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Abstract 
 

The fractal dimension provides us with biologically important meanings of the 

branching pattern governing a tree-like structure and its space-occupying rules. Such 

biological vascular structures have become well known in many recent reports as they are 

simulated by fractal theory, where the fractal dimension was revealed to be 3 in the 

branching pattern of arteries in organs and of bronchi in the lung. Murray‘s law well 

accounts for this dimension of 3 by the minimum work theory.  

We deliberated the equation representing the relationship between the whole 

peripheral arterial resistance and the total blood flow through it by combining the 

fundamental fluid dynamics of Poiseuille with fractal theory. Our fractal hypothetical 

stemming from the multifractal theory and arterial network were designed as an in-series 

arrangement of parallel aligned multi asymmetric dichotomies, where the peripheral 

resistive arteries start with a mean radius of 100 m and end at 10 m.  

Letting x, R, and Q represent fractal dimension, total peripheral arterial resistance, 

and total blood flow through the arterial network, respectively, and using body length 

(BL) as the body scale parameter, we reached a proportionality of Q  (R/BL)
-x/4

. This 

theoretical equation is applicable for determining peripheral arterial fractal dimensions in 

vivo by only plotting in and processing the clinical data . The hemodynamic data of 

patients with congenital heart defects of left-to-right (L-R) shunts were subjected to 

analysis of the fractal dimensions of both pulmonary and systemic peripheral arteries 

using our theory.  
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The fractal dimension of the peripheral systemic resistive arteries was estimated as 

3.1 irrespective of the severity of the underlying PH. On the other hand, the dimension of 

pulmonary arterial counterparts (xP) resulted in 2.2 in controls. xP gradually increased 

from 2.2 to 3.0, with the severity of PH, until finally the pulmonary arterial pressure 

reached systemic blood pressure level.  

The PH dependency of xP in our model indicates the hampered development of intra-

acinar arteries and the more proximal involvement of radial reduction. These are 

compatible with the pathological findings reported in many studies of L-R shunt defects 

with secondary PH.  

Our results suggest that the minimum work theory also works in vivo as the acquired 

pathophysiological adjustment for reducing the preload of the left ventricle and 

preserving the most important gas-exchanging function in the lung. This model provides 

us with a powerful methodology for elucidating self-regulating design and mechanisms in 

the living body from a theoretical standpoint.  

 

 

Introduction: 
Murray’s Law and the Relationship between Blood 

Flow and Vessel Radius 
 

C. D. Murray (1926) theoretically predicted the existence of an ‗optimality principle‘ in 

the relationship between the blood flow through a cylindrical vessel and the vessel radius 

(Figure 1) [1]. The vascular resistance Rcyl of a cylindrical vessel is given in equation (1) 

below as Hagen-Poiseuille‘s equation when we hypothesize the vessel as a rigid one, letting 

blood viscosity, radius, and length be , r, and l, respectively [1-7]. 

 

          (1) 

 

Defining the volume blood flow rate per unit time, the metabolic rate of blood [1, 5] as 

well as vessel wall volume [7] per unit time volume, and cost function representing the lost 

energy per unit time to transport the blood flow through the vessel as q, K, and E, 

respectively, he designed the equation as follows [1, 4-7]: 

 

.        (2) 

 

 

Figure 1. A single tubular vessel model. Blood flow (q) flows through the vessel whose radius and 

length are represented by r and l, respectively. q is defined as volume blood flow per unit time. 
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After E was partially differentiated with respect to r, E/r =0 (Figure 2) resulted in [1, 4-

7]: 

 

.       (3) 

 

Thus, he predicted that this relationship between q and r indicated by Eq. (3) must be 

selected and adopted in the living body because this condition guarantees the minimum work 

requirement, under which q is regulated and maintained proportionally to r cubed. The 

validity of Murray‘s law has been established by in vivo direct measurement of the 

relationship between q and r in systemic microcirculations (Table 1) [7-9]. 

 

 

Figure 2. The graph of minimum work theory designed by Murray (1926) [1]. Emin represents the 

minimum energy cost per unit time; , blood viscosity; q, r, and l, the blood flow, the vessel diameter, 

and the vessel length in Figure 1, respectively. 8lq
2
/r

4
 and Kr

2
l are presented in equation (2). Notice 

that the point of Emin is given under the condition of q  r
3
 by partial differentiation of E with respect to 

r. 

