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ABSTRACT 
 

In the context of both the Newtonian theory and the theory of General Relativity, we 
have examined the exact conditions, under which, in the interior of a gravitating perfect-
fluid source, the geodesic motions and the isentropic hydrodynamic flows are 
dynamically equivalent to each other. Dynamical equivalence rests on the functional 
similarity between the corresponding, covariantly expressed differential equations of 
motion. As we have found, such a similarity can be revealed by a conformal 

transformation between the metric tensor of the original fluid and the corresponding 
quantity of the (so-called) virtual fluid, in which the hydrodynamic flows are formally the 
same as the geodesic motions. In this case, the conformal factor involved, is, essentially, 
the specific enthalpy of the original fluid. The underlying idea, that led us to explore a 
possible equivalence between geodesic motions and hydrodynamic flows, is based on our 
belief that, in determining the equations of motion in the interior of an astrophysical- 
or/and cosmological-fluid source, all the internal physical characteristics (internal 
motions, pressure, etc.) of this fluid should be taken into account as sources of the 
gravitational field (hydrodynamic approach) and not just its mass-energy content 
(geodesic approach). As we shall demonstrate, almost every astrophysical or/and 
cosmological system, which, so far, was treated as a system of particles receding from 
each other, within the context of the hydrodynamic approach acquires a more appropriate 
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(and physical) interpretation. The functional expressions, determining the evolution of the 
various physical quantities in the original and the virtual fluid (i.e., the components of 
their energy–momentum tensor), can be related to each other through the functionally-

invariant field equations, thus guarantying that the transition from the one kind of 
treatment to the other is performed covariantly.  

There is a wide variety of astrophysical or/and cosmological issues, that can be 
treated (and resolved) within the context of conformal dynamical equivalence (CDE), 
which extends from the solar system to the central regions of galaxies, the clusters of 
galaxies, and the Universe as a whole. In particular: In the Newtonian limit, the extra 
contribution to the original mass-energy density results in an extra inertial-energy density 
and hence in an extra mass, both of which are always non-vanishing. By virtue of 
Newton‘s law, this extra mass will give rise to an extra force and, hence, to an extra 
acceleration, as well. In this framework, the celebrated Pioneer-Anomaly Effect, i.e., an 
unexpected small acceleration of the homonymous space-probe towards the Sun, acquires 
a quite acceptable classical explanation. On larger scales, but still in the Newtonian 
approximation, the flat rotational curves of the disk galaxies can also be explained 
naturally, based on the (conformally implemented) functional similarity between the 
equations of the ballistic motions and the generalized Euler flows. Furthermore, it is 
shown that, in the determination of masses in the central regions of the active galactic 
nuclei (AGNs), the observationally-determined nuclear mass is being underestimated 

with respect to the real physical quantity. On evaluating the corresponding mass deficit, 
we have found that, in typical cases of AGNs, it is not always negligible as compared to 
the mass of the central dark object, and, in fact, it can be comparable to the total rest-
mass of the circumnuclear gas involved.  

In the general-relativistic regime, under the assumption that the dark matter (DM) 
can be collisional, application of the CDE technique to cosmological scales could provide 
a reasonable and conventional explanation for several open aspects of modern 
cosmology, including: (i) The extra (dark) energy needed to flatten the Universe: It can 
be compensated by the energy of the internal motions of a collisional-DM fluid. (ii) The 
observed dimming of the supernovae (SNe) Ia standard candles and the apparent 
accelerated expansion of the Universe: Both of them can be due to the misinterpretation 
of several cosmologically-relevant parameters by those observers who, although living in 
a collisional-DM (hydrodynamic) Universe, rather, insist on adopting the collisionless-
DM (geodesic) approach. In concluding, the CDE technique appears to be a valuable tool, 
which enables us to take into account all the (so far) neglected degrees of freedom 
(hydrodynamic flows, pressure, energy of the internal motions, etc.). As we shall 
demonstrate, these internal physical characteristics of a fluid source can reveal their 
influence on several parameters of astrophysical and/or cosmological significance and, 
therefore, help us to arrive at consistent (alternative) solutions to several unresolved 
issues of contemporary Astrophysics and Cosmology. 
 
 

1. INTRODUCTION AND MOTIVATION 
 
The concept of fluid is a highly successful model, used to describe the dynamics of 

many-particle systems. It takes as input basic physics from microscopic scales and yields, as 
output, predictions for macroscopic motion. By inverting this process, understanding the bulk 
features of a system, may lead to insights into the physics of its microscopic scale (Anderson 
and Comer 2006). In modern Astrophysics, fluid dynamics is essential in at least three 
contexts: (i) Jets, emerging at relativistic speeds from AGNs and micro-quasars, and, 
certainly, from the gamma-ray bursts central engines, (ii) flows around compact stars and 
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black holes, and (iii) cosmology itself (Gourgoulhon 2006). Notice that, in the former case, 
Special Relativity is sufficient, whereas as far as items (ii) and (iii) are concerned, the exact 
(full) theory of General Relativity (GR) is necessary. For relativistic physics, in particular, 
many-particle systems are the best sources of detectable effects associated with Einstein‘s 

Theory of Gravitation. Two obvious examples, the expansion of the Universe and oscillations 
of neutron stars, indicate the vast range of scales on which relativistic fluid models are 
relevant. However, there are many other astrophysical and/or cosmological processes 
suggesting that a more ―global‖ implementation of relativistic fluid dynamics might be 
appropriate and, in some cases, necessary (see, e.g., Spyrou 1999). 

For example, it is generally believed that, active galaxies are powered by the presence of 
central, massive black holes (Blandford and Rees 1992; Holt et al. 1992; Antonucci 1993; 
Urry and Padovani 1995). Moreover, black holes are expected to be present at the centers of 
many quiescent galaxies as well (Chokshi and Turner 1992). However, direct dynamical 
evidence for the presence of black holes in the central regions of individual galaxies is scarce. 
Stellar kinematical studies have provided tentative evidence for black holes only in a handful 
of nearby galaxies, because of difficulties in spatial resolution and the lack of knowledge on 
the exact shape of the stellar orbits (Kormendy and Richstone 1995; Ho 1998). Based on 
stellar dynamics, the mass concentrations in the central regions of these galaxies are 
determined through Doppler-shift measurements involving Keplerian motions. Accordingly, 

the velocity dispersion ( )r
 of various sources of radiation, located at a distance r  from the 

centre, is usually assumed to follow the standard equation for planar, equatorial, circular 
geodesic motion (see, e.g., Quinlan et al. 1995) 

 
2 ( )
( )  ,

m r
r G

r
 

        (1.1) 
 

where ( )m r  is the corresponding distribution of mass inside the radius r  and G  is Newton‘s 

universal constant of gravitation. In fact, it was this law that led Sargent et al. (1978) to 
estimate the mass of the central black hole in M 87, to be of the order of 5 × 109 M


, where 

M


 denotes the solar mass. 
On the other hand, there are many observational data indicating that, in most of the 

AGNs, there exist gas clouds surrounding the central dark object and the associated accretion 
disc, on a variety of scales from a tenth of a parsec (pc) to a few hundred parsecs (see, e.g., 
Holt et al. 1992; Urry and Padovani 1995). These clouds are assumed to form a geometrically 
and optically thick torus (or warped disc), which absorbs much optical, ultraviolet (UV) 
radiation and soft x-rays (Rees 1995). Since 1993, many indications have appeared in favor of 
the above idea, e.g., by Hubble space telescope imaging of gas and dust in NGC 4261 (Jaffe 
et al. 1993), by the mapping of the thermal molecular CO emission in Centaurus A (Rydbeck 
et al. 1993), or by the HCN- tracer in NGC 1068 (Tacconi et al. 1994) and M 51 (Kohno et 

al. 1996). This circumnuclear gas seems to exist in either the molecular or the atomic phase, 
the latter being due to hard x-ray sources in the centers of most radio-loud AGNs (Maloney et 

al. 1994). In fact, one of the most dramatic evidence for the existence of super-massive black 
holes in the central region of the AGNs comes from the very-long-baseline interferometry 
(VLBI) imaging of molecular H2O masers in the active galaxy NGC 4258 (Greenhill et al. 
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1995; Miyoshi et al. 1995). This imaging, produced by Doppler-shift measurements assuming 
Keplerian motion of the masering source, has allowed for an estimate of the corresponding 
nuclear-galactic mass, which has been found to be a 3.6×107 M


 dark object, within 0.13 pc. 

Further observational studies of masering sources in elliptical galaxies (Hagiwara et al. 2000, 
2001, 2002; Tarchi et al. 2002) suggested that the masses (~108 –109 M


) of the 

corresponding central dark objects are only a few percent of the molecular-gas (mass) 
concentrated within the sub-kiloparsec region.  

Clearly, the observational data relevant to the central dark objects in the AGNs, come 
primarily from the motions of gas streams rather than stars. The gas is also subject to non-
gravitational forces and may not follow ballistic trajectories. Indeed, it has been found 
(Greenhill and Gwinn 1997) that the rotation curve of the active galaxy NGC 1068 (in which 
maser emission has also been detected) is sub-Keplerian, suggesting that a non-gravitational 
component is also present in the maser emission; hence, there is some inherent ambiguity. In 
fact, the determination of the central nuclear masses in the AGNs is based on the Doppler-
shifted radiation received, not from something like a test-particle star, but from extended 

masering-fluid sources. These sources move in the gravitational field of a (more or less) 
continuous gravitating source, such as the circumnuclear gas and the accretion disc (beyond 
the central object‘s gravitational field), and from a dynamical point of view, the assumption 

that the motion of the masering source is Keplerian (or, in general, geodesic), seems to be 
inaccurate. In this case, a fluid volume element would be a more realistic constituent of the 
central-galactic region and, hence, its use in a continuous medium should be physically 
preferable than that of a theoretical, ideal test particle (Spyrou 1997a–c). 

On even larger (cosmological) scales, the galaxies are the basic (visible) constituents of 
the observable Universe. Today, we assume that they follow the Weyl postulate, suggesting 

that their world-lines form a bundle of non-intersecting geodesics, .ix const  ( 1,2,3)i  , 

orthogonal to a series of spacelike hypersurfaces, 
0 .x const  (see, e.g., Narlikar 1983, p. 91). 

