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Chapter 15

GLOBAL GEOMETRY OF A TRANSIENT BLACK

HOLE IN A DYNAMIC DE SITTER COSMOLOGY

James Lindesay∗and Tehani Finch†
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Howard University, Washington, D. C., USA

Abstract

Fluid cosmologies are consistent with the generally accepted observational evi-
dence during intermediate and late times, and they need not have singular behavior
in primordial times. A general form for fluid cosmology consistent with Einstein’s
equation is demonstrated, and a dynamic metric that incorporates the fluid scale has
been developed. The large-scale causal structure of a multi-fluid cosmology exem-
plary of standard cosmology is here examined. This is achieved through developing
coupled rate equations for primordial energy, radiation, dust, and remnant dark en-
ergy components. The beginning of the dissolution of the primordial fluid into the
other components is singularity-free, since the fluid provides a non-vanishing scale
for the cosmology. Conformal diagrams that describe temporally dynamic spherically
symmetric black holes embedded in a Minkowski space-time have been constructed
in previous work. It is therefore of considerable interest to examine the behaviors of
temporally transient black holes embedded in a dynamic de Sitter geometry as models
of observationally relevant cosmologies. Conformal diagrams will be exhibited for
such black holes within a framework qualitatively consistent with observed standard
cosmology. The dynamics of the release of information from in-falling and out-falling
systems will be examined, particularly as these systems approach the various horizons.

∗E-mail address: jlindesay@fac.howard.edu
†E-mail address: tkfinch@howard.edu

The exclusive license for this PDF is limited to personal website use only. No part of this digital document  
may be reproduced, stored in a retrieval system or transmitted commercially in any form or by any means.  
The publisher has taken reasonable care in the preparation of this digital document, but makes no expressed  
or implied warranty of any kind and assumes no responsibility for any errors or omissions. No liability is  
assumed for incidental or consequential damages in connection with or arising out of information contained  
herein. This digital document is sold with the clear understanding that the publisher is not engaged in  
rendering legal, medical or any other professional services. 



2 James Lindesay and Tehani Finch

1. Introduction

In the most generally accepted form of standard cosmology, the universe transitioned from
some earliest primordial state into a hot, radiation-dominated epoch, through a residual
dust-dominated epoch which eventually yields to domination by a remnant dark energy
density[1]. The Friedman-Lemaitre equations that govern a spatially flat (k=0) expansion
without a cosmological constant satisfy spatial scale invariance (at least to a very good
approximation), but not temporal scale invariance, due to the fact that the energy densities
that drive the dynamics are intensive variables. However, the existence of any horizon
due to remnant dark energy introduces a persistent scale to the macroscopic cosmological
dynamics.

Evidence for the existence of persistent dark energy comes from several independent
observations. The luminosities of type Ia supernovae show that the rate of expansion of the
universe was decelerating in the distant past, but has been accelerating for about 6 giga-
years[2]. This conclusion is independently supported by analysis of the Cosmic Microwave
Background (CMB) radiation[3, 4]. Both the standard candle luminosity and independent
CMB structure results are in quantitative agreement with a (positive) cosmological constant
fit to the data. The existence of a persistent dark energy density that might be described
in terms of a cosmological constant defines a length scale for the global structure of the
cosmology.

Whole-sky, deep field observations yield additional interesting properties. Thehorizon
problemexamines the paradox of the observed large scale homogeneity and isotropy of the
macro-physical properties of the universe beyond regions of causal influence. Uniformity
across the whole sky of the temperature of and angular correlations of the fluctuations in the
CMB have been accurately measured by several experiments[3]. These correlations provide
evidence for space-like coherent phase associations amongst the cosmological fluctuations
reflected in the CMB anisotropies.

It is expected that during the earliest of epochs, the quantum coherence of gravitating
subsystems should qualitatively alter the dynamics of the cosmology. The entangled nature
of co-gravitating quantum states with space-like separations should manifest as some form
of spatial coherence in the large-scale structure of the geometrodynamics. It is therefore of
interest to examine geometric constraints on the causal relationships in a multi-component
universe by constructing Penrose diagrams. This chapter will explore the large-scale struc-
ture of cosmologies consisting of interrelated fluid components that evolve exemplarily of
what is expected from standard cosmology. A cosmological model with multiple dynamic
scales, one of which replaces an apparent cosmological “constant”, is shown to reproduce
standard cosmology during intermediate times, while making the exploration of the early
and late time dynamics more accessible.

Cosmologies with horizons are of particular interest, since horizons present regions of
interplay between quantum and gravitational phenomena. Besides systems with a positive
cosmological constant (or remnant dark energy), black holes likewise manifest horizons.
However, for black holes, the very coupling of geometrodynamics to quantum processes
likely implies that descriptions of the space-time should qualitatively differ from classical
static systems. For instance, a classical, static horizon is typically at = ∞ surface, imply-
ing that in-falling objects can never cross that horizon as observed from the exterior. This
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is not the case for a transient black hole that eventually vanishes. Therefore, changes in
the description of the geometry are needed to model dynamic space-times consistent with
quantum measurement constraints.

Motivation

There is some evidence that the primordial fluctuations that ultimately result in galactic
dynamics could be due to global quantum behaviors[5]. An entangled state of a quantum
system exhibits space-like coherence. To incorporate such systems into a convenient frame-
work, it is highly advantageous to use a time coordinate whose fixed values describe space-
like hyper-surfaces throughout the geometry. Aspatially coherentgeometry will be defined
as one whose parameters evolve using such a temporal coordinate. These geometries were
further motivated by the need to describe dynamic cosmologies which are not completely
scale invariant[6, 7]. To gain further insights into the horizons generated in dynamic cos-
mologies, dynamic black holes embedded in asymptotic Minkowski space-times have been
developed and explored[8, 9]. The metric forms utilize non-orthogonal coordinates in-
spired by river models of stationary space-times[10]. The cosmologies were discovered in
the cited papers (as well as independently elsewhere[11]) to be free of singularities away
from any black hole center. For the models developed, fixed temporal coordinate curves
remain space-like surfaces throughout the dynamic geometries, corresponding to the times
measured by certain inertial observers. Clearly, such a foliation simplifies one’s descrip-
tions of quantum coherent processes on the geometry. Those inertial observers satisfying
dt
dτ = 1 have been referred to as beinggeometrically stationary[12], and in Robertson-
Walker cosmology those observers have been calledco-movingobservers. The dynamic
horizons parameterized using this time all have non-singular curvature and coordinate rep-
resentations. These qualitative differences make examinations of quantum behaviors on
such geometries more straightforward.

Because of the expected Hawking radiation, static black holes are inconsistent with the
principles of quantum mechanics unless such black holes are embedded in causally finite
backgrounds (i.e. space-times for which the round trip travel times of photons traversing
from boundary to boundary is finite), where they can reach thermal equilibrium as static ob-
jects. For instance, an anti-de Sitter space-time can be represented in terms of the following
metric (see for instance reference [13] page 130):

ds2 =
4R2

(1− r2)2

(
−(1 + r2)2

4
(dct)2 + dr2 + r2dω2

)
, (1.1)

where the radial parameterr ranges from 0 to 1. Null radial geodesics satisfyṙγ = (1+r2
γ)

2 .
Therefore, in this geometry a photon can traverse a round trip betweenr = 0 andr = 1 in
a finite time ofctround trip = π (in units of R). However, the most popular accepted form of
cosmology is not causally finite; rather, besides not being causally finite, there is believed
to be a remnant dark energy defining an exterior region (beyond a horizon) that is causally
inaccessible, along with any radiations that have crossed its surface.

Therefore, it is of considerable interest to examine the behaviors of systems near a tran-
sient black hole embedded in a geometrical setting that could represent standard cosmology.
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Dynamic black holes do not satisfy the same constraints as static black holes. Length scales
associated with the mass dynamics (and therefore describing any coordinate anomalies),
such as2GNM/c2, are distinct from the horizon, yielding behaviors that are qualitatively
different from those of static systems. A dynamic black hole and the behaviors of nearby
systems embedded in a dynamic cosmology will be explored in section 4.

2. Fluid Cosmology

Einstein’s equation describes the relationship of the space-time background, upon which
particle dynamics transpires, with the energy-momentum content of the cosmology. One of
the overarching principles guiding the expected behaviors of systems within our cosmology
is a generalization of ideas of Copernicus known as thecosmological principle. This prin-
ciple presumes that no non-rotating observer at rest to the cosmic microwave background
radiation left over from the big bang is more special than any other. It imposes an overall
homogeneity and isotropy to the large-scale structure of the universe consistent with obser-
vation. In addition, the dynamics of most of the aggregate features in the universe can be
described assuming that the energy-momentum content of the cosmology is consistent with
being an ideal fluid. In this section, generic dynamic fluid cosmologies satisfying standard
energy conditions will be developed.

