
 

 

 

 

 

 

Chapter 3 

 

 

 

INFLUENCE OF DRIVING LASER 

ON SPECTRAL FEATURES OF HIGH 

HARMONIC GENERATION 
 

 

3.1. INTRODUCTION  
 

In general, High Harmonic Generation in noble gases can be produced by 

focusing laser pulses with an intensity of 10
14_

10
15

 W/cm
2
 into the nonlinear 

medium. As mentioned in section 1.1.3, to investigate the HHG process, one 

needs not only to consider the single-atom response but also macroscopic 

effects. Therefore, when the laser intensity is varied, the variation of the 

single-atom dipole moment obtained by solving the Schrödinger equation and 

the variation of the propagation equation of the harmonic field in the nonlinear 

medium influence both the strength and spectrum of the harmonic generation 

[7, 64]. It has been shown that the harmonic dipole dq(t) has a laser intensity 

dependence that may be obtained from a quantum mechanical theory [21, 63, 

64]. To simplify the calculation of dq(t), a similar result has been proposed 

with a power law dq ~ I
3
by averaging over the quantum interference, where I is 

the driving laser intensity [38]. On the other hand, in relation to the 

macroscopic response, the propagation equation of the harmonic field created 

in the medium depends strongly on the phase mismatch between the 

fundamental laser field and the harmonic field which is mainly affected by 

ionization effects when the laser intensity is varied [7, 64]. In these papers, the 

authors also studied the laser intensity dependence of the harmonic strength in 

detail both in theory and experiment. The laser intensity dependence of the 

number of photons can be described by the power law I
q
, where q is the 
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harmonic order and I is the laser intensity for the intensity region below the 

saturation intensity. The behaviour of the harmonic strength above saturation 

is more complex and cannot be described by the simple power law I
q
. In this 

region, because of the rapid increase of the ionization fraction, macroscopic 

effects such as the depletion of the neutral atom population and the increase of 

the free electron density need to be considered.  

The influence of the ionizing gaseous medium on the blue-shifting and 

broadening of the fundamental spectrum has been studied in [65, 66]. During 

the ionization, a rapid increase of the free electron density induces a variation 

of the gas refractive index, which results in a shift of the wavelength of the 

fundamental beam. For an incident wavelength λ0 and an interaction length L, 

this spectral shift Δλ is given by [66] 
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  (3.1) 

 

where Ni is the ion density and η is the ionization rate. An estimate of the shift 

depends on an accurate calculation of the ionization rate.  

The spectral shift of the fundamental beam in turn leads to a spectral shift 

of the particular harmonic q given by [67, 68, 69]  

 

q/q   (3.2) 

 

The harmonic spectrum can also be shifted due to the refractive index 

change at 
q  caused by the presence of the free electrons. However, this shift 

is much smaller than the previous one [68, 69].  

Another interesting theoretical study of the spectral structure of the high 

harmonic emission from atomic gases was conducted by Kan et al. [70]. By 

looking at the single-atom response, they showed that the splitting and 

blueshift of the harmonic spectrum is due to the intensity or time dependent 

phase shift of the dipole acceleration that is responsible for harmonic 

generation. There are two intensity-dependent phase terms, which are the 

classical accumulated phase of the electron wave function of the q
th
 harmonic 

and q times the returning phase. When the intensity of the fundamental beam 

changes during the laser pulse, the relative contribution from these two terms 

to the total harmonic phase will change depending on the electron trajectory in 

the continuum states. The different increase of the harmonic phase with the 
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fundamental laser intensity leads to a blueshift and splitting of the harmonic 

spectrum. It is useful to recall that under these model pulse conditions, where 

the ground state is depleted just before the peak of the pulse, the harmonics are 

generated only on the leading edge of the fundamental pulse.  

Another theoretical approach to study the intensity dependence of the 

harmonic emission based on the single-atom response is to consider the 

harmonic signal produced on the two different sides of the laser pulse [71]. It 

has been shown that a temporal modulation of the harmonic signal due to a 

temporal modulation of the instantaneous harmonic frequency is mapped onto 

the frequency domain and this leads to a spectrally broadened harmonic pulse 

with a blueshifted leading edge and a redshifted trailing edge [71].  