By virtue of this (simplifying) assumption, the typical four-velocity vector of a galaxy (at the 

present epoch) is 0 (1,0,0,0)u  , where Greek indices refer to the four-dimensional spacetime 
(in connection Latin indices refer to the three-dimensional spatial slices). In the smooth-fluid 

approximation, the velocity field 0u

 represents an orderly motion with no pressure, i.e., 

today, 0 0p  . Hence, a geodesic fluid (the one that satisfies the Weyl postulate) necessarily 
behaves like dust (for which there are no relative - internal - motions) and its energy density 

at the present epoch is given by 
2

0 0c  , where 0  is the corresponding rest-mass density 
of the fluid‘s constituents and c  is the velocity of light. 

Nevertheless, in practice, the galaxies do not follow the Weyl postulate strictly, and their 

velocity-vectors depart from 0u

. Such velocity departures are measurable for galaxies in 
clusters (see, e.g., Peacock 1999, p. 548). They are of the order 310  / skm , leading to a 

non-zero value of 0p ,  
 

2

5

0 0 010  ,p
c


  

  
 

       (1.2) 
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which justifies ignoring the pressure, as compared to 0 , at the present epoch. But what about 
the past? To answer this question, we need to investigate how the small random motions of 
galaxies evolve in an expanding Universe.  

We express the four-velocity of a galaxy as 
1 2 3(1, , , )

dx
u u u u

ds


    

, where s  is the 

affine parameter and 1iu . To the first order in 
iu , u

 satisfies both the condition 
1u u    and the geodesic equation  

 

0,
du

u u
ds


  

 
       (1.3) 

 

where 


  are the Christoffel symbols. Accordingly, the Weyl postulate is still valid. In order 

to study the evolution of 
iu  in a particular cosmological model, in Eqs. (1.3) we substitute 

the Christoffel symbols for the metric tensor of the Robertson - Walker (RW) line element 
 

2
2 2 2 2 2 2 2 2

2
( ) ( sin ) ,

1

dr
ds c dt S t r d d

kr
  

 
    

      (1.4) 
 

where ( )S t  is the dimensionless scale factor and k  is the extrinsic-curvature parameter, 

discriminating between closed ( 1)k   , open ( 1)k   , and flat ( 0)k   spatial sections. 
Accordingly, we obtain  

 
2( ) .iu S t const          (1.5) 

 

However, 
iu  measures the random velocities in comoving coordinates; proper random 

(peculiar) velocities change with ( )S t  as  
 

1
( )

( )

i i
iS t u

c c S t

 
         (1.6) 

 
(see, e.g., Peacock 1999, p. 462, while, for another, more physical interpretation see 

Padmanabhan 1993, p. 133.). According to Eq. (1.6), the ratio c



 was definitely larger in the 
past and, therefore, so was p . For example, at the epoch when the oldest globular cluster-
like objects were formed (according to Peebles (1984), this process took place at a 

cosmological redshift 50z  , when 
2

02 10S S  , where 0S  is the value of S  at the 
present epoch), the pressure already accounted for a few per cent of the corresponding total-
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energy density. Clearly, earlier than that epoch, p  would no longer be negligible as 
compared to the total- energy density. 

At those epochs, the motions of galaxies were quite turbulent, not to mention that one 
should ask whether these structures actually existed as single units (in fact, according to the 
current knowledge, see, e.g., Peebles 1993, pp. 611 - 614, their formation took place much 
later, at cosmological redshifts 20 30z  ), so that, the simple cosmological framework (of 
particles receding from one another) breaks down, as does the dust-approximation itself. At 
such epochs, we cannot help but wondering whether the basic constituents of the Universe 

really moved along geodesics. Clearly, a more appropriate description of their motion is 
needed and, as such, it could be the hydrodynamical flows of the volume elements in a 
continuous, perfect-fluid source (see, e.g., Dominguez 2000; Knebe et al. 2006).  

So, once again, the question arises as to, whether or not the hydrodynamical flow of a 
fluid volume element in a continuous gravitating source can be interpreted as the motion of a 
test particle (namely the geodesic motion) in the same source. Motivated by the above 
considerations, in this review, we examine the conditions, under which the general-relativistic 
hydrodynamic flows in the interior of a self-gravitating perfect-fluid source may become 
dynamically equivalent to the general-relativistic geodesic motions in this source. It is clear 
that, generally, in the interior of a continuous perfect-fluid source the hydrodynamic flow 
differs from the geodesic motion. In this case, dynamical equivalence rests on the functional 

similarity between the corresponding (covariantly expressed) differential equations of motion 
(Kleidis and Spyrou 2000). Accordingly, the spaces of the solutions of these equations are 
isomorphic. In other words, given a solution to a problem of hydrodynamic flow in a 
gravitating perfect fluid, one can always construct a solution formally equivalent to the 
problem of geodesic motion of a fluid volume element and vice versa. The problem attacked 
is kept as general as possible, being solved within the context of the exact theory of GR. 
Therefore, the corresponding results could be useful in many astrophysical situations and not 
just in the context of relativistic galactic dynamics and/or cosmology. As regards the notation 
used, in what follows, we consider that the signature of the metric tensor is −2 and the 
Riemann tensor and its contractions are defined in the standard way (see, e.g., Misner et al. 

1973). 
 
 

2. GEODESIC MOTIONS VERSUS HYDRODYNAMIC FLOWS 
 

2.1. In Newtonian Gravity Theory 
 
In Newton‘s Theory of Gravitation, the equations of motion of a test particle in the 

interior of a self-gravitating fluid source (geodesic motion) are given by  
 

,
d

U
dt


          (2.1) 

 

where the Newtonian gravitational potential U  obeys the Poisson‘s equation 
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2 4 ,U G            (2.2) 
 

with   being the rest-mass density of the source. On the other hand, the Euler equations for 
the hydrodynamical-flow motion of a fluid volume element in the interior of the same source, 
are written in the form 

 
1

 ,
d

U p
dt




   

        (2.3) 
 

being supplemented by the continuity equation 

 

( ) 0.
t





 

         (2.4) 
 
Notice that, Eq. (2.4), as an expression of the conservation of the fluid‘s total mass, 

guarantees also the assumed constancy of the test-particle mass. At a first glance, it appears 
that these two kinds of motion differ from each other only because of the pressure gradient in 
Eq. (2.3). However, there is also another, more essential difference: The basic matter 
constituents of a fluid, i.e., the volume elements, possess also some sort of internal structure, 
and, hence, thermodynamical content as well. In this case, the total-energy density,  , is no 

longer given by 
2c  alone, but (in the absence of shear, viscosity and heat conductivity), is 

decomposed as follows (see, e.g., Fock 1959, pp. 81-83) 
 

2 ,c             (2.5)  
 

where   is the potential energy per unit rest-mass, associated to the infinitesimal 
deformations (expansions or/and compressions) of the fluid. Upon consideration of adiabatic 

processes,   coincides with the thermodynamic energy of this fluid’s internal motions (per 
unit rest-mass), thus defining   as the corresponding energy density, associated with its 
thermodynamical content. 

Assuming that the various motions along the fluid‘s flow lines are adiabatic, i.e., the net 

change, dQ , of the thermal content of a fluid‘s volume element, defined through the first law 

of thermodynamics 

 
1

,dQ d pd


 
    

          (2.6) 
 

is always zero, 
 

, 0,
dQ

Q u
dt



 
        (2.7) 
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we obtain 
 

1 1
0.p p

t t


 

     
          

      
     (2.8) 

 

For dQ  to be identically zero, Eq. (2.8) should be viewed as an identity for every value 

of the three velocity,  , of the volume element, so that the following two equations  
 

1
0p



 
    

 

,        (2.9a) 

 
1

0p
t t 

  
  

            (2.9b) 
 

suffice to hold simultaneously. For a time-independent source, by virtue of Eq. (2.9a), the 
Euler equations of motion (2.3) can be written in the form 

 

,
d

V
dt


           (2.10) 

 

where the generalized (scalar) potential V  is defined as  
 













p
UV

.        (2.11) 
 
Eqs. (2.10) are of the same functional form as the geodesic equations of motion (2.1), 

namely, the acceleration three-vector is equal to the gradient of a scalar potential. Therefore, 
the adiabatic perfect-fluid hydrodynamical flows are dynamically equivalent to the geodesic 

motions in the generalized potential .V  Interestingly enough, in this case, both p  and  , 
beyond ,  appear as sources of the geodesic-like motion, in contrast to Eq. (2.2), in which 

only   (through U ) produces ballistic trajectories. 

Now a question arises, as to what the rest-mass density ,V  producing the potential ,V  

might be. In view of the geodesic equations (2.1) and (2.2), V  can be defined through a 
Poisson-type field equation, as 

 
2 4  .vV G            (2.12) 

The generalized field equation (2.12), and, hence, the introduction of V , is a natural 
consequence of the generalized equations of motion (2.10). In contrast to this, the standard 
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Poisson equation (2.2), is not a consequence of the Euler equations (2.3), but, independently 
of the latter, it, simply supplements them. 

