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Chapter 18

A RANDOM WALK MODEL RELATED
TO THE CLUSTERING OF MEMBRANE RECEPTORS

Aimé Lachal*
Institut Camille Jordan, CNRS UMR5208, Univesside Lyon, France

Abstract

In a cellular medium, the plasmic membrane is a place of interactions between the cell
and its direct external environment. A classic model describes it as a fluid mosaic. The
fluid phase of the membrane allows a lateral degree of freedom to its constituents: they
seem to be driven by random motions along the membrane. On the other hand, experi-
mentations bring to lightinhomogeneities on the membrane; these micro-domains (the
so-called rafts) are very rich in proteins and phospholipids. Nevertheless, few func-
tional properties of these micro-domains have been shown and it appears necessary to
build appropriate models of the membrane for recreating the biological mechanism.

In this article, we propose a random walk model simulating the evolution
of certain constituents—the so-called ligands—along a heterogeneous membrane.
Inhomogeneities—the rafts—are described as being still clustered receptors. An im-
portant variable of interest to biologists is the time that ligands and receptors bind
during a fixed amount of time. This stochastic time can be interpreted as a measure-
ment of affinity/sentivity of ligands for receptors. It corresponds to the sojourntime in
a suitable set for a certain random walk.

We provide a method of calculation for the probability distribution of this random
variable and we next determine explicitly this distribution in the simple case when we
are dealing with only one ligand and one receptor. We finally address some further
more realistic models.
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1 Introduction

1.1 The Biological Context

In a cellular medium, the plasmic membrane is a place of interactions between the cell
and its direct external environment. A classic model describes it as a fluid mosaic. The
fluid phase of the membrane allows a lateral degree of freedom to its constituents: they
seem to be driven by random motions along the membrane. As a first estimate, the mem-
brane could be viewed as a two-dimensional manifold on which the constituents are driven
by a Brownian motion. This makes the local concentration of constituents independent
from their localization on the membrane. In other words, the membrane should be ho-
mogeneous. In fact, experimentations brought to light inhomogeneities on the membrane.
Indeed, different liquid phases were observed. Certain constituents tend to group in clusters
inside membrane domains, forming dense receptor spots (sometimes reditcdnd de-
pleted zones elsewhere, instead of covering homogeneously the membrane surface. These
micro-domains are generally very rich in proteins and phospholipids, but few functional
properties have been shown. Nowadays, the systematical presence of certain proteins and
lipids in different liquid phases has become a marker of such inhomogeneities.

Cellular response to changes in the concentration of different chemical species (the so-
calledligands in the extracellular medium is induced by the ligand binding to dedicated
transmembrane receptors. The receptor-ligand binding is based on local physical interac-
tions, ligand molecules randomly roam in the extracellular medium until they meet a recep-
tor at the cell surface and possibly dock. The binding mechanism, an important feature for
the biologists, provides a way of measurement of the affinity/sensitivity of the ligands for
the receptors.

We refer the reader to the paper by €& Soula [2] for an accurate description of the
biological context.

In this article, we simplify the cellular medium by reducing it to the dimension one
and by discretizing Brownian motion, that is we propose a naive one-dimensional random
walk model to simulate the extracellular traffic of ligands along a heterogeneous membrane.
Inhomogeneities—the rafts—are described as being a set of still monovalent receptors on the
membrane.

Animportant variable of interest to biologists in the aforementioned binding mechanism
is the docking-time this is the time that ligands and receptors dock. Actually, this variable
is proportional to the time spent by ligands on receptors during a fixed amount of time—the
duration of observation—with the rule that if several ligands meet simultaneously the same
receptor, they are counted only one time because of the effect of the steric hindrance.

We propose a method of calculation for the probability distribution of this random vari-
able. Next, we shall consider particular cases and we shall determine explicitly this dis-
tribution in the simple case when we are dealing with only one ligand and one receptor.
Finally, we sketch more realistic models by introducing a circular random walk or Brown-
ian motion and we give some information about how to extend the results we have obtained
for the one-dimensional random walk to these cases.
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1.2 The Random Walk Model

The cellular boundary is modeled as the (discrete) integedire{..., —1,0,1,...}.
SetN = {0,1,2,...} andN* = N\ {0} = {1,2,...}. We are givenr receptors
ai,...,ar, € Z such thate; < --- < a,, R = {ay,...,a,} and/ ligands which are

modeled a¥ independent identically distributed Bernoulli random walks with parameter
p € (0,1). The steps of each random walk take the vakiewith probability p and —1
with the probabilityg = 1 — p. The/ ligands thus induce aftdimensional random walk
(S(t)).en ONZ* with, for any: € N,

S(L) = (Sl(L), e .,Sg(L)).

¢
Set€ = | J £; where theg;'s are defined by
j=1

Ej={(x1,...,2) €2l 1 x; ER}y =TI x R x 2.
The €;’s can be viewed as unions of hyperplanes parallel tojttle axis of coordinates;

indeed£; = U £i; where thef;;’s are the hyperplanes
=1

Eij={(x1,...,20) €L 1 xj = a;} = 277" x {a;} x Z'7.

The time spent by ligands on certain receptors during a fixed amount of timey, &aye
N*), is given by

T, .=#{ve{l,....,n}:S() €€} = Z Liswee
=1

this is the sojourn time of the random wa(l(:)),cn in the set€ up to timen. Indeed,
S(¢t) € € means that there exists two indiceg {1,...,r} andj € {1,...,¢} such that
S;j(t) = a;, thatis, at least one ligand is located at one receptor. Moreover, if several ligands

Sj,, - .., S}, meetsimultaneously a same receptpat a certain time, i.e.,S;, (v) = --- =
¢

Sj. (1) = a;, thenS(v) € U £;; and they are thus counted only one time in the quantity
7=1
Iiseey-

It is clear that the computations of the expectation and the varian@e, of are easy.
Computing the probability distribution o', , is quite more complicated. Our aim is to
describe a possible way for computing this latter. We provide matrix equations which may
be solved by using numerical schemes.

1.3 Settings

We shall adopt the following convention for the settings: the roman letters will be
related to the dimensioh (scalars) while the bold letters will be related to the dimendion
(vectors or matrices). We shall also put the space variableg ¢ € Z,x,y, z € Z¢, etc.)
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in subscript and the time variables (, k£, n, etc.) in superscript. The letteisj, [, m, etc.

will be used as indices, e.g., for labeling the receptors. Be aware of the difference between
¢ andi, betweery andj. The lettersp, ¢, r, p,q, r, etc. will be used for defining certain
probabilities, the letterés, H, K, G, H, K, etc. for defining certain generating functions

or matrices. the letterS, S for defining random walks, the letters 7, T', T for defining
certain times.

The settingsPy and E, denote the probability and expectation related to the
¢-dimensional random walkS(:)).cn Started at a poink € Z‘ at time0. When the in-
dex of a one-dimensional random walk;(¢)),cn Will not be used, we shall relabel it as
any generic one-dimensional random wa(l§!(:)),cn. The setting®, andE, denote the
probability and expectation related to the random wedK:)),cn Started at a point: € Z
at time0.

We introduce the first hitting time of the random wal&(¢)),en in E:

T, =min{t € N*: S(1) € £}

if there exists an indexsuch thaS(¢) € £€; else we set, = +oo. Similarly, we introduce
the first hitting times of the single or multiple levets;, a;, a;» together with that of the
setR for the random walKS(¢)),en:

To, =min{e € N*: S(¢) = a;},
Tajay, = min{c € N* : 5(¢) € {a;, a; }} = min(7,, ,Ta]/)
Tajaam = min{. € N*: 5(¢) € {a;, a;, aj }} = min(7,, ,Taj/,TajN),
T, =min{s € N*: (1) € R} = min(7,,,...,7,,)

with the same conventionnin()) = +oo.
Let us define several family of probabilities: faty € Z¢, ., k,n € Nandj € N*,

pYy = Po{S(t) = y} = Po{S() = y — x},
qgg)y - PX{Tg = ]7 S(Ts) = y}v
r#" = P{T,, =k},

(kn) _

We plainly havquf)y =0ify ¢ £andry "’ = 0if £ > n. We also introduce their related

generating functions: fomu|, [v| < 1,
[e.e]
= Z pgtL,)yuLv

Zq Ex(u",S(1,) = y),

=1
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together with their associated matrices:

G(u) = (GX7Y(U))X7y€gv H(u) = (HX7Y(U))X7y€gv K(u,v) = (Kx(u, U))xeg'

The matrice<G andH are infinite squared-matrices akdis an infinite column-matrix.

