed 

to the parallel-beam projection data of a 180∘ scan using a converting technique. The values 

for the parameters required for conversion were identified through preliminary experiments 

for a custom pin phantom.  

The number of virtual X-ray detectors with a parallel-beam geometry became 957 per 

row at the identified parameter values. The size of the image reconstructed from 957 

projection data per row was 674 × 674. We selected a non-helical scan and fixed the main 

scanning conditions; tube voltage, tube current, exposure time, and the thickness of a slice to 

120 kV, 250 mA, 750 msec, and 1 mm, respectively. The number of projection views 

depended on the value of the exposure time and was automatically determined by the MDCT 

scanner; there were 900 views in a 360∘ scan for the setting of 750 msec. 

Then, it was converted to the 450-view parallel-beam projection data of a 180∘ scan 

before images were reconstructed on a personal computer. These specifications and settings 

yielded J = 454276 (= 674 × 674) and I = 957 × Nv, e.g. I = 43065, 86130, and 430650 when 

Nv = 45, 90, and 450, respectively. Thus, the size of inverse problems in medical CT is large. 

 

 

Figure 19. Sinograms of human chest model acquired from MDCT scanner. 

For real projection data acquired from an MDCT scanner, our CIR method was able to 

reconstruct better-quality images than the FBP method and the quality of images with our 

CIR method was almost the same as that with the ML-EM method. As seen in Figure 19, we 

scanned a slice of a human chest model under the previously described settings and produced 

parallel-beam projection data sets with 45, 90, and 450 views from acquired fan-beam 

projection data in which 45- and 90-view projection data sets were made by thinning out the 

450-view projection data. Figure 20 shows images reconstructed from the sinograms using 
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the FBP, ML-EM, and CIR methods. Here, we used the Ram-Lak filter in the FBP method; 

we set the number of iterations in the ML-EM method and the integration period in the 

unblocked CIR method to 100 and 40, respectively. The experimental results for the 

numerical phantom images revealed that the FBP method could reconstruct good-quality 

images for 450-view projection data but images with whitish streaky artifacts and low 

contrast were produced for the 45- and 90-view projection data sets due to insufficient 

projection views. In contrast, the ML-EM and CIR methods reconstructed good-quality 

images for not only 450-view projection data but also for the 45- and 90-view projection data 

sets. 
 

 

Figure 20. Images reconstructed from projection data of 180∘ scan for human chest model. 
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It is remarkable that the two methods could reconstruct good-quality images without 

whitish streaky artifacts even for projection data with a limited number of views. In that 

sense, the quality of images reconstructed from the 45- and 90-view projection data sets using 

the ML-EM and CIR methods were better than those with the FBP method. The results 

indicate that our CIR method can be applied to real projection data from MDCT scanners and 

can reconstruct better-quality images than those with the FBP method, which is widely used 

in clinical CT scanners. 

 

 

Circuit Implementation 
 

We will now describe the circuit implementation of our CIR systems that yielded fast 

image reconstruction. Our CIR systems can be implemented in electronic circuits as analog 

computers, because the dynamics of our CIR system can be described by ordinary differential 

equations. 

Figure 21 has a block diagram of an equivalent electronic circuit with respect to our 

block CIR system. It consists of J sets of analog integrators and multipliers and a matrix 

computing unit that is composed of analog vector-matrix multipliers [33] and summations to 

calculate the values of Bm
⊤(zm - Bmx). Independent of the size of tomographic images to be 

reconstructed, the J sets of integrators and multipliers work in parallel, and therefore, a CIR 

hardware system can quickly produce reconstructed images after it has acquired projection 

data from a real X-ray CT scanner provided that the time constant of integrators is set to a 

small value. Note that since a controller to switch blocks can be constructed with digital 

computers or digital circuit elements, we have omitted this from Figure 21 and such 

controllers are unnecessary for our unblocked CIR system. 

Let us briefly introduce our study [31] on the circuit implementation of our unblocked 

CIR system to solve a simple CT problem that consists of a 2 × 2 tomographic image and the 

six projection data in Figure 22.  

We assumed that there was only one detector per projection view in this CT problem and 

the (i, j) entry of A took a number of zero or one depending on whether the ith ray path had a 

passage to the jth pixel, although several detectors should be arranged per ray path and any 

entry of A should take a real number from zero to one under normal circumstances. 

Therefore, projection operator A is described as 

 

    (6) 
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Now, let us suppose that e = (0.5, 0.7, 0.6, 0.2)⊤ and noise-free projection data y = (1.1, 0.9, 

0.7, 0.8, 1.2, 1.3)⊤ calculated from the algebraic equation y = Ae are used.  

We constructed a real circuit with our unblocked CIR system to solve the simple CT 

problem and demonstrated that our circuit worked well. Before we implemented the real 

circuit, we designed a concrete circuit model that mainly consisted of op-amps using a 

simulation program with integrated circuit emphasis (SPICE). [34] Here, we set the time 

constant of all the integrators to 1 msec. Figure 23(a) plots the trajectories of a theoretical 

solution to Eq. (3), which is equivalent to Eq. (5) with M = 1, on the basis of numerical 

simulation from initial values x0 = (1.6, 1.6, 1.6, 1.6)⊤. To match the results of experiments 

with our real circuit, we delayed the starting time of numerical integration to t = 2; needless to 

say, over the passage of time, the values of x(t) eventually approached e. 

 

 

Figure 21. Schematic of equivalent electronic circuit for block CIR system. 