 

 

 

Figure 3. The branching model from the mother to two daughter vessels. q0, r0, and l0 represent the 

mother‘s blood flow rate, radius, and length, respectively; those of daughter 1 and 2 are presented with 

suffixes 1 and 2, respectively. 
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Murray‘s law can be interpreted as the ideal model of vessel branching [4-6, 10, 11]. 

When the mother vessel with her radius, r0, branches into two daughter ones with radii r1 and 

r2 (r1 > r2), letting q0, q1, and q2 represent their blood flow through them, respectively, (Figure 

3), the common K in Eq. (3) yields:  

 

q0 = r0
3
, q1 = r1

3
, and q2 = r2

3
.       (4) 

 

As the sum of blood flow through branching is preserved as q0 = q1+q2, Eq. (4) ensures: 

 

r0
3
 = r1

3
 + r2

3
.         (5) 

 

This is well known as the ideal relationship among radii in the branching of resistive 

arteries. This radial relationship among three vessels at branching has been reported to hold 

true in peripheral vessels by direct morphometric studies [5, 10].  

 

Table 1. The radial exponent x in systemic and pulmonary arteries in the literature in 

comparison with our model-derived x 

 

 Radius [m] x Method/Data Reference 

Systemic     

Rat, cremaster muscle 5
*
-50 2.73 IM/Fr [8], [9]  

Rat, cremaster muscle 3
*
-54 3.01  0.07 IM/Fr [7]  

Dog, arterioles 11-96 2.947 FA/Mm [6], [31] 

Pig, coronary arteries 4.5
*
-25 3 FA/Mm [10] 

Human, Cerebral arteries < 500 2.9  0.7 FA/Ag [53]  

Our model, human 10-100 3.1  0.2 MA/Hd  [22] 

Pulmonary     

Rat 13-800 2.15 FA/Mm [54]  

Cat 12-508 2.35 FA/Mm [35], [55] 

Human 30
*
-500 2.3  0.1 FA/Mm [19] 

Our model, human 10-100 2.2 MA/Hd  [22]  

* represents not the mean radii of terminal arterioles but the minimum. IM represents in vivo 

measurement; FA, fractal analysis; MA, model analysis; Fr, data of flow and radius; Mm, 

morphometric data; Ag, angiographic data; Hd, hemodynamic data. Data is presented as a mean 

with one standard deviation. 

 

When repeated branching succeeds under this condition through the whole vascular tree, 

the fractal dimension is also regarded as 3, which we will describe at the next section. 

The shear-stress () on the internal surface of the vessel wall is measurable as 4q/r
3
 [9-

12] and is well known as an agent affecting and regulating vessel radius [13]. Because  of 

three vessels is written by Eq. (4) as:  
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,       (6) 

 

Murray‘s law also gives the background of the uniform shear-stress theory at the same 

time [10-13]. 

 

 

Introduction of Fractal Theory to the Vascular 
Tree 

 

B. B. Mandelbrot (1983) reported the mathematical characteristics based on self-

similarity in geometric structures of seashore lines and rivers, or in morphology of tree 

branching, where their self-similarity is described with fractal parameters and functions [14]. 

After his work, this concept of fractal theory has been developed and has become well known 

worldwide. Research has also reported the presence of fractal structures in such living objects 

as bronchial branching [15] and vascular networks [2, 7, 10, 16, 17]. When we suppose that 

every k-th generation vessel with a mean radius of rk branches into N vessels on the average 

of the k+1-th generation with radii of rk+1 through the vascular tree, letting k and N be a 

natural number including 0 and an integer over 0, respectively, the fractal model is written by 

using fractal dimension x as: 

 

rk
x
 = N rk+1

x
.         (7) 

 

Mandelbrot also called x the radial exponent in branching trees and vessels [14]. In the 

fractal structure, vessels repeat branching succeedingly through generations of the vascular 

tree obeying Eq. (7). When N =2 and x =3, Eq. (7) results in Eq. (5). Letting qk and qk+1 

represent mean blood flow through a single vessel of the k-th and k+1-th generation, 

respectively, preserved blood flow is written as: 