Recently, the contribution of interference between the quantum paths to 

the harmonic emission has been theoretically and experimentally investigated 

[72, 73]. As we know, there are typically two electron trajectories leading to 

the emission of radiation at the same frequency but with different temporal and 

spectral properties: a short trajectory corresponding to a short return time and 

to a slow associated dipole phase variation and a long trajectory corresponding 

to a return time close to one optical period and to a rapid associated dipole 

phase variation [19]. At low intensity, basically there is only a single quantum 

path contributing. Conversely, at high intensity, both quantum paths 

participate in the harmonic generation. The fast regular oscillations of the 

intensity dependent harmonic signal and the interference fringes in the 

harmonic spectrum due to the quantum path interferences have been 

theoretically observed by A. Zair et al. [72, 73]. In addition, it has been shown 

that the contribution of different electron trajectories to the harmonic radiation 

can induce a splitting and frequency shift of the harmonic lines with the 

central harmonic frequencies produced mainly by the shortest trajectories and 

the shifted frequencies by the longer trajectories [74].  

By studying the propagation equation of the harmonic field, the effects of 

ionization on the high harmonic spectral broadening and splitting have also 

been reported [75, 76, 77]. The increase of the ionization rate due to an 

increase of the driving laser intensity causes a rapid decrease of the neutral gas 

density and an increase of the free electron density. Both of these affect the 

propagation equation and modulate the temporal profile of the harmonic 

signal. The modulation of the envelope of the harmonic field in the time 

domain causes a splitting of the harmonic line in the frequency domain.  

We discuss the influence of the fundamental beam on the spectral features 

of the harmonics. The macroscopic phase matching which plays a particularly 

significant role in the harmonic radiation using a long gas cell and the 
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interplay between the single-atom response and the macroscopic response are 

analyzed. In addition, based on these considering, we can determine the 

conditions for the production of sharp and strong harmonics.  

 

 

3.2. THEORETICAL BACKGROUND 
 

A physical understanding of the HHG process is provided by the three-

step model where the interaction between the laser field and the atoms is 

separated into ionization, acceleration and recombination [3, 8]. A full 

quantum mechanical theory which recovers the semi-classical model and 

considers quantum effects such as tunneling, diffusion and interference has 

been given within the strong field approximation (SFA) model to describe 

aspects of the HHG process more precisely [21]. In the SFA theory, the HHG 

from a single atom can be obtained by calculating the dipole acceleration of a 

returning electron which has gained momentum in the presence of the 

oscillating electric field. However, in general, an understanding of the HHG 

process based on only the single-atom dynamics is not sufficient to explain the 

experimental data completely. In order to achieve good agreement between 

theory and experiment, one must also take into account the effects of 

propagation and phase mismatch between the harmonic field and the 

fundamental field in the macroscopic medium [7, 64]. In this section, we 

discuss the influence of the fundamental laser intensity on the spectral features 

with consideration of the macroscopic effects.  

 

 

3.2.1. Influence of Driving Laser Intensity on the Harmonic 

Yield  
 

First, let us recall that if we assume a constant nonlinear polarization 

strength and homogeneous generating conditions within a short interaction 

length Lmed and neglect absorption, equation (2.13) allows us to estimate the 

number of emitted photons on-axis per unit time per unit area for the q
th

 

harmonic and equation (2.21) provides an estimate of the amplitude of the 

harmonic dipole 3

q Id  . The intensity of the q
th

 harmonic per unit area is 

then the total harmonic signal, Iq, at the end of the pulse and is expressed as  
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where I is the envelope intensity of the laser pulse which for a Gaussian 

intensity profile can be defined in terms of the peak laser intensity I0 
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 (3.4) 

 

where )2ln2/(  is the temporal width with respect to the FWHM τ.  

Moreover, in equation (3.3), Δkq is the total phase mismatch between the 

fundamental field and the harmonic field and can be calculated from the sum 

of four terms: the neutral gas dispersion phase mismatch, the plasma 

dispersion phase mismatch, the geometric phase mismatch and the atomic 

dipole phase mismatch, as indicated in detail by equation (1.11). When overall 

phase matching is achieved, the dependence of the harmonic intensity on the 

position of the laser focus relative to the exit of the gas cell has been studied in 

chapter 2 and it appears that for an interaction length smaller than the Rayleigh 

length the harmonic intensity increases quadratically with the interaction 

length. With the use of a 300 mm focal length lens, the Rayleigh length is 

around 7 mm, and thus the interaction length in this case should be less than 5 

mm.  