2.1. Dynamic Space-Time Description

The inclusion of a cosmological constant into Einstein’s equation

Gµν ≡ Rµν −
1
2
gµνR = −

(
8πGN

c4
Tµν + Λgµν

)
(2.1)

provides a convenient parameterization for the phenomena described usingdark energyas a
substantial constituent of the energy content of the universe. However, if the geometric and
dynamic conservation principles are strictly valid, the constantΛ cannot have evolved from
a primordial parameter, or be evolving towards a remnant value. For the present discussion,
the cosmology will be assumed to evolve in the absence of any true cosmological con-
stantΛtrue = 0. Rather, it will be assumed that there should be some dynamic parameter
that becomes observationally consistent in intermediate times with a cosmological constant.
Standard big bang cosmology is consistent with that of a gravitating fluid that is homoge-
neous and isotropic on large scales. For an ideal fluid (one with negligible dissipation), the
energy-momentum tensor generally takes the form

Tµν = P gµν + (ρ + P )uµuν , (2.2)

where the four velocity of the fluid satisfies the consistency condition which follows directly
from the space-time interval:

uµgµνuν = −1. (2.3)

By taking the trace of the energy-momentum tensor,gµνTµν ≡ Tµ
µ = 3P − ρ. one obtains

forms of the pressure and density in terms of geometric quantities:

P = Tφ
φ = T θ

θ = − c4

8πGN
Gθ

θ ,

ρ = 3P + c4

8πGN
Gµ

µ.
(2.4)
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The components of the flow fieldsuβ can likewise be determined from the form of the
Einstein tensor[6].

Dynamic geometries manifest qualitatively different behaviors from their correspond-
ing static analogues[8, 14, 15, 16]. Rotating systems (systems with angular dynamics)
exhibit off-diagonal temporal-angular terms in the metric describing those systems. For
instance, if one expresses the massM and rotational angular momentumJ in terms of the
lengthsRM ≡ 2GN M

c2 andRJ ≡ J
Mc , the Kerr metric can be written in the form

ds2 = −
(
1− RMr

r2+R2
Jcos2θ

)
(dct)2 + r2+R2

Jcos2θ

R2
J+r(r−RM )

dr2 + (r2 + R2
Jcos2θ)dθ2+

−2RM RJsin2θ
r2+R2

J
cos2θ

dct rdφ +
(
r2 + R2

J + RMR2
Jrsin2θ

r2+R2
J
cos2θ

)
sin2θdφ2,

(2.5)

which is seen to have a non-orthogonal temporal/angular term associated with the rotational
dynamics of the geometry. Likewise, radially dynamic black holes described using metrics
with an off-diagonal temporal-radial term can be developed, and such metrics need not
introduce physical singularities reflecting any coordinate anomaly at finite radial scale[12].
Using the same reasoning, one is lead to consider the following hybrid metric[9, 10]:

ds2 = −
(

1− R2
th(ct) r2

R2
c(ct)

)
c2dt2 − 2R2

th(ct) r

Rc(ct)
cdt dr

+R2
th(ct)

(
dr2 + r2dθ2 + r2sin2θdφ2

)

= −c2dt2 + R2
th(ct)

(
dr − r

Rc(ct)
cdt
)2

+R2
th(ct)

(
r2dθ2 + r2sin2θdφ2

)
.

(2.6)

This metric was developed to incorporate scales that diagonalize towards a Robertson-
Walker form[17] when maintaining the temporal coordinate, and towards a de Sitter form
when maintaining the radial coordinate[18]. As previously stated, a de Sitter geometry[19]
(which manifests a horizon) is of interest for describing a cosmology with a positive cos-
mological constant. For the metric given in Eq. 2.6, the temporal coordinate is the time
of an observer located at the coordinate “center”r = 0, as well as any of the so called
“co-moving” observers. Thecosmological principleasserts that the centerr = 0 is not
unique or special, and that a set of spatial coordinates exist that can be freely translated and
rotated. For this observer, the functionRth(ct) represents a temporally dependent scale for
proper length measurements. The functionRc(ct) represents the scale of a de Sitter space-
time in the static limit. For a de Sitter geometry (Rth = 1), the de Sitter scale is the radial
coordinate of the horizon surrounding the observer.

The hydrodynamic parameters can be immediately calculated using Eq. 2.4:

ρ = 3c4

8πGN

(
1

Rc
+ Ṙth

Rth

)2
,

P = −ρ− c4

4πGN

d
dct

(
1

Rc
+ Ṙth

Rth

)
,

(2.7)

whereu0 = −1, and the other componentsuj vanish. The identifications in Eq. 2.7 then
allows the geometrodynamics to be expressed solely in terms of the energy content:

d

dct
ρ = −

√
24πGNρ

c4
(P + ρ). (2.8)
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This equation describes the expected dynamics of standard cosmology (as well as its various
fractions[20]), once the appropriate equation of state relating the pressure to the density is
incorporated.

2.2. Diagonal Metric Form

The coordinater in the metric form Eq. 2.6 represents the scale of transverse proper lengths
r dθ and proper areasr2sinθ dθ dφ. However, an observer with fixed radial coordinater >
0 is not freely gravitating. If the metric is diagonalized using the same temporal coordinate,
the new radial coordinate can be used to calculate radial proper distances. Examining Eq.
2.7, one can define the Robertson-Walker scale factora(ct) while requiring angular isotropy
of the metric expressed in either coordinate system:

ȧ

a
≡ Ṙth

Rth
+

1
Rc

, Rth r = a rRW . (2.9)

A brief and straightforward calculation yields the form of the coordinate transformation,

Rth dr = a

[
rRW

Rc
dct + drRW

]
. (2.10)

Substitution of this form into Eq. 2.6 gives the expected metric

ds2 = −c2dt2 + a2(ct)
[
dr2

RW + r2
RWdθ2 + r2

RWsin2θ dφ2
]
. (2.11)

Observers with fixed coordinaterRW can be shown to beco-movinginertial observers shar-
ing the same timedt

dτ = 1.
The diagonal form obtained when the radial coordinate is maintained has been explored

elsewhere[18]. The metric form in Eq. 2.11 explicitly demonstrates that the temporal
parametert being used to describe the dynamics in Eq. 2.6 is the same as that used in
the Robertson-Walker metric, whose coordinates manifest general spatial homogeneity and
isotropy. The cosmology therefore satisfies the same energy conditions as the correspond-
ing Friedman-Robertson-Walker cosmology.

3. Multi-Fluid Cosmology

Standard cosmology describes various epochs during which the dynamics is dominated by
fluids with varying equations of state. A primordial state gives rise to a hot, dense ultra-
relativistic plasma, which eventually cools to a point dominated by left over dust consisting
of baryonic and dark matter, ultimately settling into a dark energy dominated equation of
state. The coupled-state dynamics of a multi-fluid cosmology will be developed in what fol-
lows in this section. From that dynamics, the global causal structure will also be explored.

3.1. A Dynamic de Sitter Cosmology

The generic form Eq. 2.9 will next be specialized in a manner that conveniently incorporates
fluid scale into the cosmology. The radial rescale factorRth will be taken to have the
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constant value of unity, providing a direct relationship between the radial coordinater and
that of the Robertson-Walker form,Rth = 1, rRW = r

a(ct) . The relation 2.7 then directly
connects the dynamic scaleRc(ct) to the fluid densityRc ≡ Rρ via

ρ =
3c4

8πGN

1
R2

ρ(ct)
,

1
Rρ

=
ȧ

a
. (3.1)

Thus, the fluid scale is directly represented in the metric form

ds2 = −
(

1− r2

R2
ρ(ct)

)
c2dt2 − 2

r

Rρ(ct)
cdt dr + dr2 + r2dθ2 + r2sin2θ dφ2. (3.2)

In this metric,dt represents a proper time interval for an observer atr = 0, andrdθ rep-
resents a tangential length interval associated with radial parameterr and angular displace-
mentdθ. It should be noted that for an observer remaining atr = 0, dr is also a proper
length interval for radial microphysics at that location.

As previously stated, standard big bang cosmology models the evolution of a universe
containing a conserved pressurelessdustcontent (to which most familiar matter contributes,
along with anydark matter), radiation (reflected in later stages via the thermal cosmic
microwave background), and a now substantial component ofdark energy:

ρ = ρPE + ρrad + ρdust, (3.3)

where for the present, primordial and remnant dark energies are included in the termρPE =
ρprimordial + ρremnant.

It is convenient to develop coupled rate equations to describe the evolution of con-
stituent components that combine to give Eq. 2.8. A general form for the component rate
equation for the dissolution of primordial energy density is given by

dρPE

dct
= −ΓPE→rad(ct)−

3
Rρ

(PPE + ρPE). (3.4)

The radiation will be assumed to “precipitate” from the primordial energy component in
early times. The first term on the right of Eq. 3.4 represented byΓPE→rad is a generic rate
of the dissolution of the primordial energy into radiation and remnant dark energy, whose
detailed form is determined by related micro-physical processes. The period of conversion
from significant values of primordial energy density into other components is commonly
referred to as “reheating”. The second term generally incorporates the equation of state of
the primordial energy consistent with the component rate equation.

Radiation has its energy and momentum components red-shifted during an expansion.
Since the inverse fluid scale1/Rρ is the logarithmic derivative of the Robertson-Walker
(RW) metric scalea, and radiation density scales with the inverse4th power of the RW
scale, the rate equation describing the radiation is expected to take the form

dρrad

dct
= ΓPE→rad(ct)−

4
Rρ

ρrad − Θ(ρrad − ρthreshold)
ρrad

cτr→d
. (3.5)

The first term on the right of Eq. 3.5 incorporates the dissolution of primordial dark energy
into radiation, the second incorporates the appropriate red shift (and equation of state) of
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radiation, and the third term assumes that above a threshold density, microscopic asym-
metries during the non-equilibrium expansion (or other processes) generate remnant dust
from the radiation. Since the nature of the transition of the primordial density into any
dark matter component in the dust is not understood, for present purposes its dissolution
will be completely incorporated into the radiation equation. However, any partitioning of
this dissolution into radiation and dark matter should not affect the global structure of the
cosmology being explored.