 

qk = N qk+1.          (8) 

 

Eqs. (7) and (8) yield the next equation similar to Eq. (4) with the fractal dimension x 

as[7, 9, 16, 18, 19]: 

 

q =  rx
 .         (9) 

 

Meanwhile, morphometric analysis reported x 2 in Eq. (7) at the branching of the 

proximal systemic large arteries originating directly from the aorta [20, 21] and the normal 

pulmonary arterial tree (Table 1) [17, 19, 21], and these bifurcating vascular structures have 

been accounted for by the square law for preserving cross-sectional area through branching 

[5, 20, 21]. The fractal dimension of bifurcating peripheral resistive arteries, on the other 

hand, were reported to be x =3 in morphometric studies [5, 10], as well as featuring flow-

radius measurements in vivo as described above [7-9] (Table 1). x =3 in organ vasculatures 

were also theoretically accounted for by the uniform pressure distribution and optimal space-
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filling of fractal dimensions [4] as well as by Murray‘s law. The heterogeneity of x from 2 to 

3 was also reported in whole pulmonary arterial trees of dogs [3, 12, 18]. Actually, the 

multifractility [23-25] exists in the vasculature of mammals [23, 24], where the fractal 

characteristics may vary at different levels of radii.  

 

 

1. A Fractal Model for Translating Flow-Radius 
Relationships of a Single Vessel into  
Flow-Resistance One throughout the  

Whole Vascular Tree 
 

A new mathematical model reported by Nakamura et al. (2011) was designed with fractal 

theory and Eq. (9) by translating the relationship between q and r of a single vessel into that 

between the total blood flow (Q) and the whole peripheral arterial resistance (R) in an arterial 

network [22]. This model can be applied to the fractal analysis of resistive arteries and 

peripheral arterial systems with the hemodynamic data clinically accessible in a routine cath 

study. We defined the unit resistive arterial tree as an asymmetric branching fractal tree 

whose proximal generation number is given as the 0-th and most peripheral one as the n-th, 

letting n be a natural number including 0. Letting k be an integer as 0 k  n, when the k-th 

generation vessels whose means of radius, vessel length, and number of vessels are given as 

rk, lk, and Nk, respectively. Large arteries (r >100 m) which function as an elastic reservoir 

or a Windkessel [26] share 10% of the mean aortic pressure (PAo), while 60% of PAo is lost in 

small resistive arteries with r 100 m [2]. First, we constrained the mean radius of the initial 

starting 0-th resistive artery as r0 =100 m. Parallel N0 unit resistive arterial trees are regarded 

as scatteringly connected to large arteries in-series in our model (Figure 4A).  

 

 

Figure 4. A. A schematic diagram of either the pulmonary or systemic arterial tree. Unit resistive 

arterial trees, scatted and connected in parallel to the central compliant artery, are represented by 

circles. B. A schematic diagram of a unit peripheral resistive arterial tree under the condition of N =2 in 

Eq. (10), which starts from the 0-th generation, bifurcating repeatedly in series until the terminal n-th. 

The last n-th generation vessels are distally connected to capillaries. qk, mean blood flow through the k-

th generation vessels, where arrows () indicate the direction of blood flow; k, natural number from 1 

to n. Figures were revised from the original article [22]. 
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Figure 5. A schematic diagram suggesting the landscape around terminal arterioles. Scattered ovals 

represent red blood cells (RBC). The mean radius (rn) of terminal arterioles is considered to be 

determined by the scale of RBC. So, rn turns common among different species of mammals because the 

size of mammalian RBC stays almost same among them. qn and ln represent mean blood flow and 

vessel length of terminal arterioles, respectively. 

The radius of the n-th terminal arteriole is reported to be around 7-10 m in rat‘s 

systemic [8, 9], canine systemic [27], canine pulmonary [3], and human pulmonary [28] 

arteries, because radii of terminal arterioles are similar in spite of different mammalian 

species (Table 1, Figure 5. This data suggests that the scale of red blood cells, whose diameter 

are around 7 m, is critical in determining the radius of terminal arterioles as well as that of 

capillaries (5 m) [2, 29]. So, we constrained the mean radius of the last n-th arterioles as rn 

=10 m, where Nn terminal arterioles are connected to capillaries (Figure 4B). Capillaries are 

not included into our model because their network structure is not a simple tree but a complex 

sinusoid [30].  