1.4 Background on 1D-Random Walk

In this part, we supply several well-known results concerning classical distributions
related to the one-dimensional Bernoulli random walk. We refer to [3], [5] or [6]. In order
to facilitate the reading and to make the paper self-contained, we shall provide many details.
In particular, we shall focus on the proofs which use generating functions since they serve
as a model of the main tool we shall use throughout the paper. The proofs which do not
involve any generating functions will be postponed to Appendices A and B.

1.4.1 Location of the Random Walk

Set, forz,y € Nand. € N,

e}

P, =Bu{S() =y}, Goylu) =) plu’

=0

We have

(v) L (try—2)/2 ,(t+z—y)/2 L )2 p (y—x)/2
Poy =\ cra—y |0 q IE = ey | (P9) q
2 2

with the convention thaf’) = 0 for & ¢ N or a > «. By puttingw,, = pif z > y,

Wy = qif x <y, w,, =1if x =y, we can rewrit@if)y as

lz—yl|/2
o _ L 2 (P4
Py <L+|m2—y| ) (pq) <w27y>

pg \I*7YI/2 L Y2,
Gny(u) = <w2 > Z <L+|m—y| > (pQ) u.
LEN: L >|z—yl, 2

and next

z,y

vandz—y with same parity

By performing the change of index— 2. + |« — y/| in the foregoing sum, we derive

lz—y| oo _
Grylu) = (f;it) Z(QLHT y')(pquz)ﬂ. (1.1)

=0

In order to simplify this last sum, we shall make use of the hypergeometric function
F (5 52041 ¢) defined, with the usual notatian,, = a(a+1)(a+2)...(a+m—1),

by
I+1 142 ' ) (BB o s 2m 1 ()
F(TT +17<) 2 it ( m )(z) :
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By invoking Formula 15.1.14 of [1], p. 556, hamely

F<l+_1 1+2 +1'C>= 9! _ 2! (1_‘/1——C>l
2 2 7 (1+yvT=¢)'vi—¢ vI-¢ ¢ ’

we derive the relationship

© l
7;0(2”;“)@: (). 1.2
Set
Alw) =V - dpged, BT (w) = 12;;1(“) - 1_2%)’ B (u) = #
We deduce from (1.2) and (1.1) the following expressiortiof, (v):
% if x>y,
Gay(u) = ﬁ if z =y, (1.3)
[BZZ)L])W it < y.

1.4.2 Hitting Times of the Random Walk

Let us now consider the family of hitting times related(t8(:)),c Started atr € Z:
foranya, b, c € Z suchthats < b < ¢, set

7, =min{t > 1:5(¢) = a},
Top = min{t > 1: S(¢) € {a, b}},
Tape =min{t > 1: S(t) € {a,b, c}}.

a,

We still adopt the conventiomin () = +oc. In certain cases depending on the starting
point x, certain hitting times are related. In fact, we have

T fzx<a
Tb:{a ’

“ 7, ifx >0,
and
T, Ifx<a,
- Top T2 €lab),
ahe Tpe Ifx€(bd,

T if > c.
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Notice that when the starting pointis timer, is the return time to levet; when the start-
ing pointisb, timer, , . depends on times, , andr, .. Let us introduce the probabilities

qm a P {7— - ]}
@ =Pu{7,, = 2,5(7,) = a} = Bu{r, = 5,7, <7},
qiji b Pr{%,b =7 S(Ta,b) =b} =F{r, =y 7, <7}

together with their related generating functions:
Z q(J W =By (u"),
mab Zq buj a77_a<7_b)7

mab Zq buj (u™, 1, < 7,)

One-sided Threshold

For calculating the probability distribution of,, we invoke a “continuity” argument
by observing that, fop € N*, if S(y) = a thent, < j, that is there exists an index
le{1,...,y} suchthat, = (. This leads to the following relationship:

J
P{S(g) = a} =P{S() = a,7, <5} =D Pu{r, = JR{S(1—1) = a}
=1

or, equivalently,

ZQmapaa °

Then, the generating functions SatISerS the equation
Gm,a(u) = 5a,m + Hm,a(U)Ga,a(U)

from which we deduce, by (1.3),

Gy a(u)
Calt) if x £ a,

Hyo(u) = . (1.4)
1-— Gnat) ifr=a

=931-A(u) if v =a, (1.5)
[BT(w)]** if z < a.
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By using the hypergeometric functidfi (4, 552 1 + 1; ¢) defined by

() - S e - San ()

and referring to Formula 15.1.13 of [1], p. 556, namely

l
F(ﬂl+1z+1g> 2! l:y<1—wﬂ—<>’
2 (1+v1I-¢) ¢

we derive the relationship

XL (2mADN,, (11— yT—ACY
m§::02m—|—l< m >C _< 2¢ > (1.6

We then extract from (1.5) and (1.6), for= a,

= ()5 (04

@, =20+ |z —al J
|lz—al/2
Pq lz—al( I 2
(YT Y
T,a JEN: 3> |z —al, J 2

7 andxz — a with same parity

lz—al (7 pg "2
qé,%u = T JH|z—al (pQ)J/z WT

2 z,a

We finally obtain

that is, forz # a,

Tr—a r—a —x r—a
Q%J__%%:L_J@d%%waﬂwﬁ 2
J J 2

Forx = a, we have, by considering the location of the first step of the walk,

PAr, =3} =pPui{r, =5 -1} +qPui{r, =71}
which leads to .
J
4 = = <y+1> (pq) 2.
J \%~
Two-sided Threshold

For calculating the probability distribution of, ,, we use the strong Markov property
by writing that forz € (a, b)
Hyo(u) =Ep(u™) = Ep(ue, 7, < 7)) + Ep(u”a, 7 < 7,)
= E ( TavTa < Tb) +E ( T » T < Ta) Eb(uTa)
- Hmab( )+Hb,a( )H;_ab( )



A Random Walk Model Related to the Clustering of Membrane Receptors
Similarly,
Hyp(u) = H, (w) + Hop(u) Hy, (1)

and we obtain that/ |, (u) andH_, ,(u) solves the linear system

sz(u) H;:a,b(u) + Hm_,a,b(u) H"E7a(u)
H o (W) + Hop(u) Hyy (1) = Hep(u)

Y
I

the solution of which writes

f ) = Heop(u) Hy o(u) — Hy p(w)
zabV T Hy () Hya(u) —1

.7)
H- (’LL) _ Hgm(u) HLb(’LL) — HLCL(’LL)
z,a,b Hqp(u) Hpo(u) —1
Plugging the following expressions @, ,(u) andH,, ,(u)
Hyo(u)=B (u)** ifzx>a
Hyp(u) = B (u)** ifz<b
into (1.7), we get that the generating functionmf, is given by
E;(u'er) = Ey(u'e, 7, < 1) + Ep(u™, 7, < 7,)
where, forx € (a,b),
- Bt (u)m—b — B— (u)m—b
Bl T ST = B e B (e 18)
B, (i r < ) = BT B (@ |
z > b a/ — B+(u)b_“ — B- (u)b—a
and then
1— B~ b—a Bt T—a _ (1 Bt b—a B~ T—a
B (uroy = (L2 B (@ B2 — ( w'*)B~ (w) w9)

553

The generating functions (1.8) can be inverted in order to write out explicitly the distribution
of 7, ,- The inversion hinges on the decomposition of a certain rational fraction into partial
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554
fractions. The details are postponed to Appendix A. The result writes

(z—a)/2
0- _ q> H_1< I > . ( In >
21 = COos — | sin

<p [ gN:: b—a b—a

1<i<(b—a)/2

(525 (e ()

(1.10)
(z—b)/2
(n+ p b1 T . I
—9 (Lt
9z,0,b <q> [ %; COoS <b—a> Sm(b—a)
1<i<(b—a)/2
I(b— l J
Sin<7( 2 _Z)W> <2x/pq COS<—b ja>> ] ul.
In the particular case = a, we have
Eq(ue, 7, < 1) =puEsp1(ue, 7, <) +quE,_1(ue, 7, < 1)
Eq(u™, 7 <7,) =puBEqpi(u™, 7 <7,) +quEq_q(u™, 7 <T,)
which simplifies into
Ey(um, 7, < 1) =puEqqi(u, 7, <7) + quE,(u™), (1.11)
Eq(u™, 7 < 7,) =puBEqii(u™,m <7,).