The energy components of the constituents of pressureless dust are not expected to red
shift during the expansion. Therefore, the dust density scales with the inverse3rd power of
a, yielding a rate equation of the form

dρdust

dct
= Θ(ρrad − ρthreshold)

ρrad

cτr→d
− 3

Rρ
ρdust. (3.6)

The first term on the right of Eq. 3.6 generates the remnant dust in early times, while the
second term insures proper scaling of this density during expansion.

The forms of Eqs. 3.4, 3.5, and 3.6 insure that the evolution of the total density given
by Eq. 2.8 is consistent with the summed density components, as long as the pressure
content is appropriate. The radiation component has been taken to satisfyPrad = 1

3ρrad,
and the dust has been assumed not to contribute to the pressure. The primordial form of the
dark pressure will likely be that of a macroscopically coherent system undergoing the phase
transition to a hot dense plasma. The equation of state for the dark energy gets consistently
incorporated in the form of the rate equation for the dark energy componentρ̇PE, as has
been done for the radiation and dust components. For the popular model of an early state
inflation with a form that would have generated a de Sitter space-time had it persisted, the
primordial dark energy might be taken to satisfy the same equation of state that the remnant
dark energy seems to satisfy,PPE = −ρPE . In that case, the form of the pressure can be
taken as

P = Pdust + Prad + PPE =
1
3
ρrad − ρPE . (3.7)

However, quite generally, once the coupled rate equations 3.4, 3.5, and 3.6 have been de-
veloped, they can be solved to determine the fluid scaleRρ(ct), from which the large-scale
structure of the cosmology can be explored.

The equation 2.8 describing the dynamics of the expansion of the energy content of
the cosmology can be re-expressed in terms of the Robertson-Walker scale in the following
way:

d

dct
(ρ a3) = −P

d

dct
a3. (3.8)

In standard cosmology, this has been interpreted using the first law of thermodynamics[1] as
describing an adiabatic expansion of the energy contained in the volume enclosed by a co-
moving spherical surface with fixed Robertson-Walker coordinaterRW = 1. The density
ρ in Eq. 3.8 represents the sum of all component energy densities in the cosmology. If all
terms involving the primordial fraction of energy are moved to the right hand side of the
equation, using Eq. 3.4 this expression becomes

d

dct
[(ρrad + ρdust)a3] = ΓPE→rad(ct) a3 − (Prad + Pdust)

d

dct
a3. (3.9)
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Using the first law of thermodynamics, this then describes the rate of “reheating” in the
co-expanding volume:

T
dSreheat

dt
= ΓPE→rad V. (3.10)

Thus, given the micro-physical details of dissolution, the specifics of the thermal properties
during dissolution can be calculated.

For the present calculation, the parameters have been chosen for convenience and clar-
ity in the diagrammatic representation of various transitional epochs in the cosmological
evolution. The chosen forms of the dark energy, radiation, and dust contents are demon-
strated in Figure 1. The primordial energy density has been chosen to slowly roll away
from an initially stationary state. The combined energy density satisfying Eqn. 2.8 takes
the form shown in Figure 2. The energy density is connected to the dynamic de Sitter scale
through Eqn. 3.1. The model cosmology thus generates a de Sitter scale given in Figure 3.
This dynamic scale, inserted into the metric form 3.2, generates a background cosmology
qualitatively consistent with observed standard cosmology upon which the properties of a
transient black hole can be explored.

0.2 0.4 0.6 0.8

0.2

0.4

0.6

0.8

1
8 Π LP

2 RdS
2 H0L ΡLHctL � 3 Ñc

0.2 0.4 0.6 0.8

0.1

0.2

0.3

8 Π LP
2 RdS

2 H0L ΡradHctL � 3 Ñc

0.2 0.4 0.6 0.8

0.025

0.05

0.075

0.1

0.125

0.15

8 Π LP
2 RdS

2 H0L ΡdustHctL � 3 Ñc

Figure 1. Primordial, radiation, and dust energy densities.

3.2. Conformal Diagrams

Space-time diagrams can be quite useful for visualizing the dynamic relationships in a given
geometry. A Penrose diagram is a convenient tool for examining the large-scale causal
structure of a given space-time[13]. Penrose diagrams are space-time diagrams with the
following properties:

... the coordinates are conformal, which insure that outgoing light-like surfaces have a
slope of +1, and ingoing light-like surfaces have a slope of -1;
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0.2 0.4 0.6 0.8

0.2

0.4

0.6

0.8

8 Π LP
2 RdS

2 H0L ΡTotalHctL � 3 Ñc

Figure 2. Total cosmological energy density.
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deSitter Scale vs ct

Figure 3. Dynamic de Sitter scale of modeled cosmology. The diagram on the left repre-
sents the early dissolution of the primordial energy density, while the diagram on the right
demonstrates remnant dark energy.

... the domains of the coordinates are finite, which allows the whole geometry to be
displayed in a finite image.

For isotropic systems, the angular coordinates(θ, φ) are given arbitrary fixed values, from
which one infers that any point on the remaining 2-dimensional diagram represents a spher-
ical surface (whose area is labeled by the radial coordinate) at a given time. Since light-like
surfaces define the boundaries of causal regions in a cosmology, the causal structure of a
given geometry can be directly ascertained from a Penrose diagram, and potential causal
relationships can be determined. Time-like relationships are vertical relative to the diag-
onal light-like curves, while space-like relationships are horizontal. Causal relationships
always have relatively vertical or light-like orientations on the diagram. Likewise, regions
that might contain systems with space-like coherence can be directly identified on such a
diagram.
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As an example, consider the static form for de Sitter space-time, which describes the
geometry of a universe with a positive cosmological constant with radial length scaleRdS .
The metric is given by

ds2 = −(1− r2

R2
dS

)(dctdS)2 +
(dr)2

1− r2

R2
dS

+ r2dθ2 + r2sin2θ dφ2. (3.11)

Conformal coordinates(ct∗ = ctdS , r∗) for static de Sitter scaleRdS can be developed
by factoring out the coefficient of(dctdS)2 in Eq. 3.11 and solving the resulting form
dr∗ = dr

1−(r/RdS)2 . This form guarantees that the coefficients of both the temporal and
radial differentials are identical (i.e. light-like trajectories have unit slope). The conformal
form for the radial coordinate then satisfies

r∗ =





RdS tan−1(r/RdS) , r < RdS .

−RdS log( r−RdS
r+RdS

)/2 , r > RdS .
(3.12)

r=
Rd
S
,
ct

dS
=
-
¥

r
=R
dS ,

ct
dS
=
+
¥ r=

Rd
S
,
ct

dS
=
-
¥

r
=R
dS ,

ct
dS
=
+
¥

r=¥

r=¥

ctdS=0 ctdS=0

c
t
d
S
=
0

c
t
d
S
=
0

r
=
0

r
=
0

Figure 4. Global conformal diagram for a static de Sitter geometry.

The Penrose diagram of this static geometry is demonstrated in Figure 4. The diagram
is bounded on the left and right by time-like surfacesr = 0 and on the bottom and top by
space-like surfacesr = ∞. Fixed radial coordinates are initially graded in tenths (left and
right regions), then units and decades (top and bottom regions) of the de Sitter scaleRdS .
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From the form of the metric 3.11 one can see that fixed radial coordinate curves go from
being time-like forr < RdS to being space-like forr > RdS at the de Sitter radial scale
RdS . Likewise, fixed temporal coordinate curves (which are graded in tenths of the de Sitter
scaleRdS/c) go from being space-like forr < RdS to being time-like forr > RdS at the
scaleRdS . The de Sitter horizonr = RdS is a tdS = ∞ surface originating at the bottom
right corner of the diagram terminating at the upper left corner. Similarly, the outgoing
light-like surface delineating regions which can be impacted by a system on the left surface
r = 0 (its particle out horizon) is atdS = −∞ surface also withr = RdS originating at
the bottom left corner of the diagram terminating at the upper right corner. The diagram
is temporally symmetric about the point of interception of the de Sitter horizon with the
particle out horizon. It should be noted that in this cosmology, the triangular region on the
left is completely causally disjoint from the triangular region on the right.

A set of conformal coordinates that might be used to construct the Penrose conformal
coordinates for the dynamic de Sitter geometry can be directly obtained from the RW metric
form Eq. 2.11,

ds2 = a2(ct)

[
−(dct)2

a2(ct)
+ dr2

RW + r2
RWdθ2 + r2

RWsin2θ dφ2

]
. (3.13)

The first term in the bracket of Eq. 3.13 is the differential form of the conformal time
(dct∗)2. This then yields a metric whose null radial geodesics have slope±1 using differ-
ential coordinates(dct∗, dr∗) = (dct/a(ct), drRW). The Robertson-Walker scale factora
can be directly calculated once the fluid scale is known by using Eq. 3.1

a(ct) = Rρ(0) exp

[∫ ct

0

dct′

Rρ(ct′)

]
. (3.14)

This gives a generic form for conformal coordinates centered at fluid coordinate(cto, ro):

ct∗ =
∫ ct
cto

dct′

a(ct′) ,

r∗ = r
a(ct) −

ro
a(cto) .