With the aid of Eq. (2.11), along with Eqs. (2.2) and (2.9a), it is straightforward to prove, 

that V  can be decomposed to 
 

v  ,i            (2.13) 
 

where the quantity 
 

21 1 1
 

4 4
i

p
p

G G


   

    
          

         (2.14) 
 

represents the (so-called) internal-mass density, so that Eq. (2.12) is written in the form 
 

2 4 ( )iV G             (2.15) 
 

In a similar fashion, one may define the mass Vm , i.e., the mass term corresponding to 
,V  which produces the generalized potential .V  Accordingly,  
 

3

v v  ,
v

m d x 
         (2.16) 

 
where v  is the three-dimensional volume of the self-gravitating fluid source. In view of Eqs. 
(2.13) and (2.16)  

 

v ,im m m          (2.17) 
 

namely, the mass Vm  differs from the actual mass of the source 
 

3

v

m d x 
        (2.18) 

 
by the amount of the (so-called) internal mass 

 
3

i i

v

m d x 
        (2.19) 

In other words, the extra ingredient i , stemming from the source‘s internal physical 

characteristics, gives rise to an extra-mass term, which is independent of the actual mass of 
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the source. For an observer, who misinterprets the hydrodynamic flows in the interior of a 
self-gravitating fluid source as geodesic (Keplerian) motions, this extra-mass term is also 

included in the observationally-determined mass of the system under consideration, i.e., Vm . 
Hence, in several cases of astrophysical interest, the various observationally-determined 

masses ( ),Vm  might be either overestimated or underestimated with respect to the real, 
physical quantity, .m   

 
 

2.2. In General Relativity Theory 
 
The ballistic motion of a test particle in the gravitational field of a bounded, self-

gravitating perfect-fluid source takes place along geodesic trajectories, on which the tangent 
vector of the four-velocity obeys the standard geodesic equation (1.3). On the other hand, the 
hydrodynamic-flow motions of the volume elements in the interior of the same source are 
governed by the equations 

 

     ; 0,T 

           (2.20) 
 

where a semicolon denotes the covariant derivative of the energy-momentum tensor, T


, of 

the gravitating source. In the particular case of the perfect fluid, T 
 takes on the standard 

form 
 

( ) ,T p u u pg            (2.21) 
 

where g

 are the contravariant components of the metric tensor involved, while   and p  
are, respectively, the total-energy density and the isotropic pressure of the fluid. Both these 
quantities (namely,   and p ) are considered to transform like scalars under coordinate 
mappings (Anderson 1967). Once again,   is decomposed as in Eq. (2.5), where, in this case, 

2 0c   is the part of   that remains unaffected by the internal motions of the fluid, i.e., the 
rest-mass energy density of the total number of baryons included in the volume element. 
Provided that 0p   , i.e., the total-enthalpy density of the fluid element is positive, the 
combination of Eqs. (2.20) and (2.21) yields 

 

 ; ,

1
,u u p u u

p

  

    


 
       (2.22) 

 

where a comma denotes a usual partial derivative and 


  is the Kronecker symbol. The 
equations given in Eq. (2.22) can be cast in the more convenient form 
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,

1
h p  ,

du
u u

ds p


   

 


 
       (2.23) 

 

where h g u u      is the projection tensor, obviously satisfying 0h u

  . From Eq. 
(2.23), it becomes evident that the hydrodynamic flows can be completely (not just 
dynamically) equivalent to geodesic motions, provided that the pressure gradient on the three-

surface normal to u

 (which appears in the right-hand side of Eq. (2.23)) is zero. This 
quantity measures the response of a particle to non-gravitational fields and, therefore, it is 
responsible for all deviations of flow lines from geodesics (see, e.g., Taub 1959; Misner et al. 

1973; Ryan and Shepley 1975).  
By definition, dynamical equivalence between geodesic motions and hydrodynamic flows 

rests on the functional similarity between Eqs. (1.3) and (2.23). In this case, the spaces of 
solutions of these two equations are isomorphic. In other words, given a solution to a problem 
of hydrodynamic flow in a perfect fluid, one can always construct a solution formally 

equivalent to the problem of geodesic motion of a fluid volume element and vice versa. If we 
manage to establish dynamical equivalence between Eqs. (1.3) and (2.23), then we will be 
able to extrapolate every result obtained on the basis of geodesic motions, to the more 
realistic context of general-relativistic fluid hydrodynamics. A direct application may concern 
observational data from many relativistic astrophysical (or cosmological) systems, such as the 
central cores of the AGNs (see, e.g., Rees 1995) or the existence and the nature of dark 
energy (Caldwell et al. 1998), etc. Dynamical equivalence between Eqs. (1.3) and (2.23) may 
be performed in two ways:  

 
 By eliminating the right-hand side of Eq. (2.23). A direct way to do so is to assume 

isobaric motions, i.e., .( 0)p const  . However, in general, isobaricity is not always 
a physically necessary (or acceptable) condition.  

 By transferring the problem to a virtual self-gravitating fluid, the metric of which is 

conformal to
g . In terms of this fluid, Eq. (2.23) will be subsequently written in 

the form of Eq. (1.3), thus giving a well-defined physical content and a precise 
physical interpretation to the (so far purely geometric) notion of conformal 

transformation.  
 
The latter, is a very delicate method of obtaining dynamically equivalent descriptions in 

any gravitational field theory and not just GR (see, e.g., Synge 1937; Lichnerowicz 1967, pp. 
24-29 and 54-61; Spyrou 1976; Carter 1979; Whitt 1984; Cotsakis 1993; Kleidis and Spyrou 
2000; Spyrou 2001). A conformal transformation (Penrose 1964; Hawking and Ellis 1973) 
shrinks or stretches the entire manifold, introducing a change in the scale of all lengths and 
time, which can be different for the various world points, but is the same for all spatial 
directions and time at a given point. A conformal transformation of a metric is usually 
described by  

2 ( )  ,g x g

  
       (2.24) 
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for some continuous, non-vanishing, finite, real function ( )x . Accordingly, in what 
follows, we assume that there exists a virtual self-gravitating fluid, producing the new metric 

tensor 
g , in terms of which we may write Eq. (2.23) in the form of Eq. (1.3), namely, 

 

0,
du

u u
ds


  

 
        (2.25) 

 
where tilde variables are used to denote both the geometrical and the physical quantities 
characterizing the virtual fluid. 

 
 

3. CONFORMAL DYNAMICAL EQUIVALENCE 
 

3.1. Conformal Transformations 
 
Next, we shall try to determine the relation between these two fluids, the original and the 

virtual one. To begin with, we note that, when the transformation given by Eq. (2.24) is 
applied, the following relations hold (Hawking and Ellis 1973) 

 
1

 ,       ,u u u u 

  
       (3.1a) 

 

 , , ,

1
,g g    

                
     (3.1b) 

 

2

1 1 1
.

du du
u u

ds ds x

 
 



  
   
          (3.1c) 

 
Upon consideration of Eqs. (3.1), the geodesic equation in the virtual fluid, Eq. (2.25), 

can be decomposed in terms of the original metric tensor, 
g , as follows 

 

 h ln  ,
du

u u
ds x


   

 


  

      (3.2) 
 
Now, in view of Eqs. (2.23) and (3.2), dynamical equivalence between the two kinds of 

motion under consideration can be achieved, provided that 

 
1

h ln h p .
x p x

 

 

 
 

        (3.3) 
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From the corresponding integrability conditions, it can be verified that it is impossible to 
solve Eq. (3.3), in order to determine the functional form of  , if no further assumptions are 
imposed. Nevertheless, there exists a quite general physical condition, which may help us to 
reach some (at least) particular solutions. It is the equilibrium hydrodynamics hypothesis, i.e., 

the constancy of entropy, S , along the original fluid‘s flow lines (Taub 1959; Misner et al. 

1973) 
 

, 0.dS S u

 
        (3.4) 

 

In fact, in relativistic astrophysics and cosmology, we usually assume S  to be a group 

invariant (constant in space) and, therefore, .S const  (Anderson 1967; Ryan and Shepley 
1975). Hence, in what follows we consider that the flow motion is isentropic.  

Adiabaticity of the hydrodynamical motions could be physically necessary, because, 
then, both the matter content (the number of baryons) of a finite-volume element of a perfect 
fluid and its thermodynamical content remain constant during its motion (Chandrasekhar 
1969), properties which are in complete conformity with the assumption usually made for a 
typical isolated physical system. In this case, in the general-relativistic analogue of the first 

law of thermodynamics with respect to the original fluid, we put 0dS dQ  . As far as a 
perfect-fluid source is concerned, this law is written in the form 

 

,

,

1
0,p




 
   

          (3.5) 
 

from which, upon consideration of Eq. (2.5), we obtain 
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, 2

,
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p

p c
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         (3.6) 
 
This is a consequence of a barotropic equation of state, which comes from the constancy 

of the entropy, implying that the pressure, ,p  is a function only of the total–energy density, 
  (Ryan and Shepley 1975). Inserting Eq. (3.6) into Eq. (3.3), we obtain 
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          (3.7) 
 
In Eq. (3.7) we perform the substitution 
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2
( ) .xp
x e

c

 




 

       (3.8) 
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By virtue of Eq. (3.8), the metric tensor of the virtual fluid, 
g , in terms of the 

corresponding original quantity, 
g , is written in the form 

2 ( )

2
 ,xp

g e g
c



 





 
  
        (3.9) 

 

where the dimensionless scalar function, ( ),x  satisfies the compatibility condition 
 

, 0h

 
        (3.10) 

 
or, equivalently, 

 

, .
d

g u
ds

 




 

         (3.11) 
 
In view of Eq. (3.11), two different cases are distinguished: 
 

 
0.

d

ds




 In this case, the velocity field, u

, is proportional to a gradient and, as 
can be readily verified, the motion of the fluid in three dimensions is irrotational. 

 
This rather restrictive argument is in contrast to what is expected in real astrophysical 

situations. For example, VLBI imaging of water masers in NGC 4258 has provided firm 
evidence for a rotating molecular gas in the corresponding central region (Greenhill et al. 

1995; Miyoshi et al. 1995). Accordingly, on observational grounds, this case can be ruled out.  
 

 
0

d

ds




 and, hence, ( ) . .x const C    In this case, Eq. (3.9) relates the physical 

metric tensor 
g , due to the gravitational field in the interior of a real perfect-fluid 

source (in which the motions follow the laws of relativistic hydrodynamics), to the 

corresponding metric, 
g , of a virtual fluid (in which the original hydrodynamic 

motions behave as geodesic). According to Eq. (3.9), the functional form of the 
metric tensor attributed to the new gravitational source includes the specific enthalpy, 

,
p





 of the original fluid.  
 
The family of conformal transformations (2.24) (or (3.9)) represents an algebraic group 

over the space of the Riemannian metrics. In this case, it is evident that the corresponding 
operation among the various group elements is the standard multiplication between the real, 

finite, nonzero, scalar functions ( )x . There exists an identity element  1 ,   as well as an 
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inverse one  1 , such that 
1 1   . As regards the identity element, it represents the 

degenerate case, in which the associated metric tensors (the real metric and the virtual one) 

are identical, g g  . In our problem, this case corresponds to the isobaric flow of the 

original fluid, i.e., 0 .p p const   (cf. Eq. (2.23)), for which, the first law of 
thermodynamics results in 

 
0 .

p
const


  

        (3.12) 
 

and, hence, the identity transformation suggests that 
 

0

2

1
ln 1 .

p
C
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         (3.13) 
 
Therefore, if the adiabatic flow of a finite-volume element in the interior of a bounded, 

self-gravitating perfect fluid is (in addition) isobaric, then the corresponding metric tensor is 
conformally invariant under the group of transformations (3.9), and the hydrodynamic flows 
are completely equivalent to geodesic motions. 