Similarly, forz = b,

Ep(ue, 7, < 7)) = quEp_1 (0o, 7, < 1), (1.12)
Ep(u™, 7 < 7,) = quEp_1(u™, 7y < 7,) + puE (u™1).

Three-sided Threshold
At last, the probability distribution of, , . is characterized by its generating function

E;(u'abe) = Ey(u'e, S(Ta,b,c) = a) + Ez(u™, S(Ta,b,c) =)

+ Eyp(u’, S(T,p.) = ©)
=Ey(u'e, 7, <7 ) +Ea(u™, 1y <7, ) + By (u'e, e < 7, ).

We already observed that all the above generating functions can be expressed by means of
those ofr, , andr, . when the starting point differs fromb. Whenz = b, we have

) =b) =Ep(u, 7, <7,,.)

Ep(uTabe, S(Tmb’c
=puByiq(u™, 7 < 1) + quEp_q (u, 7 < T,).

(1.13)

These probabilities can be expressed by means of (1.8).
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1.4.3 Stopped Random Walk
In this part, we consider the families of generic “stopping”—probabilities:
e P{S() =y,1<7,} (@€ R)forz,y € (—o0,a] orz,y € [a, +00);
o P {S() =v,0< 7} (@, beR,a<b)forz,y € [a, b];
o B {S() =907t (@ bcERa<b<c)forz=y=0.

These probabilities represent the distributions of the random walk stopped when reaching
level a, a or b, a or b or c respectively. They can be evaluated by invoking the famous
reflection principle. Since this principle will not be used in our further analysis, we postpone
the intricate details to Appendix B. The result in the case of the one-sided barrier is, for
r,y<aorzx,y > a,

q
= [<J+i-y> - <J+z+‘§ B a)] plrtymn2qUteu2 - (1.14)
2 2

In the particular cases whete= a or y = a, we have the following facts: far € Z and
Yy =a,

Y=
Pm{s( ) =Y, )=, } pz,y - <]_9> p:(nj)2a Y

PCE{S(]) = (l,j S Ta} = IP)CE{TG, = ]}7
and forx = a andy € Z,

PAS() =9,0< 7} =pPuri{SOU—-1)=y,0—-1<7,}
+qP1{S(1—-1)=y,g—-1<7,}.

These last probabilities can be computed with the aid of (1.14).
In the case of the two-sided barrier, the result writesfay € (a, b),

PAS() =v,7 < 7.5}

oo D l(b—a) ) P y—a 0
- Z (5) Poy—21(b-a) ~ (6) Py 2a—21(b—a)—y

l=—00

_ o ty—)/2 (g+a—y)/2 S J _ J
g ! l;oo Kﬂ—%‘y +1(b— a>> (J—”;y —a+1(b— a>>] '
(1.15)

The above sum actually is finite, limited to the indidesuch thatg I << 2(bm+§ for

the first binomial coefficient and such th%ﬂz‘(z# << W for the second one.

In the particular case where € {a,b} ory € {a,b}, we have the following results. For
x € [a,b],if y = a,

PAS() = a,7 < Ty} =Polr, = 5,7, <7} = a0,
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and, ify = b,
PAS() = b, < 7y} = 4000

z,a,b’

These probabilities are given by (1.14). RpE [a, b], if z = a,

PA{S() =4, <74} =pPay1{SO—-1) =y, - 1<7,,}
+qPa{SOU-1) =y s-1<7.},

and ifx = b,

Po{S() =4, < 7o} =pPoa{SG - 1) =y,0-1<7}
+qPp i {SO—1) =y, 0-1<7,,}

These probabilities are given by (1.14) and (1.15).
Finally, concerning the three-sided barrier, we simply have

Pp{S() =0, < T, o} =PPoy1{S(—1)=b,y—1<7,}
+qPy {SO-1)=0by—-1<7,,}.

2 Methodology

The aim of this part is to describe a method of calculation for the probability distribution
of T, . which could be numerically exploited.

2.1 The Probability Distribution of S(¢)

We have, forx = (21, ...,20),y = (y1,...,y¢) € ZE,

l
Py = PolVj € {1,.... 0}, S;(0) = y;} = [ B, {S(0) = w5}

J=1
l
L
H <L+(Ej —Yj >
2

J=1

p[L+Z§:1(yj —Ij)]/2q[b+2§:1(rj—yj)]/2'

In the above formulapﬁé)y does notvanish ifand only if foralj € {1,...,¢},z; —y; +¢
is even andx; — y;| < «. Then the associated generating function is given by

Gy (1) = (12) el f: [f[ (J% >] (pgu?)"”*. (2.1)

q =0 Lj=1

Set

A&, .. & 2) = Z [H <#>]%/2'
1€ D)s

L€N: v >max(|€q [,..., J=1
1,€1,.-.,&p With same parity
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The functionA does notvanishifand only if1, . . ., & have the same parity. By performing
the change of index — 2 + [¢; |, wherej, is an index such thgg;; | is the maximum of
the &1, . . ., ||, In the sum definingd, we get

o ¢ 2L+|£0
A, €2) =29y [ ( §])|J+§J>] L
j=1

J

The quantity (2.1) can be rewritten as follows.

Proposition 2.1 For anyx = (z1,...,2¢),y = (y1,...,%) € Z*,

(1= (*

q

[ (yj—z))]/2 )
> Az —y1, ..., 20 — yos pqu’).

We can express the functiofi by means of hypergeometric functions. To see this, we

seta = |§; [ and3; = |§“|+§] —0— and assume, e.g., thgt < 0 so thatg; = 0. In the
case where\;fjO > 0,we would havex — B, = 0. Invoklng the dupllcatlonformulaforthe
Gamma function, we write

2 +ta F2t+a+1)
H(L-I—ﬁj) HFL—I—ﬁJ (e +a—-p+1)

j=1
L L G WA
mt/2 e P+ B+ )I(t+a—Bj+1)
_ 2o O A )

/2 g [hicjcrjrjy T+ B+ )L Tt +a =6+ 1)

Therefore, using the generalized hypergeometric function

ap, ..., 05 2 (ar),, .- (ag),, 2
<ﬁi,..,ﬁt ) ;(ﬁi)m...(ﬁt) m!

we obtain

A(£17 sy 557 Z)
o L) ]
T2 Ticjcagnio DB + D Tlgjee T(a = B + 1)

% oy Fop1 ((oz—l—1)/2,...,(a—l—1)/2,(a—|—2)/2,...,(a—|—2)/2;4gz>

«

ﬁl"i'lv"'vﬁﬁ"i'lva_ﬁl+17"'7a_ﬁ€+1

with the convention thatin the lige+1)/2, ..., (a+1)/2, (a+2)/2, ..., (a+2)/2lying
within the functiong, F»¢—; above,the termé&x + 1)/2 and(a + 2)/2 are repeated times
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and inthelists; +1,..., B, + 1 the termg;  + 1 which equals one is evicted. Observing
that the coefficient lying before the hypergeometric function can be simplified into

Pt r (a+1) ( 2 )]
w2 Tli<jc i DB + D gy Tla = 5+ 1)

A
T B! Hjlm—ﬁj H( >

Jj=1

we finally derive the following expression of(¢1, . . ., &; 2).