(3.15)

The Penrose conformal coordinates can then be constructed using

Y→ = [tanh( ct∗+r∗
scale )− tanh( ct∗−r∗

scale )]/2 ,

Y↑ = [tanh( ct∗+r∗
scale ) + tanh( ct∗−r∗

scale )]/2 .
(3.16)

These coordinates will next be used to construct Penrose diagrams for the background cos-
mology, which evolves from a primordial “dark” fluid, through radiation and dust domina-
tion, towards a remnant dark energy dominated geometry.

3.3. A Cosmology with Remnant Dark Energy

A cosmology with a non-vanishingfinal state dark energy manifests a horizon beyond which
there cannot be any incoming communication to an inertial observer located atr = 0. This
horizon will be an ingoing light-like surface separating the two regions of causal influence.
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For this reason, the intersection(ctX , rX) of the particle outgoing horizonOPH with the
dynamic de Sitter horizonRHdS provides a unique scale for the Penrose diagram represent-
ing this cosmology. This scale will serve as the center of the conformal coordinates in Eq.
3.15 used to construct the diagram. The primordial dark energy density in Eq. 3.4 will be
assumed to take the form described in Section 3.2., relaxing towards a final non-vanishing
value for the remnant dark energy densityρPE(ct→∞)⇒ ρΛ. Some features of this cos-
mology are displayed on the Penrose diagram in Figure 5. The beginning of the dissolution
of the primordial dark fluid is again represented by thenon-singularspace-like curvet = 0
bounding the diagram from below, originating at the origin(ct = 0, r = 0) (the source
point of the particle out horizon for observer O), and terminating at the far right corner of
the diagram, which has the extremal value for the Penrose conformal coordinates(1, 0).
There are no other coordinates on the Penrose diagram associated with the limiting values
(−1←Y→+1) of the conformal coordinates(Y→, Y↑), or light-like surfaces between these
extreme values. Because of the exponential temporal behavior of the scalea(ct) in Eq.
3.15,proportionatelate-time/asymptotic-radial coordinates(ct→ ∞, r→∞) correspond
to the single conformal coordinate(ct∗(∞),−rX/a(ctX)), labeled Oct∞ on the diagram.
The time-like trajectory of a stationary observer at the center of this representation, origi-
nating at the origin of O and terminating at its future infinity Oct∞, is labeledr = 0. The
point Oct∞ is unique with regards to coordinates(ct, r). The diagram is bounded from
above by the space-like curver∞ representing infinite static areas with radial coordinate
r → ∞. This future boundary is space-like despite being represented by the asymptotic
behavior of the radial coordinate.

There are several other surfaces of interest on this diagram. The fluid scaleRρ(ct) from
Eq. 3.1 is represented by the surface labeledRdS , which originates at a finite radial scale on
the space-like surfacet = 0, and terminates defining the horizon at the future infinity point
for r = constant surfaces labeled Oct∞. The ingoing light-like surface that originates on
the dissolution volume and terminates at this point globally constructs the horizon of this
geometry. The Robertson-Walker scale labeled a(ct) on the diagram is a time-like surface
that originates on the dissolution volumet = 0 at the fluid scaleRρ(0) and terminates on
the static infinite area surfacer∞. The period ofreheatingencompasses the early period of
dissolution of primordial energy density through radiation domination until the primordial
energy is of the scale of the remnant dark energy. The space-like volumes represented by
dashed curves in the diagram near the time of dissolutiont = 0 depict the time of transition
from primordial dark energy domination to radiation domination (a), the time of maximum
dust density (b), and the time of transition from radiation domination to dust domination
(c). The time of transition from dust domination to remnant dark energy domination is
labeled (d). The particle out horizon is an outgoing light-like surface that represents the
surface of earliest causal influence of any constituent originally located atr = 0 upon other
constituents in the cosmology. The point of observational origin for the representation,
(ct = 0, r = 0) is the point of initiation for the particle out horizon, which terminates on
the static infinite area surfacer∞. As previously mentioned, the scale has been chosen so
that the particle out horizon crosses the horizon at the center of the conformal coordinates
of the diagram(Y→X = 0, Y↑X = 0), giving the diagram its temporal symmetry.
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Figure 5. Penrose diagram of the dynamic features of a multi-fluid cosmology with non-
vanishing final state dark energy. The scale determined by the intersection of the outgoing
light-like surface defining the particle out horizon with the ingoing light-like surface defin-
ing the de Sitter horizon is set at the center of the conformal coordinates. The particle out
horizon begins at(ct = 0, r = 0), and terminates on the space-like curver∞ bounding the
diagram from above. The dynamic de Sitter horizon originates at a finite radial coordinate
on the curvect = 0 and terminates at the future infinity termination point for fixed area
radial curves Oct∞. The time-like trajectory between the initiation of the particle out hori-
zon at(ct = 0, r = 0) and future infinity termination Oct∞ bounding the diagram from the
left is the “center”r = 0, which is the location of the observer O. The space-like trajec-
tory between the initiation of the particle out horizon for O and the far right corner(1, 0)
bounding the diagram from below is the beginning of dissolutionct = 0. The curve a(ct)
represents the Robertson-Walker scalea(ct), while curveRdS represents the fluid density
scaleRρ. The times of transition from primordial dark energy to radiation domination, la-
beled (a) and maximum dust density, labeled (b) are dashed space-like volumes just above
thect = 0 volume. The volume at the time of transition from radiation domination to dust
domination is labeled (c), and the time of transition from dust domination to remnant dark
energy domination is represented by the mid-time dashed space-like curve labeled (d).

For this cosmology, curves of constant temporal and radial components are superim-
posed on the previous Penrose diagram in Figure 6. The diagram on the left represents a
coordinate grid of volumes of fixed timesct and surfaces of fixed areas4πr2 labeled(ct, r)
using coordinates from the dynamic fluid metric form Eq. 3.2. Volumes of constantct are
represented by the space-like (green) curves graded as indicated in the figure caption. Each
of these curves originates on the observational centerr = 0 and terminates at the far right
corner of the diagram, which has the extremal value for the Penrose conformal coordinates
(1, 0). Surfaces of fixed area parameterized by the radial coordinater are represented by
the (red) curves originating on the dissolution volumet = 0 and ending at the point Oct∞
of the termination of the radial fluid scaleRρ(∞), initially graded fromr = 0 as indicated
in the figure caption. As can be extrapolated from the diagram, the space-like curve labeled
r∞ bounding future trajectories is seen to correspond to the late-time/asymptotic-radial co-
ordinate curve(ct → ∞, r → ∞). The trajectory of a radial coordinate in the metric Eq.
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Figure 6. Radial coordinates for a cosmology with a remnant dark energy density, super-
imposed on the features diagram Figure 5. Both Penrose diagrams show fixed temporal
coordinate curves (green)ct = constant graded in tenths, units, then decades of the given
scale of the diagram, originating on the time-like curver = 0, and terminating at the far
right corner of the diagram. The diagram on the left shows static area coordinate curves
(red)r = constant, graded in tenths, units, then decades of the given scale. The diagram
on the right shows fixed Robertson-Walker radial coordinate curvesrRW = constant,
graded in units, then decades of the given scale. The radial coordinate curves originate on
the space-like curvect = 0 and terminate on the future infinity of the coordinate.

3.2 can be space-like due to the non-orthogonal nature of the coordinates in the metric.
Light-like radial trajectories follow null geodesics of the metric, satisfying

drγ

dct
=

rγ

Rρ(ct)
± 1, (3.17)

for outgoing/ingoing trajectoriesrγ(ct). Therefore, ingoing light-like trajectories are mo-
mentarily stationary in the radial coordinate as they traverse the fluid scaleRρ(ct). This
means that each of the static area, fixedr curves have slope -1 as the fluid scale crosses
that coordinate. Fixed radial coordinate curves are seen to be time-like surfaces left of the
fluid scale, and space-like surfaces to the right of that scale. The particle out horizon in Fig-
ure 6 is seen to cross all temporal and radial coordinate curves at some point in the global
cosmology. However, for this cosmology there are clearlyinertial trajectories (right of the
dynamic de Sitter horizon) external to having causal influence upon an inertial constituent
originally located at(ct = 0, r = 0).

The diagram on the right represents a coordinate grid(ct, rRW) for the Robertson-
Walker metric form. The volumes of constantct are again represented by the same space-
like (green) curves as in the diagram on the left. Surfaces of fixed radial scalerRW (with
time dependent areas4π[a(ct) rRW ]2) are represented by the (red) curves originating on
the dissolution volumet = 0 and terminating on the space-like curve labeledr∞, graded
from rRW = 0 in units, then decades of the given scale. The curverRW = 1 is seen
to correspond with the trajectory of the Robertson-Walker scale. Unlike fixed area radial
coordinatesr, the RW fixed radial coordinate curvesrRW terminate on differing points on
the future bounding curver∞.

Curves with fixed RW coordinaterRW can represent the trajectories of co-moving (in-
ertial) observers. There are clearly inertial observers that can originate on the volumet = 0
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and terminate external to any causal influence upon/from an observer atr = 0 (e.g. all fixed
radial RW coordinate trajectories originating and terminating to the right of the horizons).

4. A Transient Black Hole on a Dynamic de Sitter Cosmology

In the previous sections, a model for a realistic dynamic cosmology has been developed.
The model is consistent with observed behaviors after early reheating during the primordial
epoch. Results of considerable interest are obtained upon examination of a temporally
transient black hole embedded in this dynamic cosmology. In the following subsections, the
causal structure of a dynamic black hole in this cosmology will be explored. A cosmology
with two dynamic horizons serves as an excellent laboratory for the exploration of the
observation of in-falling and out-falling systems as they approach these horizons. To begin,
an appropriate metric describing a dynamic black hole in the background cosmology will
be developed.