We defined the fractal rule from the k-th generation to the k+1-th generation as: 

 

     (10) 



where , , and N are all real numbers representing ratios of radius, 

length, and branch numbers, respectively. Then, Eq. (10) results in: 

 

rn = n 
r0, ln = n 

l0, and Nn = N
n 
N0.       (11) 

 

Because vessels of the same generation are arranged in parallel with each other, the total 

arterial resistance of k-th generation vessels (Rk) is given with Eqs. (1), (10), and (11) as:  
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As the whole vascular tree in question is made up of each generation placed in series as 

shown in Figure 4B, the total resistance of peripheral resistive arteries (R) is given as: 

.         (13) 

 

The radius-dependent blood viscosity known as the Fähraeus-Lindqvist effect [2, 31] is 

effective in this resistive arterial area, where r 100 mm. So we use the equation reported by 

Haynes [32] as: 

 

,         (14) 

 

where  and rt is 4.0 centipoise (cP) and 4.29 m, respectively (Figure 6) [32, 33].  

 

 

Figure 6. The simulation curve of Fähraeus-Lindqvist effect [2, 31] reported as Haynes‘ equation [32, 

33].  represents the blood viscosity given as centipoise (cP); r, radius.  

We define the ratio of rn to rt as: 

 

.          (15) 

 

Eqs. (12), (14), and (15) are incorporated into Eq. (13) as: 

 

,     (16a) 

 

where .      (16b) 

Letting whole blood flow through this arterial network be Q, Eqs. (8) and (9) yield: 
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Q = Nn rn
x
.          (17) 

 

Eq. (17) is then used to Eq. (16a) as: 

 

.       (18) 

 

Eq. (18) gives Q as: 

 

.      (19) 

 

We designed the vessel length to be proportional to some body scale parameter M for 

standardization. So, we considered that ln = dn·M and Eq. (19) resulted in: 

 

.      (20) 

 

Bilaterally logarithmic expression of Eq. (20) yields: 

 

,        (21a) 

 

where and .    (21b) 

 

As shown in the next section, this model was actually applied to clinical hemodynamic 

data in order to determine fractal parameters. For our model analysis, we subjected the 

clinical hemodynamic data of congenital left-to-right (L-R) shunt defects. Ventricular septal 

defects (VSD), atrial septal defect (ASD), and patent ductus arteriosus (PDA) are the 3 most 

common L-R shunt defects at either the ventricular, atrial, or aortic level, respectively. In vivo 

obtained cath data of 213 patients with L-R shunts prior to surgical operation were available 

for analysis.  

Fractal model parameters and vessel numbers of x, n, , , N0, and Nn were estimated by 

solving an inverse problem of Eqs. (11), (16a), and (21b) with some appropriate constraints. 

As a control group, we selected patients whose pulmonary arterial pressure was normal and 

whose L-R shunt was estimated at 0% because of a tiny defect and the limitation of 

measurement [22]. Hereafter, suffixes S and P stand for systemic and pulmonary, 

respectively. 
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2. Systemic Circulation and the Importance of 
Body Length in the New Model 

 

Figure 7B schematically indicates the longitudinal distribution of systemic pressure loss. 

While arteries lose 70% of mean aortic pressure, capillaries and veins lose 30% of it. As 

described above, the ratio of arterial pressure loss in proximal large arteries (r >100 m) and 

peripheral resistive arteries (r 100 m) is 1:6 [2]. For simplicity we suppose N =2 in Eqs. 

(10) and (11) for this model formulation because the arterial branching pattern has long been 

treated as a bifurcation in model analysis of systemic circulation [21, 34] (Figure 4B and 5). 

The detail of the method to extract the peripheral systemic arterial resistance RS was 

described in our article [22]. 