Proposition 2.2 We have

T (1%
Ay, & 2) = (H ( ﬁﬁo >> 1|
j=1 N P

€5 |+1 €50 [+1 1€5, 142 €5, 142
S et = ,
XopFop_q 45
|§j0£+§1 1, |§]O|+§l 41, |§JO| £1 41, |§j02|—§z 1
Inthelistw+1,..., |§]°|+§K+1 |§]°| S, |§’°| 130178 | 1 Iying within the function

20 Fhe_1 above, that of the two terrgﬁ& + 1 and M + 1 which equals one is

evicted.

2.2 The Probability Distribution of T,

Fix € N*. Notice that fory = (y1,...,y) € &, theevent{r, = 3,S(7,) =y}
means thaB(:) ¢ € for all . € {0,1,...,5— 1}, andS(y) = y. Moreover, the event

{S(v) ¢ £} isequal toﬂ{S ) ¢ R} whichmeanstha$;(:) ¢ Rforallj € {1,...,¢}.

J=1
Thus

qgg)y = X{VLG {07177]_1}7VJ € {1776}7 SJ(L) géRandSJ(j) :yj}

= Hpmj{w €{0,1,...,7—1}, S;(:) ¢ R andS;(y) = y;}
j=1

1
= HPIJ'{S(]) =Y, < T }-
j=1

The quantityP, . {S(7) = y;,7 < 7 } is nothing but the probability of the one-dimensional
random walk stopped when reaching the Ret Notice that one of thegy;, 1 < j < /, at
least, lies inR. It can be depicted more precisely as follows. Since the steps of the random
walk are+1, the random variable, under the probability?, ; is the first hitting time of the
nearest neighbors of; lying in R, that is,
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if z; € (—00,a1) (resp.z; € (a,, +o0)), thenr, =7, (resp.7, =7,.);

if z; € (a,a;41) foracertainindexX € {2,...,r — 1}, thenr, =

az CLz+1 1

if z; = a; (resp.z; = a;), thenr, =71, .. (resp.7,  ..);
o if 2; =a; foracertainindex € {2,...,r — 1}, thenr, =7, | , 4.

As a byproduct, we have

o if x; € (—o0,a;1) andy; € (—oo,ai] (resp.z; € (a,, +o0) andy; € [a,, +00)),

then
Poi{S() = 4,0 S 5} =B {S0) = 45,0 < 70, }
(resp.Fo, {S(1) = 45,0 < %} =B {S() = 95,0 < 70, });
o if z; € (a;,a;41) andy; € [a;, a; 1] fora certainindex € {1,...,7},

]P-'Ej{s(]) =Yj5,J < TR} = ]P-'Ej{s( ) =Y5,) > < CLZ,CLZ+1}'
o if z; = ay andy; € (—o0, a1) (resp.z; = a, andy; € (a,, +00)), then

P {S() = yj, 0 < 1} = P, {S0) = 5,
(resp.P {S(1) = yj,0 < 7 } =B, {S (1) = vy,

o if z; = ay andy; € [a1, as] (resp.z; = a, andy; € [a,_1, a,]), then

P AS() = v, 0 S} =B {S0) = 4,0 < Tayan )
(resp.P {S(1) =¥, < 7} =P AS0) = 45,0 < Ty 100 1)

o if z; = a, for a certain index € {2,...,7 — 1} andy € [a;—1,a;) (resp.y €
(ai, ai+1]), then

P {S() =40 <7} =P, {S() = ¥,0 < Tay 10, }
(resp.P; {S() = 4,1 < 7} = B {S() = 45,0 < Tayasin 1)

o if z; =y; = a, foracertainindex € {2,...,7 — 1}, then
]P-'Ej{s(]) =Yj,) < TR} = ]P-'Ej{s( ) = yya] > Tq, 1,az,az+1}

In the other cases, the probability. { S(7) = y;, ) < 7 } vanishes.

All these probabilities belong to the following families of generic “stopping’-
probabilities which are explicitly given in Section 1.4.3. With all this at hand, we can
completely determine the joint probability distribution 6f, , S(7,)).
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The marginal probability distribution of, can be easily related to that f according
as

P {r, >} =P (Ve € {0,1,...,5—1},Vj € {1,..., €}, S;(1) ¢ R}

14
=2, {vee{0,1,....5- 1}, S;() ¢ R}

j=1

1
- H]P)IE]'{TR > ]}'

j=1

The probabilitiesP, {7, > j}, 1 < j < (£ can be easily computed with the aid of the
distributions described in Section 1.4.2.

We propose another possible way for deriving the distributiofmf, S(7, )) which is
characterized by the generating matHxu). If S(¢) € €, thent, < .. Hence, using the
strong Markov property, we derive, far € Z¢ andy € &, the relationship, for € N*,

P.{S(t) =y} = Z ZPx{T 2:8(7;) = z2}P,{S(t — ) = v}

=1 z€&

or, equivalently,

pxy = quxzpz,y .

=1 zc&

Therefore, taking the generating functions, foe Z¢ andy € &,

ny = xy‘i’szyu _5xy+ Z qgg)zp;iy )’LL
L]EN*<ZES
1<e

which can be rewritten as

ny = xy+szz z ) (22)
zc€&

which leads, when restricting ourselvesde £, to the matrix equation (2.3) below. Setting

I, for the identity matrix(dx,y ) yeer We have the following result.

Theorem 2.3 The generating squared-matrH («) of the numberslﬁé)y, x,y €&, 7€N,
which characterizes the joint probability distribution dfr,, S(7,)), is a solution of the

following matrix equation:
I, —H(u)|G(u) =1,. (2.3)

This means that the generating functiadilg , (u), x,y € £, are the solutions of a system
of an infinity of equations with an infinity of unknowns which seems difficult to solve.
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2.3 The Two First Moments of T,

¢
We already observed thaB(.) ¢ £} = ﬂ{Sj(L) ¢ R}. As a byproduct, fox =
j=1
(x1,...,20) € ZF,

P.{S() ¢ £} = HIP’IJ{S ¢ R}

7=1

or

l
PfS() e &y =1-J[A-B{S() eR}) =1- H (1 — me]{s = ai}>.

J=1 J=1

Now, the expectation dT", . can be easily computed as follows:

T,.)=> PfS() 68}—n—ZH<1—ZP {S(¢) —ai}>. (2.4)
=1

=1 j=1

The second moment a , could be evaluated as follows:

ZZPX{S ) € E}

=1 j=1
- ZPX{S(L) €E}+2 > Pu{S(1),8(y €}
=1 1<e<y<n

The foregoing double sum can be computed according as

S PAS(LSGEE) = Y S PS() = yIPy{S( 1) € £}

1<<y<n 1<i<y<n ye&
n—1 n—t
=Y > P{S()=y}> Py{S() € €}
1=1 ye& =1

n—1
- Z Z P {S(t) =y}Ey(T,_, .).

=1 yec€&
Consequently,
n—1
Ex(T?,) =Ex(T,.)+2) > P{S() = y}Ey(T,_, ).
=1 yec€&

whereE4 (T, . ) and theEy(T,_, ), 1 < ¢ <n —1, are given by (2.4).

561
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2.4 The Probability Distribution of T,

We now propose a way for computing the distributiorilof . underPy which is deter-

mined by the family of numbers*™ 0 < k < n.