4.1. Transient Black Holes

Most specialists agree that if a black hole can indeed form from “normal” matter, it must
initiate through the collapse of a quantum degenerate object (e.g. a neutron star or quark
star). One therefore suspects that the actual moment of singularity formation should sat-
isfy coherence associated with a dynamic quantum state. The moment of in-fall from a
non-singular time-like center into a singular space-like center should expand the conformal
geometry in a manner that leaves all scales of distant observers unchanged. The present
investigation indicates that this transition involves an in-falling light-like transition surface
labeled by the time of initial collapse into a singularity (t = to) and the radial coordinate
of the center of collapse (r = 0). This behavior will become apparent in the conformal
diagrams exhibited in section 4.3.

The radially dynamic space-time metric for a spherically symmetric, temporally tran-
sient black hole embedded in a dynamic de Sitter cosmology will be given by

ds2 = −
(

1−
(√

RM(ct,r)
r − r

RdS(ct)

)2
)

(dct)2 + 2
(√

RM (ct,r)
r − r

RdS(ct)

)
dct dr

+dr2 + r2 (dθ2 + sin2θ dφ2),
(4.1)

where the dynamic de Sitter scale will be depictedRdS ≡ Rρ. In this equation, a finite ra-
dial mass scaleRM(ct, r) ≡ 2GNM(ct, r)/c2 is a length scale of the mass-energy content
of the black hole, and typicallyRM << RdS . The metric takes the form of a dynamic de
Sitter cosmology both asymptotically (r >> RM ) as well as when the radial mass scale
vanishes (RM(ct, r)→ 0). The radial coordinate continues to provide the length scale for
local angular proper distances. One should also note that any co-moving observer (uct = 1)
in this cosmology will measure a proper radial distance interval at a fixed time value (i.e.
a synchronous proper length measurement) given byds = dr. This implies thatr can also
be interpreted as the proper distance between a co-moving observer with coordinates(ct, r)
and the co-moving observer that is encountering the black hole singularity at that value of
t.
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As can be seen from the form of the metric Eq. 4.1, at the surfacesR±, instantaneously
given by solutions to

±1 =

(√
RM(ct, R±)

R±
− R±

RdS(ct)

)
, (4.2)

fixed radial coordinate curves labeled byr transform from being time-like between these
solutionsR+ < r < R− to being space-like internal and external to these surfaces. The
form for the surfaces of transition from time-like to space-like behavior of the radial coor-
dinates most clearly demonstrates the motivation behind the form chosen for the metric 4.1.
Other treatments[21] have utilized a metric with no relative sign between terms involving
the de Sitter and black hole radial scales. In such treatments, the ingoing nature of the de
Sitter horizon and the outgoing nature of the black hole horizon is not directly apparent.
As will be seen shortly, the various horizons in the present geometry can be immediately
ascertained from null curves generated by the metric 4.1.

One should note that forRM << RdS , the time-like/space-like transition surfaces sat-
isfy R+ → RM , R− → RdS . Fixed temporal coordinate curves (t=constant) are always
space-like, making generic (non-orthogonal) geometries of this form convenient for ex-
plorations of quantum behaviors. A transient black hole in an asymptotically Minkowski
background has been explored in a previous article[16]. Such a system corresponds to this
geometry in the limitRdS →∞.

For a temporally transient black hole initiating atcto, and terminating atctf in a dy-
namic de Sitter cosmology, the black hole horizonRHbh is given by the outgoing light-like
(null) surface of the metric Eq. 4.1 that vanishes as the decreasing radial mass scale vanishes
at ctf . This surface satisfies the general equation for outgoing null geodesics,

ṙγ+ = 1 +
rγ+

RdS
−
√

RM

rγ+
, (4.3)

where the dot represents a derivative with respect toct. Similarly, the radial coordinate
of the de Sitter horizonRHdS is slightly modified from before, being given by the ingo-
ing light-like surface of the metric 4.1 which corresponds to radial coordinateRdS(∞) at
temporal infinity. Ingoing null geodesics satisfy

ṙγ− = −1 +
rγ−
RdS

−
√

RM

rγ−
. (4.4)

Several points of interest directly follow from these equations and the form of the metric:

• The radial scaleR+ falls interior to the black hole horizon while that horizon is
expanding, i.e.ṘHbh > 0, and exterior to the horizon while it is contracting, i.e.
ṘHbh < 0;

• Outgoing photons are momentarily stationary as they crossR+, i.e. at that instant
ṙγ+ = 0. Thus, there can be no observers with stationary radial coordinate (fiducial
observers) forr ≤ R+. The radial scaleR+ represents theinterior static limit for
radial motions in this cosmology, which is sometimes referred to as the “apparent
horizon”;
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• Similarly, ingoing photons are momentarily stationary as they crossR−, i.e. ṙγ− = 0
at that instant. Thus, there can be no observers with stationary radial coordinate for
r ≥ R−. The radial scaleR− represents thedistant static limitfor radial motions in
this cosmology;

• Since distinct trapped outgoing light-like trajectories can initiate on the surface(ct =
cto, rγ = 0), the initiation of the singularity should be represented by an ingoing
light-like surface. The curver = 0 should transform through this surface from being
time-like to being space-like and singular (as will be shown in Figure 14.

Radial trajectories for systems of massm in this geometry have 4-velocity components
that satisfy

ur =


 r

RdS
−

√
RM

r


 uct ±

√
(uct)2 − Θm , Θm ≡

{
1 m 6= 0
0 m = 0

, (4.5)

where the + sign signifies outgoing trajectories, and the - sign signifies ingoing trajectories.
For massive systems whose proper time up to an additive constant is given byt, the temporal
component of their 4-velocities satisfyuct = 1, and the trajectory is neither ingoing nor
outgoing. Gravitating trajectories sharing this temporal coordinate represent what have
been referred to asgeometrically stationarytrajectories[12]. For this cosmology, observer

trajectories with 4-velocity components satisfyinguct
o = 1, ur

o = ro
RdS
−
√

RM
ro

can be
shown to satisfy geodesic equations for massive gravitating systems which share proper
time,dt = dτ . These are the co-moving observers of this cosmology.

To construct the Penrose diagram, the radial mass scale will be taken as a time-
dependent form given by the “bump function”

RM(ct) ≡ RM,max exp

(
−(ct− ctmid)2

(cto − ctmid)2 − (ct− ctmid)2

)
(4.6)

during the periodcto ≤ ct ≤ ctf = 2 ctmid−cto. The form to be examined is demonstrated
in Figure 7. The chosen form limits the maximum accretion rate to satisfy|ṘM | ≤ 1

2
(the general limits on the horizon growth/evaporation rate is determined using Eq. 4.3).
A space-time diagram of the black hole horizon and the radial mass scale is shown in
Figure 8. The black hole horizon is exterior to the scaleR+ ≈ RM during the initial period
of accretion, and interior to that scale after the black hole horizon begins to shrink. All
curvature components generated by this metric are non-singular away from the physical
singularityr = 0 as seen from the Ricci scalar

R =
(

3
2

) 5RdSRM + 4(ṘdS − 2)r2
√

RM
r + R2

dSṘM

r2R2
dS

√
RM
r

. (4.7)

This means that no observer measures singular curvatures at the horizons or transition times
of the geometry. The curvature is also seen to be continuous across the transitions as the
black hole forms and evaporates away (RM → 0). The only singular surface in the cosmol-
ogy is the centerr = 0 during the period of transience of the black hole.
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Figure 7. Black hole radial mass scale, and accretion rate.

A traditional space-time diagram representing key features on the geometry is demon-
strated in Figure 9. In the figure, the horizontal densely dashed line (a) closest tot = 0
represents the time of onset of radiation domination (the temporal scale of “reheating”).
Sequential horizontal dashed lines represent the time of maximum dust density (b), onset of
dust domination (c), and onset of remnant dark energy domination (d). The rapidly increas-
ing dynamic de Sitter scale and de Sitter horizon scale (dashed) originate on the surface
of dissolutiont = 0 and increase beyond the right edge of the diagram. Features of the
black hole are demonstrated betweencto = 4 units andctf = 6 units, during which the
cosmology transitions from dust to dark energy domination. The black hole singularity is
represented by the bold vertical line just inside the radial mass scale and horizon. In the
next subsection, light-like surfaces on this geometry will be demonstrated.

4.2. Construction of Light-like Curves

Unfortunately, many useful cosmologies do not afford a direct calculation of a set of con-
formal coordinates. Since the exploration of dynamic features of systems on a conformal
diagram is best accomplished using some form of conformal coordinates, a general tech-
nique has been developed to construct Penrose diagrams in complicated geometries.

The technique relies only upon constructing light-like surfaces for the given metric, in
this case given in Eq. 4.1. Once those null geodesics have been generated, the conformal
coordinates will be labeled(v, u), based upon correspondence of the light-like curves on
a reference hypersurface (in this case, a fixed time volume). Here, as in section 3.2.,v =
ct∗ + r∗ andu = ct∗ − r∗. As previously shown, for ingoing null geodesics, the required
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Figure 8. Black hole horizon (dashed) and radial mass scale (solid).

equation labeled by conformal coordinatev takes the form

ṙv = −1 +
rv

RdS
−
√

RM

rv
, (4.8)

while outgoing null geodesics labeled byu satisfy

ṙu = 1 +
ru

RdS
−
√

RM

ru
. (4.9)

Ingoing light-like trajectories labeled byv can access all regions of space-time through the
past dynamic de Sitter cosmology, initiating on the surfacet = 0. For the chosen geometry,
ingoing light-like trajectories near the black hole horizon are demonstrated in Figure??.