In what follows, we shall conform to the second case above and, moreover, we shall 

ignore the constant factor 
2 ,Ce  arising in the formula for   through Eqs. (3.9) and (3.10). 

Such a normalization can be performed through a redefinition of the proper length in the 

original metric, as .Cs se    In conclusion, an appropriate conformal transformation, 
which guarantees the dynamical equivalence between hydrodynamic flows and geodesic 
motions in a gravitating perfect fluid, is given by 

 

2 2

1
 = 1+ g .

p p
g g

c c
  



 

    
      
          (3.14) 

 
This transformation is valid, provided that the original gravitational field is described by 

a (pseudo)Riemannian metric tensor, satisfying Einstein‘s equations for an energy–

momentum tensor of the perfect-fluid type, the elements of which perform isentropic 
hydrodynamic flows. 

 
 

3.2. Reduction to the Newtonian Limit 
 

In many cases of particular astrophysical interest, the corresponding weak-field limit 

results seem to be more appropriate. For example, it has been demonstrated (Spyrou and 
Varvoglis 1982) that, in the context of relativistic galactic dynamics and astrophysics, the use 
of the first post-Newtonian approximation is more than enough in most cases. In fact, for 
astrophysically-interesting sources with non-negligible relativistic characteristics (such as, for 



Nikolaos K. Spyrou and Kostas Kleidis 128 

example, the nuclei of the giant elliptical galaxies) the small post-Newtonian expansion 

parameter (for the solar system being 
610 ) is still very small (

310 1 ). Accordingly, 
we will examine how the above results, obtained within the context of the exact GR, may 
affect the corresponding Newtonian limit. In this limit, as regards the metric tensor of the 
original gravitating perfect fluid, we have (Schiff 1960; Chandrasekhar 1965) 
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U
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c
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0 3ig O          (3.15b) 
 

2ij ijg O           (3.15c) 
 

where the symbol nO  denotes terms of order n  in the small parameter 
1

e

c  defined as 
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         (3.16) 
 
In view of Eq. (3.14), the components of the metric tensor attributed to the virtual fluid, 

in the Newtonian limit, may be written in terms of the corresponding components of the 
original one (3.15), as follows 
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     (3.17) 

 

From Eq. (3.17), it becomes evident that, 00g  is formally equivalent to 00g , provided 

that U  is replaced by the virtual gravitational potential 
,

p
V U



 
    

   i.e., the (so-called) 
generalized gravitational potential, which first appeared in Eq. (2.11). In the same fashion, we 
obtain 
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and 
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2ij O   ijg
        (3.19) 

 
The set of Eqs. (3.17) – (3.19) represents the appropriate weak-field limit of the 

transformation (3.14), relating the conformal metrics of the real and the virtual fluid, in those 
cases where Newton‘s theory of gravity is more appropriate than GR itself. 

 
 

3.3. The “Virtual” Energy-Momentum Tensor 
 
Clearly, an observer, who misinterprets the hydrodynamic flows in the interior of a self-

gravitating perfect-fluid source as geodesic motions (i.e., someone who works in terms of the 
virtual fluid), as far as the dynamical description of gravity is concerned, insists on using the 
Einstein field equations. In this case, if the field equations are to remain formally invariant, 
the conformal transformation (3.14) would affect both the geometry and the physical 
quantities relevant to the matter content of the gravitating source (the energy-momentum 

tensor of the perfect fluid). To demonstrate how this is possible, we consider that 
g  is a 

solution of the conformal Einstein equations (Kleidis and Spyrou 2000, 2001) 
 

1
 ,

2
R g R T    

       (3.20) 
 

where 
R  is the Ricci tensor arising from the virtual fluid, R  is the corresponding scalar 

curvature, and 4

8
.

G

c


 

 By virtue of Eq. (3.20), it is evident that the corresponding conformal 

energy-momentum tensor satisfies the conservation law      ; 0T 

  , where, now, the covariant 

derivative ( ; ) is taken with respect to the conformal metric, 
g . In this case, we may 

deduce the exact form of the energy-momentum tensor, responsible for the gravitational field 
of the virtual fluid, in terms of the corresponding tensor of the original source. 

In a four-dimensional spacetime of signature −2, the influence of the conformal 
transformation (2.24) on the dynamical quantities describing the gravitational field (the 

Riemann tensor, 
R , and its contractions, 

R g R

 
 and R g R

 ) is (Hawking 
and Ellis 1973) 
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       (3.21a) 
 

and  
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2

1
6 ,R R
 

  
          (3.21b) 

 

where the d’ Alembert operator in curved spacetime   , with respect to the original metric, 
is given by 

 

 ; ,

1
g g g

xg

 

 


     

      (3.22) 
 

with g  being the determinant of 
.g  With the aid of Eqs. (3.21), Eq. (3.20) results in 
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c
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        (3.23) 
 
As regards a self-gravitating perfect fluid, Eq. (3.23) represents the transformation law of 

the physical quantities relevant to the corresponding matter-energy content, so that the 
Einstein field equations remain formally invariant under the action of the conformal group 
(3.14). In this case, it is worth noting that, for geodesics, the pressure of the virtual fluid, 

i

ij jp T    ( , 1,2,3)i j  , may not be constant (or vanish). This result is a distinguishing 
feature of the present analysis, with respect to what we have encountered (so far) for perfect-
fluid systems in relativistic astrophysics and cosmology, namely, that only the isobaric flows 
are geodesics (see, e.g., Weinberg 1972; Misner et al. 1973; Papapetrou 1973; Ryan and 
Shepley 1975; Narlikar 1983). In this respect, it justifies the use of the term virtual, in 
denoting the matter content responsible for the conformal metric.  

In relation to the measurement data, relevant to what we observe and determine 
observationally in several cases of astrophysical or/and cosmological interest, the theoretical 

result (3.23) has a clear physical interpretation: 
T  is what we actually measure by 

assuming geodesic motions, while T  is the real, physical quantity associated with the actual 
fluid-matter content existing in the corresponding regions. The observationally-determined 

quantity, 
T , includes also contributions from the internal physical characteristics of the 

original fluid (internal motions, pressure, thermodynamical content, etc.), thus describing the 
way these characteristics act as additional gravitational sources (beyond the rest-mass 
density) and, therefore, affect the geodesic motion (Spyrou and Dionysiou 1973, Spyrou 
1997a). Recently, Verozub (2008) extrapolated these results, to include every Riemannian 
spacetime and not just the metric attributed to a bounded, perfect-fluid source. In particular, 
he verified that the adiabatic hydrodynamic motion of an ideal-fluid element in a spacetime 

with metric tensor 
g , takes place along the geodesic lines of a Riemannian manifold with 

metric tensor given by Eq. (3.14). In this context, we cannot help but asking, whether the 
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dynamical equivalence between hydrodynamic flows and geodesic motions implies physical 
equivalence as well, i.e., whether the hydrodynamical treatment is more physically-
appropriate than the geodesic approach, or not. To answer this question, we note that, in 
principle, one can (always) use a (conformal) transformation to remove from the right-hand 
side of Eqs. (2.23) either the pressure gradient, which measures the response to non-
gravitational forces, or the pressure itself (see, e.g., Lichnerowicz 1967, p. 26). Nevertheless, 
something like this (usually) comes with a price (see, e.g., Bruneton and Esposito-Farese 
2007): The new metric, in terms of which the gravitating fluid appears to be pressureless, is 
no longer a solution of GR, but, rather, a solution to a modified theory of gravity. The reason 
is that, in terms of the new metric (i.e., after the transformation (2.24) is applied), the action 
of the original gravitational field is also modified, acquiring extra terms in addition to the 
Einstein-Hilbert Lagrangian. Indeed, in a curved spacetime, the Einstein-Hilbert (EH) action, 

which governs the dynamical evolution of the (original) gravitational field ( g ) in the 
context of GR, is given by (see, e.g., Papapetrou 1973, Eq. (33.29), p. 122) 

 

  4 ,EHI g R T d x         (3.24) 
 

where T g T

  is the trace of the energy-momentum tensor of the original perfect-fluid 
source. In a similar fashion, the action of the gravitational field arising in terms of the virtual 

fluid, 
g , i.e., after the transformation (2.24) is performed, is written in the form 

 

  4 ,I g R T d x          (3.25) 
 

with T  being the trace of the energy-momentum tensor of the virtual fluid. Upon 

consideration of Eq. (3.23), T , in terms of the corresponding original quantity, T , is written 
in the form 
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6 .T g T T




 
   

         (3.26) 
 

Now, in view of Eqs. (3.21b) and (3.26), I  results in 
 

412  .EHI I g d x


  


       (3.27) 

It is evident that, every effort to express I  in terms of the original gravitational field, 
g , yields the appearance of extra terms in the gravitational action, in addition to the EH 

one. In this way, variation of Eq. (3.27) with respect to 
g  does not lead to the Einstein 

field equations of GR (i.e., those derived from Eq. (3.24)), thus (necessarily) resulting in a 
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modified theory of gravity. In other words, every effort to treat a fluid of non-vanishing 
pressure as pressureless, as it is falsely imposed by someone who mistreats the hydrodynamic 
flows as geodesic motions, cannot be accomplished in the context of GR. 

Clearly, the geodesic motion of a test particle is an approximate description with certain 
limits of validity, e.g., the test particle does not react back to modify the original gravitational 
field. To decide on how realistic this concept may be, is an old and very interesting problem 
(see, e.g., Spyrou 1978). In this respect, the conformal transformation (3.14) provides a direct 
way of linking the laws of motion of an idealized point-particle with those determining the 
hydrodynamic flow of a realistic volume element in the interior of a continuous gravitating 
source. In the latter case, the problem of backreaction is directly involved in the structure of 
the corresponding energy-momentum tensor. Consequently, the CDE technique appears to be 
a valuable tool, enabling us to take into account all the (so far) neglected degrees of freedom 
(hydrodynamic flows, pressure, energy of the internal motions, etc.) and allowing for their 
influence on several parameters of astrophysical or/and cosmological significance. In this 
context, CDE could provide consistent alternative solutions to several unresolved issues of 
the contemporary Astrophysics and Cosmology, extending from the Solar System to the 
central regions of galaxies, the clusters of galaxies, and the Universe as a whole. 