In general, the variation of the instantaneous intensity in time and in 

space, I, causes a change of the atomic dipole phase. As stated in section 

1.1.3.2, the origin of this phase, 
q , is the action acquired by the electron 

wave packet along the trajectory leading to the emission of the q
th
 harmonic in 

the continuum state. To a first approximation this phase scales linearly with 

the laser intensity, Iqq  , where αq is a coefficient relating the electron 

trajectories ( W/cm1051 214

q

  for the short trajectory and 

W/cm102520 214  for a long trajectory [73, 78]). Because this phase 

can change with the laser intensity it may strongly influence the phase 

matching to the extent that the laser intensity varies within the generating 

medium. The contribution to the total phase mismatch on-axis of the 
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q
th
harmonic induced by the variation of the laser intensity along the direction 

of propagation,
z

I
qq



  is given by equation (1.30). During the laser 

pulse, I and therefore 
q  vary with time. Moreover, the variation of the 

laser intensity with time modifies the neutral gas density and the plasma 

density leading to a change of the neutral gas dispersion and plasma 

dispersion. Consequently, according to equation (3.3) a variation of the 

fundamental laser intensity influences the harmonic intensity through a change 

of Δkq and the amplitude of the harmonic dipole, dq.  

 

 

3.2.2.Influence of Modulation of the Harmonic Dipole Phase on 

the Spectrum of HHG  
 

It was indicated that the change of the dipole phase resulting from the 

variation of the fundamental laser intensity affects the total phase mismatch 

leading to a change of the harmonic intensity. We discuss there theoretically 

the effects of the modulation of this intensity dependent phase on the spectrum 

of the HHG.  

The variation in time of the fundamental laser intensity, I(t), induces a 

change in the instantaneous frequency of the harmonic emission through a 

harmonic phase modulation process [71, 73]. The instantaneous harmonic 

frequency during the pulse is given by [71, 73]  

 

t

I
q)t( qq




  (3.5) 

Here q  is the central harmonic frequency and the term 
t

I
q



  gives the 

variation of the instantaneous frequency with time. If the signal at precisely 

the harmonic central frequency always corresponds in time to the central part 

of the laser temporal envelope, then the emission from the envelope edge is 

shifted to different side frequencies: a redshift is produced on the trailing edge 

and a blueshift on the leading edge. This phenomenon can be understood as 

follows. For the leading edge of the pulse, 0
t

I





, i.e., the term 

t

I
q



  is 

positive and therefore from equation (3.5) a higher frequency harmonic signal 
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is emitted. Conversely, for the trailing edge of the pulse, 0
t

I





, i.e., the term 

t

I
q



  is negative and a lower frequency harmonic signal is emitted. 

Physically, we may explain this feature in the following way. Electrons that 

are ionized during the few cycles immediately before the peak of the pulse 

experience an additional acceleration before returning and this leads to a 

blueshifted harmonic spectrum. Conversely, a redshift would be visible when 

electrons are ionized after the peak of the pulse and experience a deceleration 

[79].  

The mapping process is illustrated in figure 3.1. When the harmonic 

emission is confined to the central part of the light pulse, the mapping process 

is almost linear. From equation (3.5), the spectral broadening is given by 

 

t

I
)t( qq




  (3.6) 

 

 

Figure 3.1. The mapping process of the q
th
 harmonic order: The temporal modulation 

of the harmonic signal Iq (t) is mapped onto the frequency domain as a result of the 

temporal modulation of the instantaneous harmonic frequency ωq(t). The dashed lines 

represent the intensity profiles of the fundamental.  
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For a Gaussian intensity profile, during the laser pulse, the phase matching 

is transiently optimized at certain intensities In at given times tn depending on 

the peak intensity, I0 [71]. Similarly to equation (3.4), we can write 

 

)/texp(II 22

n0n   (3.7) 

 

From equations (3.6) and (3.7), the instantaneous harmonic frequency at 

the laser intensity In given by equation (3.5) can be calculated as a function of 

the scanning intensity, i.e., the peak intensity, I0 [71] 

 













n

0n
q0q

I

I
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I
q)I(  (3.8) 

 

Since a long path with very large coefficient,
q , is predominantly phase-

matched off-axis, from equation (3.8) it is found that the off-axis region would 

give a larger shifting and broadening than the on-axis region.  