The trajectories of ingoing photons near the de Sitter horizon are of particular interest.
Some of these trajectories are displayed in Figure 11. An observer with a fixed radial coor-
dinate interior to the remnant de Sitter scale and de Sitter horizon will never observe those
photons emitted by an object as it falls past the de Sitter horizon. Photons emitted from
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Figure 9. Traditional space-time diagram demonstrating features of a dynamic black hole
in a dynamic de Sitter cosmology. The singularityr = 0, radial mass scaleRM , black
hole horizonRHbh, dynamic de Sitter scaleRdS , and dynamic de Sitter horizonRHdS

are directly labeled. Also labeled are the transition to radiation domination (a), time of
maximum dust density (b), transition to dust domination (c), and transition to dark energy
domination (d).

such objects become increasingly red-shifted as time proceeds. Since the de Sitter horizon
is persistent, its effects are perpetual. Out-falling systems exhibiting this behavior will be
demonstrated in section 4.4.

An observer with a fixed radial coordinate interior to the remnant de Sitter scale and
de Sitter horizon will never observe those photons emitted by an object as it falls past the
de Sitter horizon. Photons emitted from such objects become increasingly red-shifted as
time proceeds. Since the de Sitter horizon is persistent, its effects are perpetual. Out-falling
systems exhibiting this behavior will be demonstrated in section 4.4.

For the region exterior to the black hole horizon, outgoing light-like trajectories labeled
by u passing through any point have a future dynamic de Sitter correspondence, terminating
on future infinityr → ∞. However, this isnot the case for outgoing light-like trajectories
within the black hole horizon. Therefore, one needs to develop labelsu for outgoing light-
like trajectories that terminate on the black hole singularity. This is done by defining an
analytic extension of the labelsu through a functional representation of the space-like sin-
gularity on the conformal diagramu = ur=0(v), which parameterizes these trajectories in
terms of their termination valuesv on that singularity. Such an analytic extension is not nec-
essary for labeling (ingoing) light-like curves near the de Sitter horizon. Several outgoing
light-like trajectories for the given geometry are demonstrated in Figures 12 and 13.
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Figure 10. Ingoing light-like trajectories near the black hole horizon, each with a fixed
valuev. The surface of correspondence for labeling the curves is indicated by the dashed
horizontal line depicting the initiation of accretion of the black hole.

The trajectories of outgoing photons near the black hole horizon are also of particular
interest. An observer with a fixed radial coordinate external to the radial stationary limit
R+ and black hole horizon will not observe photons emitted near the horizon until just as
the vanishing of the singularity is observed. This means that an object falling through the
black hole horizon will not be observed to cross the black hole horizon until after the black
hole is no longer present. The moment just prior to the observation of the final evaporation
of the singularity is directly seen to provide all observable information on systems that fell
through the black hole horizon during its period of transience. Coherence relationships with
exterior constituents need not be disrupted as either infalling constituents cross the black
hole horizon or outfalling constituents cross the de Sitter horizon. The observed behaviors
of in-falling systems will be further examined in section 4.4.

Light-like trajectories get shifted relative to those in dynamic de Sitter cosmology due
to the gravitational attraction of the transient black hole. As indicated on previous diagrams
of light-like trajectories, the labelv will be taken from the past dynamic de Sitter initial state
surfacev = ct∗+r∗, while the labelsu exterior to the black hole horizon will be taken at the
future dynamic de Sitter final state surfaceu = ct∗− r∗, providing boundary conditions for
the differential equations 4.8 and 4.9. These labels can be directly calculated from radial
coordinates on the surfacescto = 4 units on Figures 10 and 11,andctf = 6 units on
Figures 12a and 13.

4.3. Penrose Diagram of the Transient Black Hole

Light-cone conformal coordinates(v, u) developed in the previous section can be made
compact using an identification similar to Eq. 3.16 to construct coordinates for the Penrose
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Figure 11. Ingoing light-like trajectories near the de Sitter horizon, each with fixed confor-
mal coordinatev. The surface of correspondence for labeling the curves is indicated by the
dashed horizontal line depicting the initiation of accretion of the black hole. The curve that
becomes vertical represents the dynamic de Sitter horizon.

diagram of a cosmology with a transient black hole. The black hole has some finite pe-
riod with RM 6= 0 for the metric 4.1. The conformal diagram with significant transitional
epochs indicated is shown in Figure 14. The green curve bounding the diagram from be-
low representst = 0 as a singularity-free, globally coherent homogeneous universe. The
bounding surface on the left representsr = 0, including the center of the transient black
hole. The successive dashed (blue) space-like curves (a), (b), (c), and (d) represent the
onset of radiation domination, maximum dust density, the onset of dust domination, and
the onset of remnant dark energy domination respectively. The ingoing light-like surface
meetingr = 0 at t = ∞ represents the de Sitter horizon. The temporary black hole has
non-vanishing mass between the two space-like hyper-surfaces (volumes) represented by
the nearly horizontal (green) curves in the interior of the diagram. The parameters were
chosen such that the black hole has non-vanishing mass for a period during both dust and
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Figure 12. Exterior (a) and interior (b) outgoing light-like trajectories, each with a fixed
value of conformal coordinateu. The surface of correspondence for labeling the exterior
curves is indicated by the dashed horizontal line depicting the final evaporation of the black
hole. The singularity defines a termination surfaceur=0(v) parameterizing the interior
coordinatesu.
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Figure 13. Outgoing light-like trajectories near the de Sitter horizon, each with a fixed
value of conformal coordinateu. The surface of correspondence for labeling the curves is
indicated by the dashed horizontal line depicting the final evaporation of the black hole.
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dark energy domination. The bold space-like region ofr = 0 represents the black hole
singularity, and the outgoing light-like surface meeting the singularity as the black hole
vanishes (represented by a dashed black line) is the black hole horizon. The space-like sur-
face bounding the diagram from above represents the asymptotic radial coordinate, as well
as temporal future infinity for distant observers. In contrast to Figure??, the center labeled
O cannot be the trajectory of an observer while the black hole is present.

The left diagram of Figure 15 scale of the conformal plot. The right diagram shows
the trajectory of a co-moving observer. For this dynamic cosmology, curves of con-
stant temporal and radial components are superimposed on the previous Penrose diagrams
in Figure 16. As has been stated, the parameters were chosen such that the maximum
rate of mass accretion/excretion is|ṘM | ≤ 0.5, yielding a maximum radial mass scale
RM(ct = 5 units) ∼= 0.23 units, which gives a maximum black hole horizon scale of
RHbh(ct = 4.71 units) ∼= 0.199 units. In the diagram, (red) curves of constantr are time-
like (vertical) in the region between the black hole radial mass scale and the de Sitter scale.
The radial coordinate is originally graded fromr = 0 in tenths of the chosen scale, units of
the chosen scale, then decades of the chosen scale. The curves of constant radial coordinate
r all originate on the bottom boundary of the diagram representingt = 0, and terminate at
the future infinity termination point Ot∞.

Curves (green) of constantct are everywhere space-like (horizontal relative to light-like
surfaces). Fixed time volumes are graded in units of the given scale, then in decades of the
given scale. All constantct curves originate on the curver = 0 and terminate at the far right
corner of the diagram representingr∞. It is interesting that atct = 4 units, the singularity
develops via an ingoing light-like transition(ct = cto, r = 0), expanding the available
conformal space-time beyond that of the dynamic de Sitter cosmology. This expanded
region in Figure 16 contains most of the significant features of the black hole. The curve
r = 0, which bounds the diagram on the left, is initially a time-like trajectory bounding the
initial dynamic de Sitter space-time. This curve smoothly joins the curvect = cto just as
the singularity forms, shown as an ingoing light-like transition to the region of the space-
like black hole singularity. The particular shapeur=0(v) of this space-like surface defines
the analytic continuation of correspondence with the exterior coordinates. An outgoing
trapped photon will hit the singularity at a certain value ofv. The conformal coordinate
u for this photon is immediately determined using the functionur=0(v). As expected, the
variousct = constant andr = constant curves each intersect at only one point on the
diagram (except for the light-like onset of the singularity). As the singularity vanishes, the
shifted curver = 0 bounds the final dynamic de Sitter cosmology from the left. The radial
mass scaleRM is indicated by the solid dark gray curve initiating at the far left corner
of the diagram, crossing the black hole horizonRH near the transition from accretion to
evaporation, then terminating as the singularity vanishes. Radial coordinate curves are seen
to transition from time-like to space-like near the radial mass scale (crossingR+) and near
the de Sitter scale (crossingR−), as calculated from the metric Eq. 4.1 for fixed radial
coordinatedr = 0.