 
 

4. ASTROPHYSICAL- AND/OR COSMOLOGICAL-SCALE APPLICATIONS 
 

4.1. Solar System: The Pioneer-Anomaly Effect 
 
According to many observational data currently available (see, e.g., Spyrou 2009a, 

2009b, 2011), the realistic picture and morphology of an astrophysical or/and cosmological 
structure greatly differs from its corresponding optical picture. The Solar System, for 
example, viewed as a star accompanied by a number of nearby small objects and planets, 
greatly differs from what is currently established, involving a system which is embedded in 
the solar wind, including (among other things) the Kuiper Belt, while being surrounded by the 
Oort Comet Cloud. In this review, we adopt the latter picture and, applying the CDE 
technique, we shall attempt to give a conventional explanation for the celebrated Pioneer-

Anomaly Effect.  
The Pioneer 10 and 11 space-probes have been launched in the mid 70s and, nowadays, 

they are travelling outwards our Solar System. There has been a measured deviation in their 
speed (Nye 2005; for more details, see Turyshev and Toth 2010), indicating a small inward 
acceleration (i.e., towards the Sun), which, during their lifetime up to now, amounts in losing 
a distance approximately equal to the distance of the Moon from the Earth. This extra 
acceleration has been given the name the Pioneer-Anomaly Effect. Currently, no universally 
accepted explanation exists for this anomaly. In order to justify this mysterious acceleration, 
many theories have been proposed, most of which concentrate in observational errors, 
recording errors, new gravity sources in the Solar System, even new physics. 

 In what follows, we study the Pioneer-Anomaly Effect in the framework of the CDE 
approach (Spyrou and Zagkouris 2011). In our study, we use a model of the Solar System, in 
which the spherically-symmetric Sun (of mass M


) is located at the center of a many-particle 

distribution, i.e., an extra-mass density, ( )r , is dispersed around it. In this case, the mass-
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density profile of the matter content that fills the Solar System (besides the central Sun) could 
be described by a Plummer-type function  

 
 

2 2

0 2

0

( ) 1 ,

n

r
r

r
 



 
  

         (4.1) 
 

where 0  is a positive constant and n  is a positive integer. In our case, 0r R  is the solar 

radius, and 
/2

0 2 ,n   where   is the rest-mass density on the surface of the Sun. As far 
as the numerical applications are concerned, we consider 3n  , while, for simplicity, we treat 
the dispersed mass around the Sun as an isothermal perfect-fluid sphere. Accordingly, the 
pressure is related to the rest-mass density through the equation of state 
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H

k T
p k k

m        (4.2) 
 

where Bk  is the Boltzmann constant, T  is the absolute temperature of the mass-distribution, 
  is the corresponding mean molecular weight, and Hm  is the proton mass. Using Eq. (4.1), 

we find that the actual-mass of the perfect-fluid distribution, ( )m r , at a distance r  from the 
surface of the Sun, is given by 
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which, for 0

1
r

x
r



, reduces to 
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       (4.4) 
On the other hand, using Eqs. (2.14), (4.1) and (4.2), the corresponding internal mass, 

( )im r , arising in the context of the CDE approach due to the existence of a non-vanishing i , 
namely, 
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is written in the form 
 

   

 

 

0

0 0

2

1 2 22 2
0 2

22 2 2 2
0 0 0

1 1
 4

4

33 3
1     

r

i

r

r r

r

r r

m r k r r dr
G

r rk r r k
re dr r dr

G r r G r r

 
 



  
         

  

    
         
      



 
 

 
 

 
2

0

2

3 2 1
( ) 1  ,

2 1
i

kr x x
m x x

G x

 
  


    (4.6) 

 

which, once again, for 0

1
r

x
r



, is simplified as follows 
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        (4.7) 
 
Clearly, the distinguishing feature of Eqs. (4.6) and (4.7) is the minus sign on their right-

hand side, indicating that, for every 0r r R  , we have 0im  . In other words, the 

observationally-determined mass of our Solar System (besides the Sun itself), V im m m  , 

is being underestimated with respect to the actual, physical quantity m  (namely, Vm m ), 
simply, due to the misinterpretation of the hydrodynamic flows (in it) as geodesic motions. 

For such a system (consisting of the central Sun and an extra-mass distribution around it), 
the generalized Euler equations for the (spherically-symmetric) total acceleration of the 
isentropic motion are written in the form 
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where the two parts on the right-hand side of Eq. (4.8) reflect the contributions of the central 
spherically-symmetric Sun and the extra(-fluid) mass dispersed around it. The latter, in 

particular, consists also of two terms, a gravitationally-oriented term, 0ln( / )r r , and its 

thermodynamic counterpart, .kr  
At this point, we recall that, in the CDE approach, a fluid volume element can be 

considered as a test-particle, moving along the geodesics of the generalized potential (2.11), 
and vice-versa. In this context, we can consider the Pioneer (or any other) space-probe as a 
volume element performing adiabatic flow within a gravitating perfect-fluid source. Although 
this may look a little bit exaggerate, we note that, small-scale deviations from what appears to 
be the rightful behavior, such as the Pioneer-anomaly effect, are most commonly expected in 
the various approximations‘ margins.  

Accordingly, applying the CDE technique in the Solar System, for an isothermal mass-
distribution, dispersed around the central Sun, we come up with some interesting results 
relevant to the Pioneer-anomaly effect. In fact, we can actually evaluate an extra acceleration 

term, namely, V , the arithmetic value of which, in the region where the space-probe 

currently lies (i.e., at 
1450 AU 7.48 10  r cm   ) is in remarkable agreement with the 

corresponding observational result. To be more specific, the extra acceleration arising from 
our analysis is  

 
8 2γ  = -8.74311 10  cm sV

  ,      (4.9) 

while the actually-measured extra acceleration, PA , is 
 

8 2γ  = -(8.74 1.33) 10  cm sPA

   .      (4.10) 
 

Upon the reservation that, in the interplanetary space, 
1 

T
K




, the result (4.9) constitutes 
a quite acceptable explanation of the celebrated Pioneer-anomaly effect in the Solar System. 

The behavior, with the distance from the Sun, of the evaluated extra acceleration is 
shown in Figures 1 and 2, and the corresponding result for the total acceleration is shown in 
Figure 3. The extra acceleration is an inward acceleration up to a certain distance, after which 
it becomes an outward acceleration. In contrast, the total acceleration is always an inward 

acceleration vanishing at some far distance, .R  In fact, we can use this result, in order to 
determine (theoretically) the true linear dimensions of our Solar System, as the solution of the 
algebraic equation 0  , for r R . 

Accordingly, for 
1 

T
K




, our Solar System is found to extend up to the distance of 
510  ,AU  which, remarkably enough, coincides to the radius of the Oort Cloud, and amounts 

to almost half the distance to our closest star α-proxima Centauri. This result suggests that, 
our Solar System may not be as small as we thought up to now, but, in fact, it could be a 
continuous entity, that almost touches the nearest to it neighboring stellar system. 

 



Nikolaos K. Spyrou and Kostas Kleidis 136 

 

Figure 1. The extra acceleration, , arising in the context of the CDE approach for the Solar System, 
as a function of the distance,  from the Sun, for low values of . 

 

 

Figure 2. The extra acceleration, V , as a function of the distance, ,r  from the Sun, for every value of 
. 

V

,r .r

.r
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Figure 3. The total acceleration,  , as a function of the distance, ,r  from the Sun, for every value of 
.r . 

 
4.2. Galaxies: On the Flatness of Galactic-Rotation Curves 

 

As it is deduced from the 21 cm  radio-profile of the HI clouds in disk galaxies, although 
these clouds are located at different distances from the center of the galaxy, all orbit at more 
or less the same speed (see., e.g., Binney and Tremaine 1987). In this Section, we shall 
demonstrate that the flat rotation curves of the galaxies can, naturally, be explained (Spyrou 
2004, 2005), based, once again, on the CDE approach and the use of the generalized Euler 
equations of motion (2.10).  

To do so, besides the central region 0r r , where 0r  is the innermost stable circular 

orbit ( 0 3 Sr R ) around the central dark object of Schwarzschild radius 2

2 BH
S

GM
R

c


, we model 
the galaxy as a spherically-symmetric, self-gravitating, perfect-fluid source, the rest-mass 

density of which obeys Eq. (4.1), for 3.n   In this case, application of the CDE technique 

suggests that the velocity, ( )f r , of an equatorial, circular geodesic, at a distance r  from the 
galactic center, is given by 
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replacing the standard one given by Eq. (1.1). In Eq. (4.11), the masses ( )m r  and 
( )im r

 are 
the volume integrals (2.18) and (2.19), corresponding to the rest-mass densities ( )r  and 

( ),i r  respectively. In this case, by analogy to Eq. (4.3), we have 
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which, once again, in the limit 0

1
r

r  results in 
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On the other hand, upon consideration of Eqs. (2.14) and (2.19) and using the equation of 

state (4.2), we find that, in this case, the (so-called) internal mass is given by  
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Inserting Eqs. (4.12) and (4.14) into Eq. (4.11), and taking into account that 

2 2

0 04 2G r c    (see, e.g., Spyrou 2011, Eqs. (5.4)), we obtain  
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where, once again, we have set 0
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x

r
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 An interesting feature of Eq. 