 

 

Figure 7. These schemas illustrating the relative longitudinal distribution of three segmental pressure 

gradients in pulmonary (A) or systemic (B) circulation in relation to pulmonary hypertension (PH) and 

systemic blood pressure, respectively. PmPA PLA, and PAo indicate mean pressures of the main 

pulmonary artery, left atrium, and aorta, respectively. These three segments are proximal large arteries 

of radius >100 m, peripheral resistive arteries of radius 10-100 m, and capillaries and veins. We 

applied 1:6 as the ratio between pressure drops through the proximal pulmonary arteries and through 

the peripheral pulmonary arteries [2]. The pressure drop through capillaries and veins does not change 

even in PH due to chronic L-R shunt [26]. Figure 7A were revised from the original article [22]. 

 

2.1. Body Length and Actual Methods for Estimating x 
 

Relationships between systemic blood flow (QS) and peripheral systemic arterial 

resistance (RS) was analyzed. First, the simple plot of lnQS vs. lnRS of all patients is presented 

in Figure 8A. lnQS and lnRS turned out to be linearly arranged. As standardized by body 

surface area (BSA), ln(QS/BSA) vs. ln(RS·BSA) are presented in Figure 8B for reference.  
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] 

Figure 8. A. Simple plot of lnQS vs. lnRS. B. Plot of lnQS/BSA vs. lnRSBSA. C. Plot of lnQS vs. 

lnRS/BSA. D. Plot of lnQs vs. lnRS/BW, QS, RS, BSA, and BW stand for systemic blood flow [L/min], 

peripheral systemic arterial resistance [mmHg/L/min], body surface area [m
2
], and body weight [kg]. 

The regression line was fitted by the least square method. r stands for correlation coefficient. 

Then, three different body scale parameters for M were introduced to standardize RS as 

indicated in Eq. (21a). We compared the regression slope and correlation coefficient for each 

M, e.g. BSA, body weight (BW), and body length (BL) as shown in Figures 8C, 8D, and 9, 

respectively. BL was defined as the distance from the top to heel. When BSA and BW were 

applied to Eq. (21a) as M, the slope (= A) of the regression line resulted in -0.637 (Figure 8C) 

and -0.549 (Figure 8D), respectively, with close negative correlations (r =-0.985 and -0.981, 

respectively).  

Finally, the plot applying BL to Eq. (21a) was presented in Figure 9. lnQS vs. ln(RS/BL) 

plots exhibited A =-0.721 (r =-0.983) in controls (Figure 9A), and A =-0.776 (r =0.987) in all 

patients under the study, respectively (Figure 9B).  
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Figure 9. lnQS vs. ln(RS/BL). A. Plot of controls. B. Plot of all patients. QS, RS, and BL stand for 

systemic blood flow [L/min], peripheral systemic arterial resistance [mmHg/L/min], and body length 

[m], respectively. The regression line was fitted by the least square method. r stands for correlation 

coefficient. Figure 9B was revised from the original article [22]. 

The regression line with the least scatter was found in Figure 9B, where BL was used as the most 

suitable body scale parameter. Furthermore, with Eq. (21b), these values of A resulted in x =2.9-3.1, 

which fluently accounted for Murray‘s law (Table 1). On the other hand, BSA and BW did not represent 

Murray‘s law from their regression slopes with a result of x =2.5 and x =2.2, respectively.  

Therefore, introduction of BL is appropriate to adjust to different vessel lengths and meet 

Murray‘s law in systemic resistive arteries. Thus, M in Eq. (21a) was rewritten with BL and 

completed as: 

 

.        (22) 

 

We attempted to apply Eq. (22) to pulmonary circulation in section 3 ahead.  