A close-up of the black hole region of the conformal diagram is given in Figure 17.
The fixed time curvecto = 4 units is seen to converge with the centerr = 0 to specify
the ingoing light-like onset of the singularity of the black hole. Again, the singularity
is represented as the bold surface bounding the black hole from above. The curver =
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Figure 14. Penrose diagram of the dynamic features of a dynamic de Sitter cosmology, with
a transient black hole. The point determined by the intersection of the outgoing light-like
surface defining the particle out horizon with the ingoing light-like surface defining the de
Sitter horizon is set at the center of the conformal coordinates (v = 0, u = 0). The outgo-
ing particle horizon again begins at(ct = 0, r = 0), and terminates on the space-like curve
r → ∞ bounding the diagram from above. The dynamic de Sitter horizon originates at a
finite radial coordinate on the curvect = 0 and terminates at the future infinity termination
point for curves of constantr, labeled Ot∞. The trajectory between the initiation of the
particle out horizon and future infinity termination Ot∞ bounding the diagram from the
left is the “center”r = 0 labeled O. The bold curve depicting the singularity is so labeled.
The space-like trajectory between the initiation of the particle out horizon and the far right
corner(1, 0) labeledr∞ bounding the diagram from below is the beginning of dissolution
t = 0. The curveRdS represents the fluid density scaleRρ. The times of transition from
primordial dark energy to radiation domination (a) and maximum dust density (b) are distin-
guishable near thet = 0 curve, while the space-like hyper-surface at the time of transition
from radiation domination to dust domination is labeled (c). There is an additional time
of transition from dust domination to remnant dark energy domination represented by the
mid-time dashed space-like curve labeled (d).
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Co-Moving Observer

Figure 15. Left: Features of a dynamic cosmology (with primordial, radiation, dust, and
dark energy dominated epochs) that has an embedded dynamic black hole. The convention
is such that the maximum possible range of the conformal coordinates is{-1, +1}. Right:
The trajectory of a co-moving observer whose proper time corresponds to the coordinate
time t.

Figure 16. Penrose diagram for a black hole that symmetrically accretes from zero mass at
cto = 4 then excretes to zero mass atctf = 6. Red curves (running time-like in the region
between the radial mass scale of the black hole and the de Sitter scale) represent curves of
constantr. The green curves represent curves of constantct, which are always space-like.
The interior (left-most) black dashed line represents the black hole horizon, and the solid,
bold space-like curve bounding the black hole from above represents the singularity.
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Figure 17. Close-up Penrose diagram of the dynamic black hole. The dashed line of slope
1 represents the horizon.

0.1 units is seen to cross the black hole horizon and radial mass scale twice on the diagram,
while the curver = 0.2 units only crosses the radial mass scale twice, never crossing the
horizon. Each of these fixed radial coordinate surfaces cross the radial mass scale with slope
very nearly +1, indicating that outgoing radial light-rays are momentarily stationary in the
radial coordinate. The globally defined horizon for the black hole embedded in the dynamic
de Sitter cosmology does not become quite as large as does the horizon of the identical black
hole in Minkowski space-time[16]. The maximum horizon scale for a black hole with the
same mass parameter in aMinkowskibackground is given byRHbh,max

∼= 0.21 units,
whereas in the present caseRHbh,max

∼= 0.199 units. This should not be surprising, since
the expanding background makes escape from the vicinity of the black hole slightly less
difficult.

The gravity from the transient black hole attracts nearby gravitating photons. Gravi-
tating photons define the conformal coordinates used to generate the conformal diagram in
Figure 17. In the figure, this shifts the(ct, r) coordinates at later times (ct > ctf ) to the
right relative to where they would have been in the absence of the black hole. The reason
for this shift is that ingoing photons will reach the centerr = 0 sooner than would have
been the case had the black hole not formed. The effect of the gravity of the black hole is
therefore directly apparent in the figure.

As discussed in section 4.2., the behaviors of the outgoing light-like trajectories near the
black hole horizon displayed in Figure 12 demonstrate that the outgoing communications of
anysystem just before crossing the horizon are held near the horizon until after the horizon
vanishes. This is true for in-falling systems at any time throughout the existence of the
dynamic horizon. However, all of these communications will eventually reach a nearby
observer after a finite time. The analogous ingoing light-like trajectories near the de Sitter
horizon displayed in Figure 11 will release communications that only reach the near black
hole observer after an indefinitely long period of time. The next section will examine the
dynamics of the release of these communications as systems cross both the black hole and
de Sitter horizons.
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Figure 18. Features of the cosmology with a dynamic black hole.
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Figure 19. Co-moving observer near the dynamic black hole, with the temporal behavior of
the observer’s radial coordinate demonstrated on the left. The Penrose diagram on the right
shows the co-moving observer just to the right of the centerr = 0.

4.4. Dynamic Information from Horizon Traversing Observers

It is highly instructive to consider observation of objects that cross either of the two dynamic
horizons. The bare features of this cosmology, demonstrating these horizons, along with the
conformal coordinates, are reproduced in Figure 18. A co-moving observer near the black
hole will be chosen to examine photons emitted by objects falling through the horizons.
The geodesic equation for such a geometrically stationary observer can be directly obtained
from the metric 4.1, or the general 4-velocity equation 4.5 assuminguct

o = 1, and is given
by

ṙo =
ro

RdS
−
√

RM

ro
. (4.10)

The initial conditions of this observer can be chosen such that the observer avoids ever
encountering any singular surface.

The co-moving observer whose trajectory is given in Figure 19 will serve as the obser-
vational platform examining gravitating systems crossing the horizons. It will be assumed
that the gravitating systems will emit standard frequency photons at a standard rate in their
respective proper coordinate frames of reference. In what follows, photons emitted from
the following freely falling systems will be examined:
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• (1) A system initially coincident with the co-moving observer att = 0 which will
later fall through the horizon of the transient black hole;

• (2) A co-movingsystem that later will fall through the horizon of the transient black
hole at the same moment that the previous system (1) enters that horizon;

• (3) A system initially coincident with the co-moving observer att = 0 which will
later fall past the dynamic de Sitter horizon;

• (4) A co-movingsystem that later will fall through the dynamic de Sitter horizon at
the same moment that the previous system (3) exits through that horizon.

Photons from the in-falling (1) and out-falling (3) systems can be observed by the co-
moving observer from the beginning of time, since these systems were initially coincident
with that observer. However, photons from the co-moving systems (2) and (4) will only be-
gin being observed after these systems are within the particle horizon (i.e., past light cone)
of the co-moving observer.

A general gravitating system satisfies the geodesic equation

duβ

dλ
+ Γβ

µνuµuν = 0, (4.11)

where the connectionsΓβ
µν can be directly calculated from the metric 4.1. The observed

temporal component of the 4-velocity of a gravitating photon is expected to satisfy

−~uo · ~uγ =
(

uct
o ±

√
(uct

o )2 − 1
)

uct
γ . (4.12)

This is directly proportional to the observed energy of the photon. The sign follows from
the equivalence principle and the signature of the Minkowski metric. In particular, for a
co-moving observeruct

o = 1, the observed photon temporal component is seen to be simply
uct

γ . The relationship 4.12 can likewise be used to express the temporal component of the
4-velocity of the photon in terms of its emitted form in the proper frame * of the emitter:

uct
γ =

(uct
γ )proper

uct
∗ ±

√
(uct

∗ )2 − 1
, (4.13)

where the± sign refers to outgoing/ingoing photons, anduct
∗ is the temporal component of

the four-velocity of the emitter.
In-falling system (1) was chosen with an initial velocity so that it would enter the black

hole horizon near the time that it crosses the radial mass scale. The(ct, r) plot of this
system is shown in Figure 20. The trajectories of this in-falling system (up to the black
hole horizon) and the co-moving observer are also represented on the conformal diagram in
Figure 21.

Since the in-falling system (1) is not co-moving, photons received by any given co-
mover at the point of emission will not be observed with the standard frequency. Figure 22
displays the temporal component of the 4-velocity of the in-falling system (1) on the left,
as well as the local temporal component of the standard photon emitted by that system at
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Figure 20. In-falling system (bold), co-moving observer near black hole (right-most
dashed), horizon, and radial mass scale (solid).

Figure 21. Penrose diagram of in-falling system and co-moving observer.
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Figure 22. Left:uct
∗ for in-falling system (1). Right:uct

γ for out-falling photons at point of
emission (i.e. as observed locally).

the point of emission on the right. Only photons emitted prior to the system falling into the
black hole horizon can ever be detected by an exterior observer. One might note that this
system eventually hits the singularity of the black hole and ends all of its transmissions.

The rate of reception of information emitted by the infalling system (1) can be obtained
by examining the componentuct

γ for these outgoing standard photons. Gravitating photons
satisfy the geodesic equation

rγ(ct) u̇ct
γ +

(
rγ(ct)

RdS(ct)
+

1
2

√
RM(ct)
rγ(ct)

)
uct

γ = 0, (4.14)

where radially moving photons satisfy trajectories given by Eq. 4.3 for outgoing photons
and Eq. 4.4 for ingoing photons. The standard frequency for photons emitted will be
such thatuct

γ standard
=1. The valueuct

γ of these standard photons emitted by system (1)as
measured by the co-moving observeris shown in Figure 23. The rate of emission of photons
is related to the intervaldτemit between successive photons. Likewise, the interval between
the observation of those successive photons by the co-moving observerdtobs is related to
the rate of observation. Thus, the ratio between the rate of observation and a standard rate
of emission should take on the same value as the frequency of the observed photon relative
to the standard frequency. As a check for numerical accuracy, this independent measure
is demonstrated as the second diagram in Figure 23. As seen in either diagram, photons
emitted by the infalling system (1) continue to be red-shifted, until that system completely
vanishes as the black hole itself fully evaporates away (indicated by the dashed vertical
line). This remains true independent of the actual time that the system falls through the
horizon. An observation of the actual (simultaneous) vanishing of all in-falling systems
as they traverse a transient horizon is in contrast to the perpetual sedimentary behavior of
systems observed falling through a static, eternal horizon (see, for instance, reference [13],
page 23).