(4.15), is the explicit dependence of ( )f x  on the distribution‘s temperature. 
However, the appropriate expression of ( )f x , i.e., the one to be used for comparison with 

observational data, beyond the density V , should take into account (also) the mass, CM , of 

the central dark object. The velocity ( )BH r  of an equatorial, circular geodesic at a distance 
r  from the center of the mass CM  is 
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    (4.16) 
 

and, hence, the total circular velocity, CV , is written in the form 
 

 

   (4.17) 
 

According to Eq. (4.17), the use of CV  is, generally, preferable than the velocity defined 

from Eq. (1.1), especially close to the central dark object. In Figure 4, the form of CV  is 
plotted as a function of x , for several values of the temperature, namely, T/μ ~ 1.82 x 106 , 
Τ/μ ~ 1.45 x 106 , Τ/μ ~ 105 , T/μ ~ 104 and, finally, Τ/μ ~ 103 . The fourth case, in particular, 
is in good agreement with, e.g., the typical velocity-curve for a Sc spiral galaxy (Begeman et 

al. 1991). 
The expected flat character of the rotation curve is prominent, resembling the case of the 

Milky Way ( ). The main difference, beyond the different scales, between the 
theoretically-derived velocity curve and the observed one, refers to the points close to the 
center, which are not considered in this theoretical treatment. It is remarkable that, the plateau 

on the various rotation curves is achieved for the same range of values of  and, 
generally speaking, for such (large) values of , only a slight (but not vanishing) dependence 

of  on the temperature is noticed. Notice, also, that, in our case, the theoretically derived 

flat galactic-rotation curve continues up to the distance of at least  . In the 
case of the Milky Way galaxy, such a distance (beyond the Magellanic Clouds) defines the 
galaxy‘s actual linear dimensions, in contrast to its conventional dimension  

 
 

4.3. AGNs: On the Determination of Nuclear-Galactic Masses 
 
In this Section we shall calculate the error, , arising in the determination of the central-

nuclear masses of the AGNs, due to the assumption of Keplerian motion of the maser probe 
in the circumnuclear gas surrounding the central dark object (Kleidis and Spyrou 2000, 2001; 
Spyrou 2002). In fact,  represents the macroscopic contribution of the fluid‘s internal 

characteristics to the observationally-determined quantities. The corresponding calculations 
will be carried out in the weak-field limit, since the various measurements based on the 
observational data relevant to the central region of AGNs, are usually derived by methods of 
Newtonian gravity.  
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Figure 4. Flat rotation curves for several values of the temperature, in large-scale structures. 
 
In this limit, the superposition principle is valid and therefore, each gravitating source 

(the central black hole and/or the circumnuclear gas) is expected to contribute separately. For 
the sake of simplicity we shall assume that the nuclear region is spherically symmetric, so that 
all the physical quantities describing the galaxy‘s interior are functions of the radial 

coordinate .r  We consider an idealized model, according to which the circumnuclear gas 
surrounding the central dark object can be represented by a stationary perfect fluid which 
undergoes isentropic, hydrodynamical flow under the influence of the combined gravitational 
field of its own and of the black hole (in connection, see Novikov and Thorne 1973). In this 
case, dynamical equivalence between hydrodynamic flow and the Keplerian motion of a 
fluid‘s volume element (the masering source) implies that Eq. (2.11) holds, provided that the 

original gravitational potential U  is now replaced by BH VU U , where 
 

BH
BH

M
U G

r


        (4.18) 
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is the gravitational potential due to a (Schwarzschild) black hole of mass ,BHM  and VU  is 
the corresponding potential of the self-gravitating gaseous matter in the central-galactic 
region. Now, using Poisson‘s equation (2.12), Eq. (2.14) is generalized to 

 

21 1 1 1

4 4
V BHp M

G r
 

  

    
         

        (4.19) 
where  
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4  ( )r
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          (4.20) 

 

with ( )r  being the Dirac delta function. The integration of Eq. (4.19) over the three-

dimensional volume of the circumnuclear gas (of linear dimension 0.25 pc  in NGC 4258), 

will give us the virtual rest-mass of the corresponding central region  V BH im m M m   , 

where m  is the actual rest-mass of the gas included in this region, while im  represents the 
error introduced in the determination of the central mass by ignoring the contribution of the 
fluid‘s internal characteristics. 

It becomes evident that, depending on the sign of im , the measured mass, ,Vm  can be 

either overestimated or underestimated, with respect to the real, physical quantity, BHm M . 

To determine the volume integral 
3

i i

V

m d x 
, we consider that the lower limit of 

integration corresponds to the radius of the innermost stable circular geodesic 0 2

6 BHGM
r

c


, 
which is directly proportional to the mass of the central black hole. In general, the estimated 

masses of the galactic nuclear dark objects fall in the range 
7 910 10  M  (Kormendy and 

Richstone 1995). Accordingly, the corresponding values of 0r  range from 510  to 
310  pc

 (in 
connection, see Holt et al. 1992). To order of magnitude, here, we adopt a mean value of 

410  .pc

  

As regards the upper limit of integration, we take max 0.25 r pc , which corresponds to 
the outer boundary of the masering annulus in NGC 4258 (Miyoshi et al. 1995).  

In the special case of adiabatic motions, the pressure is related to the rest-mass density 
through the equation of state 

 
,p w           (4.21) 

 

where 0w   and 1   are constants. In this case, i  is written in the form 
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       (4.22) 
 

To answer whether the observationally-determined nuclear mass Vm
 in the central region 

of the AGNs is being underestimated or not with respect to the physical quantity BHm M , we 

need to determine both the sign and the value of im . To do so, we need a specific model for 
the mass-energy density of the original fluid as a function of the radial coordinate. Once 
again, we consider that the rest-mass density distribution of the original fluid can be described 
by the widely-used Plummer-type function (in connection, see Maoz 1995), given by Eq. 

(4.1). In this case, the condition 0i  yields 
 

  2 2

01 1 3 0.n r r              (4.23) 
 
Eq. (4.23) is a quadratic inequality in ,r  with the discriminant 
 

  2

012 1 1n r             (4.24) 
 

and, therefore, Eq. (4.23) holds for every physically-accepted value of r , provided that 

0   or, equivalently, 

 
1

  1 .
n

  
        (4.25) 

 
Reversely, provided that the condition (4.25) is valid, ( )i r  is negative for every 

physically-accepted value of ,r  suggesting that, for the Plummer-type density distribution, 
the error in the observational determination of the central nuclear galactic mass corresponds 
to a mass deficit. In other words, the observationally-determined mass in the central region of 
the AGNs is being underestimated with respect to the real, physical quantity. Naturally, such 
a conclusion cannot be guaranteed a priori for any non-Plummer-type density model. Now, 
inserting Eq. (4.1) into Eq. (4.22), we obtain 
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so that the associated mass deficit is written in the form 
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where 0 1x   and 
max 4

0.25
2500.

10
x


 

 The integral on the right-hand side of Eq. (4.27) can be 

expressed in terms of elementary functions only if the combination 
1

( 1) 2
2

n   
 is an 

integer (see, e.g., Gradshteyn and Ryzhik 1965) and, in fact, on physical grounds ( 0n   and 
1  ), we must have 2.  The case 2  corresponds, for every value of ,n  to an 

isothermal flow of the perfect fluid, i.e., 1  .  
Observational results, regarding the properties of mass accretion in NGC 4258 (Neufeld 

and Maloney 1995), indicate that the adiabatic flow of the gaseous fluid is actually 

isothermal, with a constant speed of sound 7 / .sc km s  If so, Eq. (4.27) is written in the 
form 
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        (4.28) 

 
resulting in 

 
  171.66 10 .i BHm nw M          (4.29) 

 

Furthermore, in the case of the isothermal flow we have 
2

sw c , and, therefore, as regards 

NGC 4258, adopting the typical values 7 /sc km s  (Neufeld and Maloney 1995) and 3n  , 
we finally obtain 

 
53 10 .i BHm M          (4.30) 

 

This specific, very small relative error, is consistent with observations and, in fact, 
provides a theoretical explanation for the almost-perfect Keplerian rotation curve observed 
for the gas, in the central region of this particular galaxy (Greenhill et al. 1995; Maoz 1995; 
Miyoshi et al. 1995). Nevertheless, had we applied the same model in NGC 1068, where the 

outer radius of the masering source is max 1 r pc  (Greenhill and Gwinn 1997), we would 
have obtained 

 
41.2 10 ,i BHm M         (4.31) 
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while, in the case of NGC 4261, where (non-masering) circumnuclear gas and dust appear to 

extend up to max 17 r pc  from the center (Ferrarese et al. 1996), we would have, accordingly, 
obtained 

 
32 10 .i BHm M          (4.32) 

 
Moreover, in some extreme cases, the observational data may act in favor of even larger 

distributions of circumnuclear gas and dust, up to 150 pc  from the center (Jaffe et al. 1993; 
Urri and Padovani 1995). As an illustrative example, we consider an AGN with an outer 

radius of the circumnuclear torus extending up to max 100 r pc . In this case, we obtain 
 

21.2 10 .i BHm M         (4.33) 
 

Therefore, im , although it is generally small, as compared to the uncertainty of the 
current observational results, is not always negligible compared to the mass of the central 
dark object, and it can account from a few hundredths of thousandths to several hundredths of 

BHM , depending on the linear dimensions of the circumnuclear gas observed in the AGNs. In 
fact, the mass given by Eq. (4.33) is comparable to the mass of the black hole assumed in the 
central region of the Milky Way (see, e.g., Ho 1998).  

On the other hand, the assumption of Keplerian motions in the central region of the 
AGNs is compatible with the existence of circumnuclear gas around a black hole, only if the 
central dark object contains practically all of the galactic nuclear mass (according to Greenhill 
et al. (1995), at least 98%). In fact, calculations based on Newtonian dynamics indicate that 

the total rest-mass of the gas is 
1

50
BHm M

 (Maoz 1995). In this case, we may also calculate 

the ratio 
im

m  for the particular galaxies considered above. Accordingly, for NGC 4258, we 
find  

 
31.5 10  .im m          (4.34) 

 

while for NGC 1068 and NGC 4261 we obtain 
36 10  im m   and 0.1 im m , respectively. 