 

 

2.2. Methods for Estimating n, , , N0, and Nn 
 

Because Q should be preserved throughout the arterial system, Eq. (11) is as follows:  

 

.       (23) 

 

with N =2, r0 =100 m, and rn =10 m. Eq. (23) gives mean n as x (ln10)/(ln2), and mean n 

is estimated as 10.3 from x =3.1.  and  are also computed from estimated means n, r0 =100 

m, and rn =10 m with an estimated l0, ln, and constrained  from morphometric data in past 

reports. N0, and Nn are estimated with those results of , , and n by Eqs. (11), (16a), and 

(16b). We take n as the nearest integer of mean n in calculating Eq. (16b). West et al. reported 

 = = N 
-1/3

 from the fractal model analysis based on the space-filling principle [30]. Because 

N is equal to 2 in this model, it follows that =  =0.794. Our results of  and  in systemic 
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arteries were 0.80 and 0.83 (Figure 10B), which were in agreement with 0.794. Estimated N0 

and Nn were also in agreement with corresponding counterparts of canine morphometric data 

[36] as the best available substitution for direct comparison because no pertinent 

morphometric data in humans is available in literature (Table 2).  

 

Table 2. Comparison of our model-derived estimates in our control group for 

generation, order, and number of vessels with pertient morphometric data in the 

literature 

 
 Radius  

[m] 

Generation Order Number of vessels Reference 

Systemic      

Dog, 20 kg, whole arterial tree 75   1.1  105 [36]  

  4*   2.7  109*  

 Dog, mesenteric artery 96 

11 

(3) 

(6) 

(4ffi) 

(1ffi) 
6.1  102 

1.3  106 

[6], [27]  

 Our model, human, 15.7  
(5.4-66.6) kg 

100 0 11 4.0 (0.8-11.6)  104 [22] 

  10 10 1 4.9 (1.0-14.2)  107  

Pulmonary      

Human, 112  13 kg 110  15 0 6 2.85  105 [28] 

 10  1 5 1 5.12  107  

Human, 56-years-old Male 112 0 7 5.81  104 [56] 

 10.5 5 2 2.03  107  

Human, 32-years-old Female 112 0 7 5.23  104 [57] 

 10.5 5 2 1.27  107  

Cat, 3.9-5.9 kg 96 0 5 2.93  103 [55] 

 12 4 1 3.00  105  

Our model, human, 15.7 

 (5.4-66.6) kg 

100 0 (0§) 8 (5§) 3.6 (0.6-19.0)  105 [22] 

 10 7 (4§) 1 (1§) 5.5 (0.9-29.6)  107  

* represents data of capillary. ffi represents ‗rank‘ in original paper. The number of rank is not 

exactlycorresponding to order.§ represents the result in case of N =3.58 (Yen et al. 1984 [35]); N, 

the ratio of number of vessels in Eq. (10). The ‗order‘ is the rule of reversely numbering arteries 

from the most peripheral terminal arteriole backward to the most proximal artery [28, 55-57]. The 

number of vessels in our model is presented as median with range.  

 

 

3. Application of This Model to Normal Pulmonary 
Circulation 

 

The distribution ratio in transpulmonary pressure loss is reported to be 50:50 between the 

pulmonary arterial system and the region of pulmonary capillaries and veins [26, 37-40]. We 

assumed that the proximal pulmonary arteries (r >0.1 m) and the peripheral ones (r 0.1 

m) share the total pulmonary arterial pressure loss at a ratio of 1:6 (Figure 7A), respectively, 

both on the basis of the canine in vitro data directly measured by capillary micropuncture 

techniques [40] and on the analogy of the distribution in systemic arteries [2]. While the 

branching ratio N reported by morphometric studies in the pulmonary arterial tree varied from 

1.73 in 2-month lambs [17] to 3.58 in cats [35]; generally N in pulmonary artery has also been 

treated as equal to 2 in model analysis [3, 16]. So, N in this model is basically treated as 2 for 

simplicity in pulmonary arteries as well as systemic ones in this model (Figure 4B and 5). 
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Figure 10A presents the plot of lnQP vs. lnRP/BL in our control group. The regression slope A 

yielded x =2.2 which is in agreement with the data reported by past morphometric studies 

(Table 1).  and  in normal pulmonary circulation were estimated as 0.73 and 0.80, 

respectively. Our  was in agreement with the model analysis of Dawson et al. under N =2, 

where their  resulted in 0.77 [3]. Yen et al. reported that N, , and  were 3.58, 0.58, and 

0.55, respectively, in the cat‘s pulmonary arterial tree [35]. When N is assumed to be 3.58 in 

our model,  and  are given as 0.57 and 0.64, respectively, which are consistent with the 

results of Yen et al. Estimated values of n, N0, and Nn of our model in normal pulmonary 

circulation were compared with past morphometric data and was found to be in agreement 

with the given data (Table 2). We partially verified our supposed ratio of 1:6 with our own 

pressure gradient data at the first branching from the main pulmonary artery in our article 

[22]. But this ratio does not change the regression slope (A). So, basic parameters of x, , and 

 are not influenced by the ratio. 