 

 

3.2.3. Influence of the Harmonic Propagation on the Spectrum of 

HHG  
 

A variation of the fundamental laser intensity during the laser pulse causes 

not only a change of the harmonic dipole phase that was studied in section 

3.2.2 but also a change of the ionization rate of the medium. Basically, the 

total ionization fraction produced on the trailing edge of the pulse is higher 

than that produced on the leading edge which results in different phase 

mismatches between the fundamental field and the harmonic fields emitted a 

few cycles before and after the peak of the pulse. This influences the 

propagation of the harmonic field and may lead to modification of the spectral 

features.  

For the q
th

 harmonic, the Maxwell equation of the harmonic field in an 

isotropic medium is given by [7, 64] 
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In addition, we have [7, 64] 

 
L

qqq PE)t,r(D   (3.10) 
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L
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where Eq(r,t) is the harmonic field, Dq(r,t) is the electric excitation of the 

harmonic field, )t,r(P NL

q  and )t,r(PL

q  are the nonlinear response and linear 

response of the harmonic field, respectively, and μ, ε, χq are the magnetic 

permeability, the electric permittivity and the electronic susceptibility.  

Substituting equations (3.10) and (3.11) into equation (3.9), one obtains  
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  (3.12) 

 

Along the laser axis (r=0), equation (3.12) may be expressed as a function 

of the propagation z-axis 
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 (3.13) 

 

Assuming the ion is stationary, then in a non-absorbing medium the 

electromagnetic field of the q
th
 harmonic along the laser axis (r = 0) for a plane 

wave approximation and the nonlinear response can be written as [7, 64] 
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where


E qis an envelope function (the propagation equation) of the 

electromagnetic field Eq and 

NL

qP


 is an envelope function of the nonlinear 

polarization. The time t refers to the slow variation of the pulse envelope. 

For the slowly varying envelope approximation, we assume [7, 64]  
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 (3.16) 

 

Moreover, the electronic susceptibility can be defined by [7, 64]  
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Substituting equations (3.16) and (3.17) into equation (3.13) gives  
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Inserting equations (3.14) and (3.15) into equation (3.18), dividing both 

sides by  )zqktq(iexp 1  and neglecting the double derivatives of qE


 

with respect to z and t in the slowly varying envelope approximation, we 

obtain the propagation equation of the harmonic field in an isotropic ionizing 

medium  
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where gq

q

v
k

q



 is the group velocity,  22

q )q(k  and Nk  is the 

atomic dispersion phase mismatch. 

qe

2

e
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en
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the free electrons on the wave propagation of the harmonic; 

)t(d)t(N2P qa

NL

q 


 where Na(t) is the atomic density and dq(t) is the 

harmonic dipole; and 

NL

q

q

22
'

q P
k2

q
P


  [64].  

By making the substitutions

gqv

z
t   and integrating equation (3.19), 

the solution of the propagation equation of the harmonic field is given by 
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(3.20) 

 

Equation (3.20) is the same as in [75, 76]. In this equation, the effect of 

ionization on the harmonic propagation can be explored clearly through the 

parameters: ΔkN, the phase mismatch due to the atomic dispersion and σ which 

corresponds to the influence of the free electrons, i.e., the plasma dispersion.  

Equation (3.20) indicates that the envelope of the harmonic field depends 

on the product of the amplitude of the harmonic dipole dq(t) (through 
'

qP ) and 

the term 
  

2/)k(

z2/2/ksin

N

N




. Since dq(t) ~ I

3
(t) [38] the time evolution 

of the amplitude of the atomic dipole strongly follows the laser electric field 

E(t). Thus, in order to investigate the influence of the ionization on the 

harmonic propagation, one should focus on the term 
  

2/)k(

z2/2/ksin

N

N




.  