Finally, for an AGN, in which max 100 r pc , we would have accordingly obtained 
0.6 im m . Therefore, depending on the linear dimensions of the circumnuclear gas observed 

in the AGNs, im  may no longer be negligible, but, in fact, it can be comparable to the total 
rest-mass of the circumnuclear gas involved (see, also, Spyrou 2002, 2006). 
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4.4. Cosmology: Dark Energy “Illuminated” 
 
The current cosmological picture, known as the concordance model (Spergel et al. 2003), 

includes two major unresolved issues. First, according to the observational data on the 
temperature variations of the cosmic microwave background, the Universe can be described, 

adequately, by a spatially-flat RW model, i.e., a model of the form (1.4) with 0k   (see, 
e.g., de Bernardis et al. 2000) . As a consequence, the Universe must contain an amount of 
energy considerably larger than the equivalent to the total rest-mass density of its matter 
content accounts for. Second, a representative class of cosmologically-distant indicators (the 
SNe Ia events) appears to be dimmer than expected (Riess et al. 1998; Perlmutter et al. 1999). 
In the absence of a conventional interpretation, this result has been compromised by the 
assumption that, recently, the Universe entered into a phase of accelerated expansion (Riess 
et al. 2001, 2004, 2007). In order to address the above-mentioned observational results in a 
unified theoretical framework, an extra, dark energy (DE) component, of negative pressure, 
appears to be needed (Caldwell et al. 1998). Nevertheless, another, more conventional 

explanation can be (most appropriately) revealed in the context of the CDE technique 
(Kleidis and Spyrou 2011a, 2011b). 

 
4.4.1. A Cosmological Model of Collisional Dark Matter 

Nowadays, a lot of accumulated evidence suggests that, more than 85% (by mass) of the 
matter in the Universe consists of non-luminous and non-baryonic material (Komatsu et al. 
2009). Its name, dark matter (DM), reflects our ignorance on the exact nature of this 
constituent. Although we do not know for certain how the DM came to be formed, a sizeable 
relic abundance of weakly interacting massive particles (WIMPs) is generally expected to 
have been produced as a by-product of the Universe's hot youth (Kolb and Turner 1990). 
Apart from their exact nature, the scientific community used to argue that, the WIMPs should 
be collisionless (Olive 2003; Hooper 2009). However, many recent results from high-energy-

particle tracers, such as the ATIC (Chang et al. 2008) and PAMELA (Adriani et al. 2009), 
combined with those of the Wilkinson Microwave Anisotropy Probe (WMAP) survey 
(Hooper et al. 2007), have revealed an unusually-high electron - positron production in the 
Universe, much more than what is anticipated by SNe explosions or cosmic-ray collisions. 
These results have led many scientists to argue that, among the best candidate-sources of 
these high-energy events is the annihilation of WIMPs (see, e.g., Barger et al. 2008; Baushev 
2008; Bergstrom et al. 2008; Cholis et al. 2008a, 2008b; Cirelli and Strumia 2008; Regis and 
Ullio 2008; Fornasa et al. 2009; Fox and Poppitz 2009; Zurek 2009, for an extensive, though 
incomplete list), i.e., that the DM constituents can be slightly collisional (Spergel and 
Steinhardt 2000; Arkani-Hamed et al. 2009, Cirelli et al. 2009; Cohen and Zurek 2010). If 
this is true, it could affect (significantly) our perception on the nature of the DE (in 
connection see, e.g., Zimdahl et al. 2001; Balakin et al. 2003; Lima et al. 2008; Basilakos and 
Plionis 2009, 2010; Kleidis and Spyrou 2011a, 2011b). 

Based on the perception that the DM constituents can be slightly collisional, we assume 
that, the matter-energy content, which drives the evolution of the Universe (being modeled by 
a spatially-flat RW spacetime) at every post-recombination epoch, is in the form of a perfect 
fluid with positive pressure, obeying the (isothermal-type) equation of state 
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2 ,p w c          (4.35) 
 

where   is the rest-mass density of the Universe matter content and 
20 ( / ) 1sw c c    is a 

dimensionless constant, which measures the square of the speed of sound in terms of 
2.c  

Now, together with all the other physical characteristics, the energy of this fluid's internal 
motions,  , should be taken into account as a source of the universal gravitational field; 
hence, the total-energy density of the Universe matter-energy content is written in the form 
(2.5). In this case, the first law of thermodynamics (2.6) yields 
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         (4.36) 
 

where the constants 0  and 0  are considered as denoting the corresponding present-time 

values. Upon consideration of Eqs. (2.5), (4.35) and (4.36), the conservation law 
0

     ; 0T 

   
results in 
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          (4.37) 
 

where, once again, 0S  denotes the value of the scale factor, ,S  at the present epoch. Eq. 
(4.37) represents the conservation of total mass in a cosmological model where matter 

dominates, i.e., for every time within the post-recombination epoch (see, e.g., Narlikar 1983, 
p. 115).  

The dynamical evolution of this model is governed by the Friedmann equation (with 
vanishing cosmological constant), namely, 
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where 2
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 is the Hubble parameter and 0H  its present-time value, ( )S   is the scale factor 

in terms of the conformal time, 
dt

d
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, and a prime denotes differentiation with respect to  .  

Finally, the quantity 
0.3M
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 (see, e.g., Komatsu et al. 2009) is the rest-mass 
density parameter, which measures   in terms of the corresponding critical quantity, 
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According to Eq. (4.38), at the present epoch, we have 
 

2

0

1
1

M

c
 

   
  .        (4.39) 

 
This result is very interesting: It suggests that, in principle, the energy of the internal 

motions of the collisional-DM fluid can account for the (extra) DE, so that (as it is implied by 

spatial flatness) the total-density parameter at the present epoch, 0 ,  equals to unity, i.e., 
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,   (4.40) 
 

where 
2

c cc   is the energy density equivalent to c . By virtue of Eq. (4.39), the 
Friedmann equation (4.38) is written in the form 
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In the limit 1,Mw  we can determine the "correct" form of the scale factor, which 
(under the assumption that the DM is collisional) governs the evolution of the post-
recombination Universe, as follows 
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1 3

0
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  ,       (4.42) 
 

which, for 0w  , is the natural generalization of the Einstein-de Sitter (EdS) model. The 

distinguishing feature of this model is that, even for 0,w   the corresponding deceleration 

parameter, 

 

( ) ,
d S

q
d S




 
  

          (4.43) 
 

is positive, namely, 
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1 3 0.
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In view of Eq. (4.44), a Universe filled with collisional DM is ever-decelerating. In other 
words, the cosmological model of a gravitating perfect-fluid source, as it stands, i.e., either 
pressureless (geodesic motions) or not (hydrodynamic flows), seems to be inappropriate for 
explaining the ―apparent‖ accelerated expansion of the Universe. The actual reason is that it 
does not have to account for any acceleration at all. As we demonstrate in the next section, in 
a Universe filled with collisional (i.e., thermodynamically-involved) DM, the observed 
dimming of the distant light-emitting sources can be explained without the assumption of the 
accelerated expansion. 

 
4.4.2. Mistreating Dark Matter as Collisionless 

Next, we shall attempt to determine what is realized by someone who, although living in 
a collisional-DM model (in which the various motions are, necessarily, hydrodynamic flows), 
insists on adopting the (traditional) collisionless-DM approach (interpreting those motions  
as geodesics). Applying, once again, the CDE technique, we can find the conformal 
transformation, which relates the collisional-DM description of a spatially-flat cosmological 
model (i.e., the scale factor ( ),S   given by Eq. (4.42)), to the corresponding collisionless-DM 

approach, that is, to the scale factor of a spatially-flat model which is driven by a (virtual) 
pressureless perfect fluid,  

 

( ) ( ).S S           (4.45) 
 
In terms of the cosmological redshift parameter,  
 

01 ,
S

z
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        (4.46) 

 
the conformal factor (3.8) is, now, written in the form 

 
( ) 1 [1 3ln(1 )]Mz w z      .      (4.47) 

 
Accordingly, with the aid of Eq. (4.47), we can explore the way that a supporter of the 

collisionless-DM scenario interprets the observations carried out in a collisional-DM 
Universe.  

The result of the "debate" between collisional- and collisionless-DM approach is, 
definitely, in favor of the former (for further details, see Kleidis and Spyrou 2011a). In 
particular, for every value of the truly-measured cosmological redshift ,z  i.e., as defined in 
terms of the collisional-DM model, the corresponding collisionless-DM quantity z  is always 
a little bit smaller ( ),z z  that is, 
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       (4.48) 
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As a consequence, in the collisional-DM Universe there is a characteristic value, of the 
truly-measured cosmological redshift, namely, 

 

 
1

31 1,Mw
c Mz w    

      (4.49) 
 

above which, the luminosity distance of the various light-emitting sources, ,Ld  becomes 

larger than what is inferred by an observer who treats the DM as a pressureless fluid, ,Ld  
namely, 
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        (4.50) 
 
In other words, from the point of view of someone who (although living in a collisional-

DM model) insists on adopting the (traditional) collisionless-DM approach, the 

cosmologically-distant indicators, located at cz z , seem to lie farther, i.e., they appear to be 

dimmer, than expected.  

The similarity between the characteristic value cz , and the (observationally-determined) 

transition redshift, tz , that signals the onset of dimming of the SNe Ia standard candles (see, 
e.g., Riess et al. 2004, 2007), is more than obvious.  

Finally, after the thermodynamical content of a collisional-DM fluid is taken into 
account, the functional form of the distance modulus,  

 

25 5log ,Ld

Mpc


 
   

         (4.51a) 
 

is also modified with respect to the corresponding collisionless-DM quantity,  
 

25 5log ,Ld

Mpc


 
   

         (4.51b) 
 

as follows 
 

   15 log 1 5log 1 .M Mw z w       
    (4.52) 

 
As a consequence of Eq. (4.52), in the collisional-DM model, the theoretical curve ( )z  

(green solid line), fits the Hubble diagram of an extended sample of SNe Ia standard candles 

(Davis et al. 2007) to high accuracy (cf. Figure 5), in contrast to the collisionless-DM 
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quantity  , being either correctly-expressed, i.e., ( )z  (orange solid line), or falsely-

expressed, i.e., ( )z  (dashed line), in terms of the truly-measured quantity z (cf. Kleidis and 
Spyrou 2011a, 2011b). 