 

 

Figure 10. lnQP vs. ln(RP/BL). A. Plot of controls. B. Plot of all subjects categorized to 7 groups 

including controls in terms of severity of pulmonary hypertension induced by left-to-right shunt. QP, RP, 

and BL stand for pulmonary blood flow [L/min], peripheral pulmonary arterial resistance 

[mmHg/L/min], and body length [m], respectively. PmPA and PLA indicate mean pressures of the main 

pulmonary artery and left atrium, respectively. QP/QS stands for the ratio of pulmonary vs. systemic 

blood flows; r, the correlation coefficient. The regression line was fitted by the least. Figure 10B was 

revised from the original article [22]. 

 

4. Application to the Pulmonary Circulation with 
L-R Shunts 

 

The pressure loss of pulmonary capillaries and veins in dogs with experimentally 

produced L-R shunts and secondary PH remains the same with controls [26]. On the basis of 

this report, we assumed that the peripheral pulmonary pressure loss shares the same ratio of 

1:6. Please refer to the details in our article for further explanation [22]. Figure 7A shows the 

supposed distribution of transpulmonary pressure loss for both controls and secondary 

pulmonary hypertension (PH) induced by L-R shunts.  
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Figure 11. A. The change of x in relation to P. B. Those of  and  in relation to P. The mean with  

one standard deviation is presented as the circle with horizontal outliers, respectively. Dashed curves 

represent the change of xP, P, or P to PP by fitting a logarithmic function with the least-square 

method. r represents the correlation coefficient. P means the peripheral arterial pressure drop; suffix P, 

pulmonary. Systemic P is estimated as 60% of mean aortic pressure, while pulmonary one as 60% of a 

half of transpulmonary pressure gradient, which is given by mean pulmonary arterial pressure minus 

mean left arterial one. Figure 11A was revised from the original article [22]. 

Figure 10B presents the plot of lnQP vs. lnRP/BL in controls and 6 groups into which we 

categorized patients according to the severity of PH due to L-R shunts. For details of patient 

categorization, refer to Figure 10B and our article [22]. Figure 10B shows the gradually 

decreasing slope of regression lines in relation to the severity of PH. The changes of slope 

resulted in the increasing of x from 2.2 to 3.0 (Figure 11A), which alsoended in n from 7 to 10 

(Figure 12A and B). Gholishi et al. (2007) reported a mean value of x to be 1.671 by 

morphometry in lambs with artificially placed L-R shunts in their fetal life. However, their 

results reflected the dimension of more proximal arteries than ours [17], while their Figure 2B 

clearly exhibited the increase of x coming up to 3.0 in the most peripheral pulmonary 

arteriolar region. Nichols and O‘Rourke described that cast technique involves errors that are 

difficult to allow for [2]. The high injection pressure of resin [17, 41], a linear shrinkage of at 

least 10 percent on setting [2], the non-physiological temperature of gelatin-barium 

suspension at 60C [17, 41], and high viscosity of resin (methlmethacrylate plastic) [17] 

might not be suitable for estimating the micro-structure at the pulmonary terminal arteriolar 

level [41]. Furthermore, as the actual in vivo measurement of hemodynamic data in peripheral 

pulmonary arteries under the voluntary respiration is unfeasible, which is also the case in in 

vitro ones under the artificial positive-pressure ventilation, the model analysis with in vivo 

hemodynamic data of routine catheterization under the voluntary respiration is important. 