Below, we show in the time domain calculations of the variations of the 

atomic dispersion phase mismatch, ΔkN, and the electron density, Ne/Na, when 

the peak laser intensity is 10
15 

W/cm
2
. It is useful to recall that the depletion of 

the neutral density scales linearly with the increase of the single ionization 

fraction.  
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Figure 3.2. Variation of the electron density (normalized to the initial neutral density) 

and the atomic dispersion phase mismatch ΔkN in the time domain at I0=10
15

 W/cm
2
. 

Figure 3.2 indicates that for very high laser intensity (~10
15

 W/cm
2
), 

during the ionization process, the phase mismatch which originates from the 

neutral gas dispersion changes much more rapidly than the free electron 

density which has contributions from both single and double ionizations. In 

addition, the term σ which indicates the influence of the free electrons on the 

harmonic propagation is linearly proportional to the electron density. 

Therefore, the variation of the neutral gas dispersion phase mismatch plays a 

more important role than that of σ in the study of the change of the harmonic 

spectral line through the term 
  

2/)k(

z2/2/ksin

N

N




 [75]. However, for 

lower laser intensities, since the double ionization fraction is very small, the 

difference between the variation of the neutral gas dispersion and that of σ 

becomes smaller. When the double ionization is negligible (for peak laser 

intensities less than 4×10
14

 W/cm
2
), the change of the neutral gas dispersion 

and that of σ tend to be the same. Under these conditions, both contribute 

equally to the propagation of the harmonic signal.  

Figure 3.3 shows the single ionization fraction of the pulse with a peak 

intensity of 2.5×10
14

 W/cm
2
 calculated using the Ammosov-Delone-Krainov 

(ADK) tunneling ionization rate. At this intensity, double ionization can be 

neglected.  

As mentioned above, the envelope of the harmonic field depends on the 

product of the amplitude of the harmonic dipole, dq(t), which follows the 

envelope of the fundamental field, and the term 
  

2/)k(

z2/2/ksin

N

N




. 
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Thus, during the fundamental laser pulse, the line splitting occurs only when 

  
2/)k(

z2/2/ksin
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 oscillates. The bottom point between the two peaks 

of )t(Eq



 originates from the term 
  

2/)k(

z2/2/ksin

N

N




 passing through 

the lowest point. Consequently, a break in the harmonic envelope in the time 

domain causes harmonic splitting in the frequency domain [75, 76].  

 

 

Figure 3.3. Single ionization fraction at a peak intensity of 2.5×10
14

 W/cm
2 
and the 

laser pulse envelope in the time domain. 

 

3.3. EXPERIMENT AND INTERPRETATION  
 

Before we carry out experiments that allow us to study the influence of the 

fundamental laser intensity on the HHG spectral features, we clearly know that 

a modulation of the temporal phase of the fundamental laser pulses can cause a 

considerable change of the spectrum of the harmonics [80, 81, 82, 83]. This 

helps us not only to gain a better understanding of the harmonic emission 

process but also to have precise control over the proper harmonic spectrum 

required for specific applications [82, 84]. Therefore, in the first part of the 

experimental work, the influence of the temporal phase of the fundamental 

laser field on the harmonic spectrum should be investigated.  
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3.3.1. Influence of Phase Modulation of the Fundamental Laser 

Field on the Harmonic Spectrum  
 

For a laser pulse which is centred around ω0, it is common to expand the 

phase in a power series around ω0 to second order in ω [85, 86] 
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where

0



is the first derivative of the phase at the centre frequency and 

corresponding to the group delay of the pulse envelope and 

0

2

2





is the 

second derivative of the phase at the centre frequency, i.e., the first derivative 

of the group delay, and corresponding to the group delay dispersion (GDD). 

Thus, the GDD which is different from zero indicates the dependence of the 

group delay on frequency.  

To illustrate the pulse distortion due to the dispersion, it is useful to recall 

that the transform limited Gaussian pulse with a duration of τ0 is given by 
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Using a Fourier transform, the Gaussian pulse in the frequency domain is 

expressed as 
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where 0/2ln4   is the bandwidth for the Gaussian pulse.  