Forl1 <k <n,if T ., =k, thent, < n, sayr, = jforacertain) € {1,...,n}.
Moreover, the sojourn time i€ up to 7, is only 1, and that aftel€ up ton, which is
identical in distribution toT', _ ., equalsk — 1. Hence, using the strong Markov property,
we derive the relationship, far < k < n,

PAT,, =k} = Z Z P{T, =),8(7;) = y}Py{Tnﬂ,s =k—1}

7=1ye&

or, equivalently, forl < k < n,

rg{kn :quxy glk 1,n— ]

=1 ye€

Therefore, taking the generating functions, foe Z¢,

Kx(u,v)zz r™Myn 4 Z p )y kyn

k,neN*:
kE<n

:Z (Om)n Z qﬁfl,rgk Ln=a) kg, (2.5)

k,n,gEN* yec&:
k<n andy<n+1—k

On the other hand,
r0" — PAT,, =0} = P{r, >n}

and the corresponding generating function is

Z (0,n) " i(l—iPx{Tg:k‘}>Un
k=0

n=0

- 11, =2 _Puire =k} (Z“n>
k=0 n=~k

1 2 ok 1 —Ex(v'e)
= — P, =k}=—""7 :
1—w Zl—v {re =k} 1-— (2.6)
k=0
In view of (2.6), (2.5) can be rewritten as
1—
Ky(u,v) = 1 — —|—uZny , V), (2.7)
ye&

This leads, when restricting ourselvesstae &, to the following result.
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Theorem 2.4 The generating column-matri (u, v) of the family of numberP, {T, . =
k},x € €, k,n € N, is a solution of the following matrix equation:

M, — uH(v)] K(u,v) = (1, — H(v)]. (2.8)

1—w

The above matridl, is the column-matrix consisting df, that is (1)
by (2.3) andH(v) is defined by

«ce» H(v) is given

H(v) = (Bx(v7%)) _, = (Z Hx7y(v)> =H(v)1,.

yee xe€&

In other words, the generating mati¥ (u, v), x € &, are the solutions of a system of an
infinity of equations with an infinity of unknowns which seems difficult to solve.

Remark 2.5 A slightly simpler equation may be obtained by setting

K(u,v) = K(u,v) — ﬁ]lf'

In fact, by (2.8),

1
—1
u(l —wv) %

1 ~ 1 -
=——[1, — H(v)] — wd =) 1, — uH(v)].

L, — uH(v)]K(u,v) = [I, — uH(v)] [K(u,v) —

Thus, the modified generating functid(u, v) satisfies the matrix equation

uzl 4 (2.9)

Te —wH()K(wv) = 1,

Finally, for a starting point € Z‘\ &, K,(u,v) can be expressed by means of the
Gxy(u) andKy(u,v),y € €. Indeed, by (2.2), we have for € Z* \ € andy € &,

Gxy(u) = Z Hy 7(1) Gy (u),
zc&
that is, by introducing the row-matrice&y(u) = (Gxy(u))yee and Hy(u) =
(Hx,y(u))yce, the matrixHy (u) solves the equation
Gx(u) = Hx(u)G(u).
Next (2.7) yields forx € Z¢ \ €

1 —Ex(vT)

Kx(u,v) = Ty

+ uHyx (u)K(u, v).
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3 Particular Cases

In this part, we focus on the particular cases whete 1 orr = 1. When/ = 1, we are
dealing with one ligand which can meet several receptors while in theicasd, we are
concerned by one receptor which can be reached by several ligands.

3.1 Case=1

In this case, our model is a one-dimensional random walk model and wethaveér.
We adapt the general settings by putting

Ton =Y Nswery
=1

and by writing, forl <i,j <r,: € N and; € N*, the following probabilities:

p) =P {S() = a;},
¢\!) = Po {1, = 3,8(r) = a;} = Po, {1 = 7, = 3},
rE) = P (T, o = k}.

We also introduce the generating functions

=3 sl

Z%] - uR S( ):aj)v
Ki(u,v) = Z Z(kn ZE u ”R
k,neN:

kE<n

together with the related (finite) matrices

G(’LL) = (Givj(u))lgiJSw H(’LL) = (Hi’j(u))lgi,jgr’ K(’LL, U) = (Kl(uv U))lgig7«'

Referring to Section 1.4, we explicitly have

(v) _ < L >p(L+aj_ai)/2q(L+ai_aj)/z-

Pij = \ ctaiza;
2
% if a; > aj,
Gij(u) = % if a; = aj,
% if a; < aj.
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The matrixH(u) is three-diagonal. More precisely, we haifg ;(u) = 0 for |i — j| > 2
and

Hw(u) = Eaz (’LL iy To, < T,

Hm'_,_l(u) = Eaz (u [ZRS] > Tas i1 < Tai)v

Hi,i—l(u) = Eai (u dit, Ta;y < Taz‘)'

az 1,041 )

These quantities are explicitly given by (1.11), (1.12) and (1.13) in Section 1.4 which ex-
plicitly contains the matrix (u).
The functionsH; ;(u) can be also obtained by equations (2.2) which read here

Gi; —5”+ZHM )G j(w).

This can be rewritten in terms of matrices as in (2.3), by introducing thenxmitmatrix
I = (61-73»)1@7].9,
G(u) =1, + H(u)G(u)
and then
H(u) =1, — G(u)~". (3.1)

Remark 3.1 An alternative representation & (u) can be obtained as follows. Let us
introduce the probabilities

(C)RT I
(0 _ ~(2) piy HiF]
PolTa. =24 P;5 = J
pZ] z{ j j} p,j {5‘770 |f’L j
and their generating functions

Zp — R, (4) Zp _{LJ(U) if i
ZJ ) ZJ e . .

if i =

together with their related matrices

L(u) = (Lij(w), < jepr L) = (Lij(u) g <,

Actually, thep ~(’) 's are associated with timg,. = min{¢ € N : S(¢) = a;}. Notice thatr,
and7,, comude when the starting point differs fron); in the case where the walk starts
ata;, 7,, = 0 while 7, is the first return time at;. \We observe that

-1 r
= PGZ{TR = S( ) = ak}Pak{Ta =J— L}
=1 k=1
T -1 r
+ Z Po, {7, =3,5(r) = a;} = 0.
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This implies the following relationship for the corresponding generating functions:

Zsz Lkg

or, equivalently,
from which we deduce

As a check, we notice thdit(u) — L(u) is a diagonal matrix:
L(’LL) - L(’LL) = diag(l - Li,i(u))lgiST = diag(l/Gi,i(u))lgiST

and then, by (1.4)G (u)[L(u) — L(u)] = L(u) which entailsL(u)L(u) " = I, — G(u) "L
|

Finally, the functionsk;(v), 1 < i < r, are given by equation (2.7) which reads here

1 —-E,g,
KZ'(’LL,’U) 1—’U +UZHZJ )

and the equivalent matrix equation (2.8) writes

1, — aH () K (0,0) = 1 (1~ H()).
The above column-matriK (v) is defined by
H(v) = (Eq (V")) cie, = HO)
The solution is the finite column-matrix
K(u,v) = [T, — uH ()] [1, ~ ()
= (L~ WH() L~ H)J. 32)

Remark 3.2 Referring to Equation (2.9), we see that the modified generating function

K(u,v) = K(u, v) = 5= 1, is given by
K(u,v) = —“ =11, — uH(v)] 1, (3.3)
u(l—v)
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Remark 3.3 By inserting the expression (3.1) &1 (v) by means ofG(v) into (3.2), we
get that

L, — uH()] 'L = H(v)] = [(1 -~ )L + uG () 7] G (v) ']
[(1—u)G(v) +ul,] "t

So,K(u, v) can be expressed in terms@f(v) as

1
1—w

K(u,v) = (1 —u)G(v) +ul,] 1,

This representation is simpler than (3.2). Nonetheless, it is not tractable for inverting the
generating functio (u, v) with respect ta:. m

ExpandingI, — uH(v)]~tinto 372 u*H(v)*, we get by (3.2) (or (3.3))

> u*H() (I, — H(v))1,]

k=0

1
K(u,v) = T

from which we extract the following proposition.