The red-shifts from photons emitted from the co-moving system (2) that crosses the
black hole horizon simultaneously with the previous in-falling system (1) can be directly
compared to the previous calculations. This co-moving system shares the same time pa-
rameterization with the observer, and its trajectory is indicated on the conformal diagram in
Figure 24. The plot of frequencies of observed photons relative to the standard frequency
photons emitted by the in-falling co-moving system (2) is demonstrated in Figure 25. Other
than the time delay needed for the non-coincident system (2) to enter the observer’s particle



Global Geometry of a Transient Black Hole in a Dynamic de Sitter Cosmology 33

1 2 3 4 5 6
ct

0.2

0.4

0.6

0.8

1
uΓct

1 2 3 4 5 6
ct

0.2

0.4

0.6

0.8

1

dN
�������������
dtobs

�
dN
���������������
dΤemit

Figure 23. Left: uct
γ /uct

γ standard
as measured by the co-moving observer. Right: Ratio

of rate of observation of photons to rate of proper emission of photons as in-faller crosses
the black hole horizon. Dashed vertical line indicates observation of final evaporation at
ct = ctcommunication > ctf .

horizon, the rate of observed emissions from the co-moving system that falls through the
horizon has essentially the same form as that of the initially in-moving coincident system
(1). One should again note that the proper time rate at which the clocks of this free-falling
system (2) tick is exactly the same as the clock rate of any other co-moving observer, in-
cluding the nearby observer detecting the emitted photons. Only the observed rate of infor-
mation reception is red-shifted as the system crosses the black hole horizon.

In contrast to the transience of the black hole horizon, the dynamic de Sitter horizon
is persistent. This presents an opportunity to examine standard photons emitted from the
initially coincident out-falling system (3) as it crosses the de Sitter horizon. The out-falling
system (3) was chosen with an initial velocity equal but opposite to that of the previous
in-falling system (1). The(ct, r) plot of this system is shown in Figure 26. The trajectories
of this out-falling system and the co-moving observer are also represented on the conformal
diagram in Figure 27.

Next, one can examine the rate of observation of information emitted by the out-falling
system (3) by calculatinguct

γ for standard photons released by that system. The behavior
of the uct

γ observed by the observer near the black hole is shown in Figure 28. The form
of uct

γ for the observed ingoing photons in Figure 28 is quite different from the forms for
the previous systems (1,2) falling through the transient black hole horizon. First, since
the dynamic de Sitter horizon resulting from the remnant dark energy is eternal, photons
emitted from the out-falling system (3) are indefinitely red-shifted, but never appear to
completely cease being emitted. All out-falling systems appear to slowly approach the
dynamic de Sitter horizon, frozen at their final moments of exit. Also, there is some blue-
shifting of in-falling photons as they enter the vicinity of the transient black hole, indicated
by the complicated behavior ofuct

γ during early/intermediate times. This structure is due
to the relative motions of the nearer time-like (massive) observer and always more distant
in-falling light-like photons.

For completeness, the red-shifts from photons emitted from the co-moving system (4)
that crosses the dynamic de Sitter horizon simultaneously with the previous out-falling sys-
tem (3) can be compared to the previous calculations. Once again, this co-moving system
shares the same time parameterization with the observer, and its trajectory is indicated on
the conformal diagram in Figure 29. The plot of frequencies of observed photons relative to
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Figure 24. Penrose diagram of the co-moving in-falling system (2), in bold, and the co-
moving observer.
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Figure 25.uct
γ /uct

γ standard
for photons from co-moving in-falling emitter (2) as measured

by the co-moving observer. The small gap neart = 0 is the time needed for system (2) to
enter the particle horizon of the observer.
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Figure 26. Out-falling system (bold), co-moving observer near black hole (dashed), black
hole horizon barely distinguishable from the radial mass scale (left-most), dynamic de Sitter
scale, and dynamic de Sitter horizon (right-most).

Figure 27. Penrose diagram of the out-falling system and the co-moving observer.
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The emissions perpetually red-shift, thereforeuct
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Figure 29. Penrose diagram of the co-moving out-falling system (4) and the co-moving
observer.

the standard frequency photons emitted by the out-falling co-moving system (4) is demon-
strated in Figure 30. Other than the time delay needed for this initially non-coincident
system to enter the observer’s particle horizon, the rate of observed emissions of the co-
moving system (4) that falls through the de Sitter horizon has essentially the same form as
that of the initially coincident out-falling system (3).

5. Conclusions

The global causal structure of a spatially coherent dynamic fluid cosmology has been exam-
ined in this manuscript. For a spatially coherent geometry, a fixed time coordinate describes
a space-like hyper-surface throughout the geometry. A geometry with early spatial coher-
ence can directly address the horizon problem as usually put forth in standard cosmology.
Any micro-physical phenomena describing the transition from a primordial state, including
“reheating” of radiation and dust, can be incorporated into the cosmology in a very straight-
forward manner. The multi-fluid cosmology examined evolves from a singularity-free ini-
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tial dark fluid that goes through a dissolution into radiation and dust, with a non-vanishing
final dark energy content, while satisfying all expected dynamic and geometric conservation
principles.

The Penrose diagram of the background dynamic de Sitter geometry was found to be
bounded by three surfaces. The bounding surfaces consist of one time-like and two space-
like curves. There is only one point on the diagram where a Penrose conformal coordinate
reaches an extremal value, which is the interception ofr = ∞ with t = 0. The future
infinity of time-like observers is a space-like static infinite area surface. The time-like
“center” trajectory (r = 0) is an ordinary inertial world line that traverses between points in
the beginning and future bounding volumes. In this background cosmology, the existence
of a (dynamic) horizon provides a natural scale for the diagram, as does the dark energy in
ΛCDM fits to observed cosmology.

The background dynamic de Sitter cosmology was then populated with a transient black
hole. Since the background space-time is not causally finite, static black hole forms would
in general be inconsistent, as was mentioned in the introduction. The temporally transient
black hole that was considered begins accretion during the dust domination epoch of the
cosmology, and evaporates away during dark energy domination. This period was chosen
so as to explore the behaviors of potential black holes during the present epoch. However,
in general the period of transience can be translated in time on the conformal diagrams
without difficulty. The existence of the black hole expands the conformal space-time of
the dynamic de Sitter cosmology to the left of its original center. This means that for this
temporally symmetricblack hole, any observer in the initially low curvature region where
the black hole will form has the opportunity of escape (although this need not generally be
the case), contrary to some other treatments[22]. In addition, the vicinity of the black hole is
seen to be slightly less confining than would be the corresponding black hole embedded in a
Minkowski background, as might be expected from the expanding nature of the background
cosmology.

The metric developed has some very useful features. The time coordinate in the met-
ric corresponds to the proper time of any of a set of radially co-moving observers (ge-
ometrically stationary) in the cosmology. Furthermore, fixed time curves are space-like
hyper-surfaces throughout the geometry. As usual, the radial coordinate provides a mea-
sure of angular distances in the cosmology. The difference between the radial coordinates
of two co-moving observers at a fixed time is the proper distance between those observers
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along that fixed time hyper-surface. In particular,r measures the proper distance between
a co-moving observer at that point in space-time and another co-moving observer that is
encountering the black hole singularity on that fixed time hyper-surface.

For a transient black hole, an observer sees objects fall into the black hole horizon and
vanish, in contrast to the static case. In either situation, the intensity diminishes due to two
closely related effects: the observed energies of the emitted photons themselves redshift,
and there is a slowdown in the rate at which the photons arrive at the detector. Suppose, for
instance, that the in-falling system emits a continuous stream of radially outward traveling
photons of standard frequency. In the static case, the intensity diminishes continuously but
never becomes exactly zero, no matter how long the observer waits (if the observer has un-
limited detector sensitivity and frequency response). With the use of an ideal detector, the
in-falling system never vanishes, i.e. it never seems to cross the horizon, (as was seen to be
the case for a system out-falling through the de Sitter horizon). For any given value oft for
which the black hole is present, a value of proper distance from the horizonρ > 0 can be
found such that photons emitted from within that region have not yet reached the detector.
For the transient black hole, things are quite different. The intensity and frequency of the
signals indeed fall off, but beyond that the observer sees the system completely vanish at a
finite time tcommunication (corresponding to the observation of the final evaporation of the
black hole).All out-going photons external to the black hole horizon must reach the detec-
tor by this finite time. This means that all in-falling systems truly vanish simultaneously,
which indicates the observation of those systems falling through the concurrently vanishing
horizon.

Within this discussion, no consideration has been given for particular quantum mea-
surement constraints[5, 23, 24] (beyond the development of a consistent background geom-
etry where quantum dynamics can be everywhere studied). Furthermore, thermodynamic
or holographic considerations that might arise from the finite horizon scales (such as pos-
sible Poincare recurrences on cosmological scales[25]), or micro-physical specifics, have
not been explored. Examinations of any of these considerations should give insight into
the temporal behavior of the primordial fluid during its dissolution[24], the dynamics of
holography, and the very late-time behavior of causal patches with finite entropy.
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