Changes of estimated  and  in terms of the severity of PH were presented in Figure 

11B. These changes of n, , and  indicated slenderization and elongation of cumulative 

lengths of resistive arterial trees as well as altered radii and lengths of each generation (Figure 

12A and B). The change of the whole vessel number (NW-P) of peripheral pulmonary arteries 

(10 r 100 m) in relation to PH is presented in Figure 13, where NW-P was standardized 

with BSA. NW-P represents the total number of intra-acinar arteries of the lung [42].  
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A mean radius of 100 m shifted proximally by 3 generations in the severest PH group 

(Figure 12B). Because all patients recovered from PH immediately or at most several months 

after surgical operations, their PH proved reversible and could be accounted for by 

vasoconstriction [43-45] due only to transient medial hypertrophy [41, 46, 47]. 

 

 

Figure 12. The schematic illustration indicates vessel diameter and length of each generation of a unit 

resistive pulmonary arterial tree for either control (A) and the group with severest pulmonary 

hypertension (B) in our data for BL =1.2 m; BL, body length. 

The decrement of NW-P/BSA in accordance with the severity of PH (Figure 13) suggested 

hampered development of intra-acinar arteries due to L-R shunts. Analytic results with our 

model were as a whole in agreement with human pathological findings in patients with 

secondary PH due to L-R shunts [45, 46].  

 

 

Figure 13. Plot of NW-P/BSA vs. PmPA. NW-P stands for whole number of peripheral pulmonary resistive 

arteries which corresponds to that of intra-acinar arteries [42]; PmPA, mean pressure of main pulmonary 

artery [mmHg]. BSA, body surface area [m
2
]. Lines are exponential regression curves; r, correlation 

coefficient. 
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However, these pathophysiological changes producing PH are desirable in some respects 

with certain benefits. The vasoconstriction and suppressed development of intra-acinar 

arteries might play an important part in impeding further high flow, pulmonary edema, and 

capillary damages by restricting the increment of QP because pulmonary capillaries are 

crucial and delicate regions in the lung for exchanging gases. Furthermore, these adjustments 

to PH in peripheral pulmonary arteries lead to a decreasing of the preload of the left ventricle, 

which is the most important pump for the living body. The systemic circulation must remain 

stable in spite of increased pressure load to the right ventricle and peripheral pulmonary 

arteries. It is needless to say that the long-term pressure load to peripheral pulmonary arteries 

causes irreversible lesions of intimal thickening [46, 48-50], thrombosis, and vasculitis [26, 

46, 50-52], which hamper the actual long-term prognosis of life. But without these 

adjustments of pulmonary resistive arteries, the short-term survival would be jeopardized 

because of lethal pulmonary edema and severe congestive heart failure.  

 

 

Conclusion 
 

We developed a new mathematical model to translate blood flow and radius in a single 

vessel to whole blood flow and total peripheral arterial resistance in the whole arterial system 

based on fundamental hydrodynamic laws and multifractal theory. This model was applicable 

to peripheral resistive arteries in both systemic and pulmonary circulation as a method for 

determining the fractal dimension, related fractal parameters, and number of the vessels.  

This model is designed on the basis of the hypothesis that the mean length of the vessel is 

proportional to its body length. The hypothesis cannot be easily verified with our data alone 

or past morphometric data in pertinent literature at this time. Nevertheless, our design and 

central concept of the model is at least indirectly supported by the result of x =3 in peripheral 

systemic arteries because the validity of Murray‘s law (x =3) is established in the same 

region. Furthermore, our hypothesis is indirectly supported by the results of fractal parameters 

and the number of vessels in accordance with past model analysises and morphometric data in 

both systemic and normal pulmonary arteries. We also found this model has more 

applicability to the structural and quantitative estimation of peripheral arteries under the 

pathophysiological circulation. Our model was applied to the analysis of the 

pathophysiological changes of peripheral pulmonary arteries under the condition of secondary 

hypertension due to enhanced pulmonary blood flow. Results from our model analysis were 

in agreement with reported pathological findings in L-R shunts and PH, namely, the 

hampered development of intra-acinar arteries and vasoconstriction. Our model accounted for 

functional, structural, and quantitative findings reported by past clinical pathophysiology 

research. 

The model analysis with clinical data is important and effective as a method for 

quantitatively estimating such structural parameters to define the most peripheral arterial 

region, which is difficult to accomplish in vivo. We hope that this model might shed more 

light on the pathophysiology of human circulation from a theoretical standpoint. 
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