Proposition 3.4 The probability distribution off’, , satisfies, for any: € N,

1
1—w

> (Pad T = kD) yie, ) 0" = 7= H()HL, — H)J1, (3.4)

n=~k
where each sides of the equality are column-matrices.

We could go further in the computations: expandihg1 — v) into >, v", we obtain
by (3.4) that

i <<T§k7n)>1<i<r> v = (i Un) H(v)*I, — H(v)]1,.
n=k << ~

Introducing the matrixQ® = (¢

i,j)1§i,jgw we rewriteH (v) asy 2, QWv'. Then,

H(v)k = Z Z QM) ... QM) | vt

1=k L5y L ENF:
=t

1=k L5y L ENF: LYyeens L1 EN*:
Lt =t el =t
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Next,
(Z v") H(v)*[I, — H(v)]1,
n=~k
=> D >oooQw.o. QWi - > QW ...QlIm, ||v.
n==k 1=k L] yeens L ENF: LYyeens Lk+1EN*:
L1t =t L1+~“+Lk+1:L

We finally deduce the result below.

Theorem 3.5 The probabilityP, {7, ,, = k} is thei-th term of the column-matrix
> o Q. .Qw, - > Q...Qlw,.

LYyeens L ENF: LYseees Lk+1€N*:
k<t1+-+ip<n k<ui+-tipp1<n

The expectation of, . can be derived by evaluating the derivative of its generating func-
tion atu = 1. Indeed,

OK (1= 2

- H(0)[I, — uH())[L, - H)J1,

1—-w
- - iv H(v)[I, — H(v)] "1,

u=1

Since
H(v)[L, - H(v)] ™! = [I, = (I, = H))][I, - H(v)] " = [I, - H(v)] "' - L,
we get the expectation df, , when the random walk starts at a receptor at time

1

(Eai (Tn,R))lgiST = 1—v ([IT - H(U)]_l - Ir) ]lr-

Next, the second moment @f ,, can be extracted by computing the second derivative of
its generating function at = 1:

2
() = 2 HP[I, — uH()] (L, — H(w)J1,
u=1
- fv H(v)?[T, — H(v)] "1,
Since
H(v)?[L, — H(v)] 2 + H(v)[L, — H(v)]~
— H(u)[L, — H(v)| 2[H(v) + (I, - H(v))]
~ L, - (L - HO)L, — H(v)]
— [L, - H(v)| 2 — [T, - H(v)| ",
we get the variance d&f _.:
(e, (T, ), e = —— ([ — H(o)] 2 = [I, - H@)] ™) 1..

1—w
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3.2 Case =1

¢
In this case, we have one recept®: = {a}, and thenf = U £; whereg; is the
j=1
hyperplaneZi—! x {a} x Z*~7. Formulas (2.3) and (2.8) in Theorems 2.3 and 2.4 do not
simplify.

3.3 Case¢=1landr =2

We have in this cas€ = R = {a1,a2}. We work with the modified generating
functionK (u, v) given by (3.3). We have to invert tfix2-matrixIo — uH(v). Here,H(v)
reads

H(’U) = <H1’1(U) H172(’U)> = <Ea1(vTalvTa1 < Tag) Em
Hy1(v) Hapz(v) By (071,75, <74,) Eo,

( Ta27’7'a2 < Ta1)> )

v
(vTe2, 7, < Ty)
The entries of this matrix are given by (1.11) and (1.12). Setting

A(u,v) =1 —u[Hy 1(v) + Hoo(v)] + w?[Hy1(v) Hao(v) — Hy 2(v)Ho1(v)],
we have

-1 _ 1 1-— ’LLH272(’U) 'LLHQJ('U)
[12 - UH(U)] t= A(’LL, U) < 'LLHLQ('U) 1— UHl,l(’U)>

and then, by (3.3),

34 Case=r=1

We have in this cas€ = R = {a}. The sojourn time of interest reads now

Tn,a = Z ]I{S(L):a}'
=1

We are dealing with the local time of the one-dimensional random wadk &¥e adapt the
settings by putting
p = Pu{S(1) = a} = B,{S(x) = 0},
q(’) = Pa{Ta =t =P {7, =1},
rbm = BT, , = k} = BT, , =k},

n,0
and
G(u) =Y pWut, H(u)=>_ qWu! =E,(u").
=0 =1
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We explicitly have

By (3.4), we have

1—1)

In this case, we can explicitly invert the previous generating function. Indeed, by invok-

ing (1.2), we get
2 k
Z < m+ >(pq,u2)m+k
m

Z (kn)yn = (1 — 4pqv?) (Zv)
m=0
_ ok (1 + v+ (1— 4pg) Z”l> Z <2mm— k> (pg)™v?™.

m=k

=2

The foregoing double sum can be easily transformed as follows:

ivl > <2mm— k> o i <["/§:—1 <2mm— k:> (pq)m> o

=2 m=k n=2k+2 m=k
and then
> . /2m—k . [2m—k
(kyn),m _ ok m, 2m m, 2m+1
> by =2 [Z( . >(p<Z) v+ ( o >(pq) v
n=~k m=k m=k
> /21 2m — k
+(1—4pg) Y ( > ( m >(pq)m>v“].
n=2k+2 m=k
Hence, by identifying the terms ivl*, we find that for evem
n/2—1
k 2m — k
(k) _ ok n/2 o m
rn) =2 [( /2>(p<Z) + (1 — 4pq) %( o >(p<Z) ] (3.5)

and for oddr, observing that (*») = r(k=1) since the last step of the random walk cannot
vanish in this case,

(n=3)/2
pkm) _ ok [(?n__kl)_/b (pg) ™ V2 + (1 —4pg) > <2m - k> (pq)m]-

m=k
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In the two above formulas we adopted the convention Jiat_, = 0 whenk > I. At this
stage, we see that in the particular case of the symmetric random walk (corresponding to
p=q= %), the foregoing formulas simply reduce to

n—k
("/2,3 if n is even,
pen) — ) 2"
o (n—k—l)
(n—1)/2) . -
W |f n Is Odd
Going back to (3.5), we get for even
r n/2—1 n/2—1
(kn) _ ok n—k )2 2m —k 2m —k m+1
r 2 (n/2>(pq +m§:k< N [ 42 pq)
r n/2—1 n/2
—k 2m — k 2m —k — 2
— 9k n n/2 _4 m
_(n/2>(pq +m§:k ( o >pq m%:ﬂ( >(pq) ]
[ 2t iom—k om — k — 2
_ ok k AT - R m
(0" + > [( o > 4( o >](pq)]
L m=k+1
[ S @m—k—2)
=9k k S kP4 k-2 m
_(pq) +m§+1 i g K k= 2m)(pg) ]
n/2—k
2m+k —2)
= (2pg)* |1 ( k2 —k—2
(2pq)* |1+ mzl e AT )(pq) ]

Consequently, we have obtained the following result.
Theorem 3.6 The probability distribution off’, , is given, for evem, by

n/2—k

DY ikt R —k-—2m><pq>m]

]PO{ n,0 k} - 2pq m' m—i—k

and for oddn byP,{T', , = k} = P,{T,_, , = k}. Wherp = ¢ = 1 (case of the symmetric
random walk), thIS distribution reduces for evento

()
]P)O{Tn = k} ~ on—k °
In particular, we have
n/2 (2m)
Oon _ 1
=1 7;27”_1@)

This quantity, which represents the probabilky{7,, , = 0} is nothing but the probability
Fo{m, > n}.
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4  Further Investigations

In a more realistic model, the plasmic membrane should be viewed as a closed curve
and its roaming constituents should be modeled for instance by random walks on the finite
torusZ/N7Z = {0,1, ..., N — 1} for a fixed possibly large intege¥ (with the usual rule
N = 0 [mod NJ) or by Brownian motions on the continuous torRi$Z.