As plotted in Figure 23(b), the output trajectories for the real circuit in which the 

reconstruction process began at t = 2 msec were almost the same as the theoretical 

trajectories. Here, we set the initial voltages of all the integrators to 1.6 V. The comparison of 

respective trajectories in Figures 23(a) and 23(b) indicates that our real circuit worked well. 

Also, the image reconstruction took only several milliseconds to complete. 
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Figure 22. Simple CT problem with 2 × 2 image and six projection data. 

 

Figure 23. Theoretical trajectories based on numerical computation for Eq. (5) with M = 1 and 

experimental trajectories observed in our CIR circuit with time constant of 1 msec. 

 

DISCUSSION 
 

The FBP and iterative methods are known as approaches to reconstructing tomographic 

images from projection data. Images from the FBP method have negative pixel values and 

whitish streaky artifacts that appear when projection data with insufficient views are used. 

However, the ML-EM method can produce images with few artifacts even for a small amount 

of projection data with low SNRs. This means X-ray doses are reduced in X-ray screening. 

However, the FBP method is widely used in clinical CT scanners because its computational 

speed is higher than that of the ML-EM method. 

In contrast to conventional methods, we have developed novel CIR systems that are 

described by ordinary differential equations. Our CIR systems can produce an image similar 

to an unknown true tomographic image after sufficient temporal progress when the true 
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tomographic image to be reconstructed exists. Moreover, images without negative pixel 

values can be reconstructed using our CIR systems. The stability and convergence properties 

of non-negatively constrained solutions are theoretically guaranteed by Propositions 1 and 2 

using Csiszár's I-divergence measure. In the following, we discuss the capabilities of our 

methods based on CIR systems compared with the FBP and ML-EM methods from the 

viewpoint of the quality of reconstructed images from noisy projection data and fast image 

reconstruction. 

Our CIR methods can produce images with few artifacts like the ML-EM method but the 

quality of the reconstructed images is better than that from the FBP method for projection 

data sets with 18 to 450 views. In particular, although the quality of images from the FBP 

method significantly deteriorated as the number of projection views decreased, the quality 

from CIR and ML-EM methods was almost flat for noise-free projection data with more than 

about 45 projection views. The results demonstrated that our CIR and ML-EM methods are 

able to reconstruct good-quality images even if projection data was used that would have 

insufficient views for the FBP method. For example, although the images from the FBP 

method had a lot of whitish streaky artifacts even for noise-free projection data with 45 views, 

the artifacts in images from the CIR and ML-EM methods were significantly fewer with the 

same projection data. Likewise, we were able to reconstruct images with fewer artifacts using 

our CIR methods than with the FBP method with real projection data acquired from an X-ray 

CT scanner. In particular, the quality of images with the CIR methods for 90-view projection 

data was comparable to that of 450-view projection data that are in standard use in our CT 

scanner. Therefore, we demonstrated that our CIR methods have the potential to reconstruct 

good-quality images even while X-ray doses for subjects are reduced because, as previously 

described, the decrease in projection views means reduced X-ray doses during X-ray 

screening. 

Moreover, we demonstrated that the circuit implementation of our CIR systems led to the 

possibility of real-time image reconstruction comparable to that with FBP hardware. We 

constructed a CIR hardware system consisting of an analog electronic circuit including 

integrators and multipliers to solve a small CT problem. The CIR hardware we fabricated 

produced an image similar to the true, given image within several milliseconds. The time 

required to reconstruct an image should be almost the same regardless of the size of the 

tomographic images because all integrators and multipliers work in parallel, which means the 

image reconstruction time will be directly affected by computing speeds. Therefore, the 

results demonstrated the possibility of fast image reconstruction using our CIR systems in real 

X-ray CT scanners. Further work is needed to construct large CIR hardware that can be 

applied to real CT scanners. 

 

 

CONCLUSION 
 

This chapter introduced CIR methods based on nonlinear dynamical systems to 

reconstruct tomographic images from projection data and provided results from theoretical 

and numerical analyses. The proposed CIR methods do not use transform approaches such as 

FBP but they gradually reconstruct deblurred images over the passage of time the same as 
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with IIR methods. The four main advantages of our CIR methods compared with those for 

FBP and IIR are as follows: 

 

1. In contrast with FBP methods that reconstruct images with negative pixel values, 

CIR methods do not produce images with unphysical negative pixel values. 

2. CIR methods can reconstruct an image closest to a true tomographic image by 

decreasing the KL divergence measure after a sufficient amount of time has passed if 

a true image locally exists. Moreover, this fact can be numerically confirmed for 

noisy projection data up to a certain amount of noise. 

3. Even for noisy projection data with insufficient views, CIR methods can produce 

better-quality images than those with FBP methods. The quality of images is almost 

the same as that when the ML-EM method is used. 

4. Because the dynamics of CIR systems is described by ordinary differential equations, 

a CIR system can be implemented into an analog electronic circuit that corresponds 

to an analog computer. Therefore, CIR hardware systems are able to yield real-time 

image reconstruction. 

 

We also demonstrated with numerical computation that CIR methods could be applied to 

large, noisy projection data acquired from a real X-ray CT scanner. 

The trend in medical CT scanners has been to use IIR techniques to reduce radiation 

doses because reduced doses mean low SNR for projection data. Our theoretical and 

experimental results indicate that using a CIR system customized with hardware that produces 

good image quality and has a high computation speed can reduce X-ray doses on human 

bodies in clinical CT scanning. 
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