At the same time, as far as a supporter of the collisionless-DM scenario is concerned, the 
Universe appears to be either accelerating or decelerating, depending on the value of the 
cosmological redshift. In this case, the quantity ,w  which, in the collisional-DM approach, 
parameterizes the various isothermal flows, plays also another (more interesting) role: As we 
have found (Kleidis and Spyrou 2011a), for 0.24w , there exists a theoretically-determined 

transition value, tz , of the (collisionless-DM-oriented) cosmological redshift, z , such that, 

for tz z , the (correspondingly-oriented) deceleration parameter, ( )q z , becomes negative; 
i.e., from the point of view of someone who adopts the (traditional) collisionless-DM 
approach, the Universe appears to be accelerating. Accordingly, taking into account the 
observational result that, the transition redshift between accelerated and decelerated 

expansion is set at the value 0.46tz   of the truly-measured quantity z , we can determine the 
exact value of ,w  for which the collisional-DM approach is compatible with observations, 
namely, 0.31w  .  

 

 

Figure 5. The theoretical curve, representing the distance modulus  as a function of  in the 
collisional-DM model (green line), plotted against the corresponding collisionless-DM quantity,  
(orange line), on the Hubble diagram of the SNe Ia dataset used by Davis et al. (2007). Nevertheless, 
the assumption of the accelerated expansion was (actually) based on the false functional dependence of 

 on  that led to the dashed line (see, e.g., Riess et al. 2004; for further details, see Kleidis and 
Spyrou 2011a, 2011b). 

 z
( ),z

 ,z
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According to this result, compatibility of the collisional-DM approach with the 
observational data currently available suggests that the DM itself consists of relativistic 

particles, i.e.,  (a hot DM model). Nowadays, it appears that ―pure‖ hot-dark-
matter (HDM) models cannot reproduce the observed large-scale structure of the Universe 
(see, e.g., Klypin et al. 1993; Croft et al. 1999).  

On the other hand, in a realistic cosmology, the adiabatic (isolated thermodynamical 
system) and/or polytropic (closed thermodynamical system) motion of the cosmic fluid‘s 

volume elements is much more physically relevant than the isothermal flow itself.  
In this spirit, it is probable that the treatment of these two kinds of motion within the 

context of the CDE approach, could allow us to confront with the HDM issue (Kleidis and 
Spyrou 2012). 

In conclusion, the assumption that the DM constituents can be both collisional and 

relativistic could provide a reasonable and conventional explanation for some open aspects of 
modern cosmology, including: 

 
(i) The extra (dark) energy needed to flatten the Universe: It can be compensated by the 

energy of the internal motions of the collisional-DM fluid. 
(ii) The observed dimming of the SNe Ia standard candles and the apparent accelerated 

expansion of the Universe: Both of them can be due to the misinterpretation of 
several cosmologically-relevant parameters by those observers who, although living 
in a collisional-DM Universe, insist in adopting the collisionless-DM approach. 

 
Therefore, before inventing any new theory, it is useful to allow for a suitable use of the 

(so far) neglected degrees of freedom (hydrodynamic flows, pressure, energy of the internal 
motions, etc.). As we have shown, these internal physical characteristics can reveal their 
influence on several parameters of cosmological significance (scale factor, cosmological 
redshift, luminosity distance, Hubble and deceleration parameters) and yield a consistent 
alternative to the currently-accepted DE concept. 

 
 

5. DISCUSSION AND OUTLOOK 
 
In this review we have presented the theoretical concept of the CDE approach, and used it 

for treating, in a unified way, some interesting problems at various astrophysical levels (stars 
and the Solar System, galaxies, clusters of galaxies, the Universe as a whole). The dynamical 
equivalence rests on the formal functional similarity between the isentropic hydrodynamical 
flows in a physical perfect-fluid source and the geodesic motions in a virtual, fully defined 
one; and such problems are related to the celebrated Pioneer-Anomaly Effect in the Solar 
System, the flat-rotation curves of disc galaxies, the masses of the central-galactic regions, the 
dark energy, and the accelerating expansion of the Universe.  

The essential background idea, that lies at the heart of the CDE approach, is that all the 
internal physical characteristics of a self-gravitating fluid (beyond its rest-mass density) 
should be taken into account as (extra) sources of the geodesic motion. Treating the internal 
physical characteristics in this way, was a known feature of the general-relativistic theory of 

1
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gravity, but not of the Newtonian one. Here, based on the CDE approach, we proved that, 
(also) in the Newtonian theory of gravity, the internal physical characteristics can act as 
sources of geodesic motion, and, in this context, we have examined some physical 
consequences. The interest in this fact stems from the methods and the assumptions made in 
estimating the masses of astrophysical, galactic, and cosmological objects. In fact, in each and 
every one of those cases, the observational techniques used for the determination of masses 
are based on the assumption of geodesic motions.  

According to the observational data currently available, large amounts of hot gas 
(performing hydrodynamic flows) exist in, e.g., the AGNs (Greenhill and Gwinn 1997), or in 
the extended haloes of galaxies (Braun and Burton 2001), or in the clusters and the super-
clusters of galaxies and their haloes (Nicastro et al. 2003). In spite of this result, however, the 
observational determination of, e.g., the central masses and the total masses of galaxies, and 
of the clusters and the super-clusters of galaxies is based on the assumption of purely 
geodesic motions, namely, motions under the effect of gravity alone. However, obviously, in 
the presence of non-gravitational sources, due to, say, pressure gradients, viscosity or an 
inhomogeneous magnetic field, the standard geodesic motion in a purely gravitation field is 
no longer sustainable and adequate, and the hydrodynamical description is more appropriate 
(Spyrou 2003). Therefore the emerging question is how appropriate the standard mass 
measurements are. In this spirit, we used the idea of dynamical equivalence, and, for various 
large-scale structures, we took into account all the sources‘ internal physical characteristics as 
(extra) sources of geodesic motions. As a consequence, we identified various kinds of mass 
(rest mass, internal mass, total mass, dynamical mass), and explored their relative importance. 
It was found that, in the case of the AGNs, depending on the linear dimensions of the 
circumnuclear gas observed, the contribution of the internal physical characteristics to the 
determination of the central-galactic masses is not always negligible as compared to the mass 

of the central dark object. In fact, the corresponding internal mass, ,im  can be comparable to 
the total rest-mass of the circumnuclear gas involved. These results enabled (actually 
inspired) us to apply the same ideas, in order to explain the Pioneer-Anomaly Effect and the 
flat galactic-rotation curves, which, in the CDE context, acquire a quite satisfactory (and 
conventional) explanation. 

As for the general-relativistic, cosmological applications of the CDE approach, we point 
out that, in a collisional-DM model, the extra (dark) energy (needed to compromise for the 
currently-available observational data) can be compensated by the energy of the internal 
motions of the collisional cosmological fluid, while the post-recombination Universe remains 
ever-decelerating. In other words, in the collisional-DM model, the various exotic DE-
components, used in the literature (see, e.g., Caldwell and Kamionkowski 2009), are no 
longer necessary. Indeed, as we have demonstrated, in this model, both the observed dimming 
of the SNe Ia standard candles and the apparent accelerated expansion of the Universe simply 
correspond to a misinterpretation of the observational data, by someone, who (although living 
in a Universe filled with collisional DM) insists in adopting the traditional (collisionless-DM) 
approach.  

To the extent of our knowledge, the CDE approach is both classical and novel, and it is 
characterized by simplicity of thought, inner consistency, conformity with observational data 
and generally acceptable theoretical predictions. Also, it does not constitute any kind of 
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modifications of gravity (on the contrary the pure geodesic approach followed up to now, 
does), and it extends the realm of validity of the classical geodesic motions.  

The validity of the CDE approach in classical hydrodynamics has been extended also into 
the realm of classical magneto-hydrodynamics (MHD). This can be accomplished as follows. 
First, by a suitable redefinition of the pressure of the magnetized perfect-fluid source, so as to 
include also the magnetic pressure, the MHD equations of motion are put in the form of the 

Euler equations of motion. The above result is possible not for an arbitrary magnetic field ,B  
but only for those characterized by a zero-curl Lorentz force. Then, by a suitable redefinition 
of the internal thermodynamic energy of the magnetized fluid and of the condition of the 
isentropic motions, the Euler equations can be put in the form of Newton‘s gravitational 

equations of motion, with the generalized rest-mass density containing also a magnetic 
contribution, (for further details, see Spyrou and Tsagas 2004, 2008, 2010). 

In spite of all its advantages above, in our treatment there exist many deficiencies. Thus, 
one can argue against the fundamental assumptions of the time-independence of the 
Newtonian theoretical framework used here, and of the isentropicity of the hydrodynamical 
flow motions, although such assumptions are in line with the most usual assumption of an 
isolated astronomical system. Also, beyond the assumption of the (greatly simplifying) 
spherical symmetry, one can argue against the use of the perfect-fluid source and/or the 
Plummer-type mass-density profile, although, such a profile is a particular case of more 
―universal‖ density profiles, which are supported by observations, and, so, they have been 
widely applied in the literature (see, e.g., Hernquist 1991; Dehnen 1995; Navarro, Frenk and 
White 1995, 1997; Zhao 1996; Syer and White 1998). We expect that any particular choice of 
physically and mathematically reasonable density profiles will not affect our present 
conclusions considerably, and, in any case, it will not affect our fundamental and 

conceptually important conclusion, that the theoretically evaluated mass is different from the 

observationally determined (dynamical) mass. The same is true for the consequences of the 
isotropic, isothermal, and adiabatic equation of state assumed here, which enables one to 
evaluate the internal energy density in terms of the mass density, temperature and mean 
molecular weight of the distribution, and its temporal and spatial variations. Finally, although 
less probable and least justifiable, one can question even the necessity of the collisional DM 
itself. Such objections and disadvantages imply the need of more intense research work, both 
theoretical and observational, on these subjects.  

Summarizing, in confronting the various unresolved issues of contemporary Astrophysics 
and Cosmology, and before inventing any new theory, it is useful to allow for a suitable use 
of the (so far) neglected degrees of freedom (energy of the internal motions, pressure, 
thermodynamical content, etc.). As we have shown, these internal physical characteristics of a 
gravitating-fluid source can reveal their influence on several parameters of astrophysical 
or/and cosmological significance (gravitational potential, three-velocity, three-acceleration, 
scale factor, cosmological redshift, luminosity distance, Hubble and deceleration parameters), 
and, therefore, yield a consistent interpretation to a ―swarm‖ of observational data currently 
available. 
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