Moreover, the rafts could be built by aggregating several receptors, that is by choosing

several sequences of successive recepfars:a; +1, . .., a1+l —1}, {a2, as+1, ..., a2+
Iy — 1},...,{(17«,(17«—|—1,...,a7«—|—l7« — 1} with a1 + 11 < a9, ag + 1o < asg,...,Qr—1 +
l—1 < a,, Wwhere thdq, ..., 1, are the length of the rafts. The effect of this kind of non-

homogeneous repartition of receptors on the binding distribution could provide a possible
functional property of rafts. In addition, the localizations and the lengths of the rafts could
be random and then we should also consider that the numabers. , a, andly, ..., [, are
random variables.

So far we concentrate on diffusion-limited reaction neglecting the binding duration.
But in the reality, ligand-receptor binding induces some delay in the mechanism, that is
when a ligand meets a receptor, they bind during a certain (possibly random) amount of
time before unbinding. So, we should also introduce convenient delayed random walk or
Brownian motion for recreating the real biological process.

In Section 4.1, we give some information about a possible random walk model on the
torusZ/NZ and in Section 4.2, we address possible continuous models involving Brownian
motion on the lineR or on the toruR /Z.

4.1 A Random Walk Model onZ/NZ

For building a model o7,/ NZ with a deterministic set of recepto® = {ay, ..., a,},
we introduce arf—dimensional random walkS’(¢)),cx on the finite setZ/NZ)¢. Set

l
= [(Z/NZ)J'—1 x R' x (Z/NZ)*| .
j=1
This set is finite:#£’ = ¢rN*~1, and the sojourn time of interest writes here

T, o =Y lspeey
=1

For tackling the computation of the probability distribution @ _,, we observe that we
can pass from the one—dimensional random wWa@k:)),cny onZ/NZ to a walk onZ in

the following manner: set, for € N,
St)=8()+a,N

where o, is the number of upcrossings of level(i.e. timesc such thatS’ (o — 1) =
N —1,5(0) = 0,5(c + 1) = 1) minus that of downcrossing df (i.e. timeso such
thatS’(c — 1) = 1,5(c) = 0,5(c +1) = N — 1) up to timec. Then,(S(¢)),en is @
random walk orZ. Conversely,S’(:) = S(:) mod N = S(¢) — N[S(¢)/N]. Notice that
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in our new setting, we mark with primes all quantities related to the walk& GNZ and
(Z/NZ)*, while those related to the walks @handZ‘ are not marked with any prime.

In this correspondence, the set of receptBfsn Z/NZ becomes an infinite sk =
R'+ NZ = {a; + mN,...,a, + mN;m € Z} of receptors inZ and the subsef’ of
(Z/NZ)* becomes the subset &f

=/ (Zj‘l X R X ZZ‘Y). (4.1)

Jj=1
Of course,

T;’sz = Z ]I{S(L)eé'}'
=1

The analysis done in the case of the walk Bh(associated with the set (4.1) now) can
be carried out for the walk oiZ/NZ)* exactly in the same wagnutatis mutandis the
generating matridK'(u, v) of the family of number®, {T! ., = k}, x € E,kncN,is
given by .

K'(u,v) = ——[I_, —uH'(v)] '[I_, — H'(v)]1

1—w &’

wherel , is the identity matrix on€”: I_, = (dxy) ,» 1, is the column-matrix con-
£ £ Wixye€ £

sisting of1, that is(l)xeg,, and

H(v)=1,-G'(v)™"

In the foregoing definition oI’ (v), G’(v) is the matrix generating function of the proba-
bilities P,{S'(:) =y}, x,y € €& which are given by

¢
P S'()=y}=]]E {50 =y}
j=1

The probabilities related to the caée= 1 can be evaluated as follows. Fery € Z/NZ,

PS' () =y} = SO BAS() = y+ kN

kEZ

L +y—x L+r—y—
_ 3 (Hy_MN)p( kN /2 (ke -y kN /2,
2

k€EZ:
(z—y—1)/N<k<(z—y+t)/N

Let us have a look to the cage= » = 1. For this we introduce the following families
of hitting times related t¢.S(¢)),en: for a, b, c € Z such that < b < ¢,

Tab = min{c > 1:5() € {a,b}},
Tape = min{t > 1: S(t) € {a,b, c}},

a

and that related t0S(¢)),en: fora € Z/NZ,

7 =min{s > 1:85(:) = a}.



574 Aimé Lachal

It is clear that, if the starting point ofS’(¢)),en is a,

I
Ta = Ta—N,a,a—i—N'

Because of this relationship, the probability distribution of timfecan be explicitly written
out. In the same way as (1.13), we have

H'(v) = E} (v74) = E(v7%) = B, (7 50%) = poE, (vN) + uE_, (o70).

Invoking (1.9) and the fact thaB™ (v) B~ (v) = ¢/p, we obtain

E (UTO’N) B+(’U)N _ B- ’U)N
_ Bf(v) - B (v) g BT (v)N-1 = B~ (v)N-1
BY(0)" —B-(0)" " p B ()" —B-(0)7

which entails

N N Bt (v) — B~ (v) Bt(w)N-1 - B~ (v)N-1
= [(‘) " 1]7’“ BTN B @)~ T BTN B ()Y

Finally, the probability distribution of the sojourn tim&’, | is characterized by the gener-
ating function, as in (3.4),

o0 . 1

> PT., = kh" = T [H'(v)]*[1 — H'(v)].

n=~k
It seems difficult to extract the probabilitie® {T/, , = £k}, 1 < k < n, from this last
identity.

4.2 Brownian Models onR and R /Z

At last, we evoke the continuous counterpart to our model in the one-dimensional case.
Analogous continuous models hinge on linear Brownian motion (that is the membrane is
viewed as the real lin®) and circular Brownian motion (in this case, the membrane is
modeled as the toru®/Z). In both cases, the rafts (clustered receptors) are viewed as
intervals|ay, b1], . . ., [ar, b;] Of R or R/Z, and ligands move like independent Brownian
mOtiOﬂS(Bl(S))SZ(), RN (Bg(s))szo onR or R/Z Set

B(s) = (Bi(s), ..., Be(s)) foranys > 0,
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and
r l l
R = Jlaib U [Rﬂ'—l x R x RH} U [ R/Z)~! x R x (R/Z)].
=1 j=1 j=1

The proces$B(s))s>o is @ Brownian motion orR? or (R/Z)*. The time that ligands bind
with rafts up to a fixed time is given by the sojourn time dfB(s))s>o in &:

t
£ :/0 IiB(s)cey ds.

In the case of linear Brownian motiod & 1), the computation of the probability distribu-
tion of T, . will be the object of a forthcoming work ([4]).

Appendix

A Distribution of the First Hitting Time for the Random Walk

The generating function (1.7) writes

_ LA AW -1 - A
H o) = 2P0 G e~ L AP

Let us introduce the rational fraction defined fary € N such thatr < y, by

1+ = (1-0" Z[(m e (2nf+1)C2m
(1+¢Q¥y—(1-¢) Z[(y 1)/2] (273+1)C2m'

We want to decompose this fraction into partial fractions. The pole& gfare the roots of
the polynomlalz[(y 1)/2] (5,2.1)¢*™ which are those of1 + () — (1 — ¢)¥ except for

0. It is easily seen that they consist of the family of numb@rs- ezi:gﬁ — i tan(Im/y)

for1 <1 <y — 1suchthat # y/2. Moreover, the functioq — f,,(¢) is even, so we

decompose it as
0= 3 g

lEN:
1<i<y/2

fm,y(o =

with o] = th—’Cz( ) (C) We have

A+@)* =1 - 2¢ (A+¢)"—(1-¢)°
)

o) = -
lime ¢, w y A+ T+1—qw!

= 2(—1)!"Lcos¥ 2~ 3<Z7T> sin(l—ﬂ> sin(m—w>.
Y Y Y

Therefore,

leN: Cz + tanz(lﬂ—)

1<i<y/2
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Let us apply this formula tdd,”, , (u) = (2pu)* " fo—ap—a(A(u)). Since
I 1 I
A(u)? + tan? - 1 — 4pg cos? ( —— ) ) u?
(u)” + tan (b—a) cosz(bl_”a) [ pq(cos (b—a>>u ,

COSb_m_l ( blﬂ—a ) sin ( blﬂ—a ) sin ( l(%__?ﬂ— )

1 — 4pg[ cos? (=) ]u?

1<i<(b—a)/2

1 = ! J
Z [4pqcos (%)] u?,

1 —4pq [6052 =

Using the expansion

we find

> I I
+ _ b—x b—z—1 .
Hm,a,b(u) — ;2(229) [ Z COS <b—a> Sln(b—@)

leN:
1<i<(b—a)/2

_ J
sin Lb z)m 4pq cos? —lﬂ w2t
b—a b—a

Performing the change of index— (7 + = — b)/2 into the above sum, we obtain

= 223 2w () (i)

1=b—x lEN:
1<i<(b—a)/2

sin<“z*>> () ]

from which we finally derive the expression (1.10) of the probab'tj_lit%,. In a quite analo-

gous way, we can deduce the probabilj o b o, fromH . (1) = (2qu)* ™% fo—z p—a (A(u)).

B Distribution of the Stopped Random Walk

As mentioned in Section 1.4.2, the stopping-probabilities can be evaluated by invoking
the famous reflection principle. We provide the details in this Appendix.
One-sided Threshold

Our aim is to compute the probability of the random walk stopped when hitting the
thresholda: P,.{S(y) =y, < 7,}. We begin by first evaluating,{S(y) = y, 7, < 7}. We
have, forx, y € Z suchthate,y < aorz,y > a,

P.{S(1) = T<J}—ZP{T—L}P{S(J—L) Yt
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The reflection principle stipulates that

y—a
BAS( 1) = y) = (§> B{S(— 1) = 20— y).

Hence,
J—1 » y—a
RSO = < b= S Bl =} (2) RS-0 = 20—}
=1

_ (g)w P.{S(j) = 2a—y,7, < 7}

- (g)w P.{S(j) = 2a — y}.

In the last equality, we used the fact thand2a — y are around: and then the condition
7, < gis redundant. Therefore,

BAS() = 4.0 < 7.} = Ba{S() = v} — (g)y PL{S() = 20— y}

which is nothing but (1.14).
Two-sided Threshold

Here, we aim to compute the probability of the random walk stopped when hitting one
of the two thresholda andb: P, {S(y) =y, < 7, ,} under the assumption € (a, b). For
this, we introduce the successive hitting times of levelsndb (with the usual convention
min () = +00):
Oy =Ty, Og41 =min{y > oy :5(3) = b}, o240 = min{y > o941 : 5(9) = a},
So =Ty  S241 =min{y > ¢y : S(g) = a}, <oy2 = min{y > g1 2 S(y) = b}.
Notice that ifr, < 7, theno;;1 = g and ifr, > 7, theng.; = ;. In both cases, we see

that
. oy If7, < o1 ifr <
min(oy, q) = L b, max(oy,q) = L ’
g ifr,>m7 41 f71,>1

and that
max (o7, ) = min(o41, G41)-

With these properties at hands, we write the e\{egjtb < y} as follows:

{Ta,b < ]} = {Ta < Ty Tq < ]} U {Ta > Ty Ty < ]}

= (U{Ta < Ty ou <)< 021+2}> U (U{Ta > Ty <)< §21+2}>

IEN leN
= (U{Ta < Ty, 09 <7< <21+1}> U (U{Ta > 7,62 <7< 021+1}>
IEN leN

= U{min(fle, 1) < g < max(o241,S21+1) }-
leN
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Now, the probability of the stopped random walk can be written as
BAS() =y, 0 <74}

=PA{S0) =y} - ZP {S() = y, min(o2, s21) < 7 < max(ogr41,s2141) ). (B.1)

Let us evaluate the term lying within the sum (B.1):

P.{S(7) = y, min(oa, s2) < 7 < max(oar41,52+1)}
= P{S(9) = y, min(o, cu) <9} — Be{S() = y, max(oar41, S2111) < g}
=PA(SO) =y, 0 <)) U(SH) =y, 5u <)}
—BA(S() =y, 0211 <3) N (S()) =y, 241 <)}
=PAS() =y, 00 <3} +BASQ) =y, < 3}
—PA(S(9) = y,0m < 2) N (S() =y, <)}
—P{S() =y, 00011 <9} —P{S() = ¥, 2141 < 3}
+ P (S() =y, 02141 < ) U (S() = v, 5211 < )} (B.2)

We observe that

PA(S() =y, 02001 <) U(SU) =y, 5211 <)}
= P.{S(9) = y, min(o2141, 2141) < 3}
=P:{S(y) = y, max(o, s2) < 7}
=P {(S0) =y, 000 <) N (S() =y, 2 <)}

Thus, two terms of the sum (B.2) cancel and it remains

P.{S(y) = y, min(og, s21) < 7 < max(oa+1,<2u+1)}
=P {S() =y, 00 <3} +B{S()) =y, 2 < 3}
—P{S(9) =y, 00111 < 3} —P{S() = v, 5241 < 3} (B.3)

By using the principle of reflection with respect to levelwe get for the first term of the
sum (B.3):

1—1
PAS() = y,om <3} =Y B{ow = JB{S(1— 1) = y}

(R
Il
—

P (ow =1} (2 ) PAS(— 1) = 20— )

Il
i M

Il
N N
RIT I

) BAS() = 20—y, 0m < 3}

> P.{S(y) = 2a — y, 0011 < 3}. (B.4)
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In the last step, we used the fact than, whep € (a, b), 2a —y < a and then the condition
S(7) = 2a — y,09;—1 < yis enough to assure(2l) < 5. Similarly, reflection with respect
to levelbd yields

P.{S(3) = 2a — y, 0011 < 3}

2a—b—y
_ (§> PL{S() =y + 2(b— a), oms < 3}. (B.5)

So, the following recursive relationship entails from (B.4) and (B.5):

a—b
PAS() =y, 00 <y} = <§> PAS() =y+2(b—a),o9-2 <3} (B.6)

By iterating (B.6) with respect to indel we plainly obtain

l(a—b)
RSO =nou<i = (1) RSO =yrAG-an <) @D
A last application of the principle of reflection to (B.7) supplies

b

BAS() =y, oot < 5} = (5

y—a+l(b—a)
> P.{S(3) =2a—20(b—a) —y}. (B.8)

Analogously, concerning the second term of the sum (B.3), we successively have

P.{S(1) =y, 0041 < 3}

l(b—a)
_ (g) P.{S(y) =y —2l(b—a),o1 < 3}

y—b—I(b—a)
= <§> P.{S(y) =2b+2i(b—a)—y,7, < 3}

(D)
_ <5> PA{S() =y — 201+ 1)(b—a)}. (8.9)

We obtain in a quite similar manner the two last terms of (B.3):

P.A{S() =y, 52 < g}

—b—I(b—a)
— <§>y P{S(y) =2b+20(b—a) —y}

I (H)6-)
_ <5> B{S(7) = 20+ 201+ 1)(b— a) — y},
(8.10)

Po{S(1) = v, s2141 < 3}

» —(I+1)(b—a)
= <5> PAS() =y+2(l+1)(b—a)}.
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Finally, by summing (B.8), (B.9) and (B.10), we deduce from (B.1) and (B.3):

PASO) =y, 7. <3}

| () ) p\HE )
2 (5) Pa2a-2(b-a)—y ~ (5) Py y—2(1+1) (b—a)
=0

—a—(l4+1)(b—a —(+1)(b—a
. p y—a—(I+1)( )p(J) (P (I+1)(b—a) 0
q z,2a+2(14+1)(b—a)—y q pm,y+2(l+1)(b—a)

oo D l(b—a) D y—a o "
N Z (5) (5) Py 2a—21(b—a)—y ~ Pry—21(b—a)

l=—0c0

+P{S(9) =y}

from which (1.15) ensues.
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