If we consider only the influence of the GDD term, equation (3.23) can be 

rewritten  
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where 
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Using an inverse Fourier transform, one can obtain the electric field of the 

laser pulse after traveling through a dispersive medium in the time domain 
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From equations (3.26) and (3.27), the effect of dispersion is disclosed. The 

nonlinear dependence of the phase on time which results from a complex 

expression of the Gaussian parameter Γ implies the existence of a time-

dependent carrier frequency and this is usually understood as a chirp of the 

laser pulse [87]. In equation (3.27) β is defined as the frequency-sweep rate, 

i.e., the chirp parameter of the laser pulse. An increase of the instantaneous 

frequency with time ( 0 ) corresponds to a positive chirp and a reverse 

sweep ( 0 ) corresponds to a negative chirp. In other words, a positive 

chirped laser pulse involves a frequency increase from the leading edge to the 

trailing edge and a negative chirped pulse corresponds to a reverse sweep. 

When 0 , the frequency of the laser field exhibits an oscillatory 

periodicity and this is understood as a chirp-free or transform-limited 

condition.  

In addition, from equation (3.27), one finds that the pulse duration 

depends on the chirp parameter β and is given by  
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If without increasing the laser energy, to keep the peak intensity fixed for 

the longer pulse durations, based on equation (3.28), for positive chirped 

pulses ( 0 ) or for negative chirped pulses ( 0 ), the pulse is always 

stretched leading to a reduction of the peak laser intensity. This means that at 

the chirp-free condition, the pulse duration is shortest and the peak laser 

intensity is highest.  

In a chirped-pulse amplification (CPA) laser, the chirp parameter, i.e., the 

phase of the pulse, can be varied by adjusting the grating separation in the 

pulse compressor.  

 

 

Figure 3.4. Pulse compressor based on a grating pair. 

The pulse compressor of a CPA consists of two parallel gratings and a 

reflector as illustrated in figure 3.4. This grating pair is installed not only to 

compress a laser amplified pulse to achieve high output intensity but also to 

compensate the dispersion induced by the stretcher and all the other 

components of the CPA laser system by choosing the proper distance between 

these two gratings.  
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The group delay dispersion which is produced by the compressor can be 

calculated from [88] 
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  (3.29) 

 

where d is the groove separation, γ is the angle of incidence on the first grating 

and Lg is the distance between the two gratings.  

From equation (3.29), the phase of the fundamental laser field is modified 

when the distance between the two gratings is varied along the incident 

direction of the laser beam to keep the alignment. When the grating separation 

is changed by δZ along the incident direction of the laser beam, the change of 

Lg is given by [88, 89]  

 

Z)cos/(cos2L 0g   (3.30) 

 

where )( 00   is the diffraction angle corresponding to the central 

frequency.  

Provided the compressor fully compensates for the dispersion at the 

grating separation Z0 along the laser incident direction, the change of phase is 

determined by the grating detuning which is given by 0ZZZ  . Thus, a 

zero grating detuning occurs when Z = Z0 corresponding to complete 

compensation for the dispersion. Consequently, for a zero grating detuning, 

the pulse duration is shortest. Based on the linear relation between the grating 

detuning δZ and δLg shown in equation (3.30) and that between the group 

delay dispersion and the distance between these two gratings shown in 

equation (3.29), it is clear that when the grating separation is changed by δZ 

along the incident direction of the laser beam from the zero grating detuning, 

the chirp parameter β is given by [84]  

 

ZC   (3.31) 

 

where C is a positive constant.  

Equation (3.31) indicates that a reduction of the grating separation in the 

pulse compressor from the chirp free condition, i.e., a grating position with 
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negative detuning 0Z  , causes a positive chirp while an increase of the 

grating separation causes a negative chirp. 

In the experimental work, first, the laser pulse is set at the transform-

limited condition (chirp free) and therefore the shortest pulse duration of ~ 30 

fs is obtained. After that, experimental parameters such as the argon gas 

pressure, the aperture diameter and the position of the laser focus are 

controlled so that all available harmonics appear intense for the on-axis 

emission and spectrally narrow which is typical for the dominant contribution 

from the short trajectory emission. Then, the chirp of the laser is varied from a 

negative sign to a positive sign by adjusting the separation of the gratings. The 

pulse duration at the largest positive chirp and the largest negative chirp is 

estimated to be 200 fs. From equation (3.28) and based on the shortest pulse 

duration at the transform-limited condition (τ0 ~ 30 fs) and the measured pulse 

duration at the largest positive chirp and largest negative chirp )fs200~( , 

we can calculate the chirp parameter, i.e, the frequency-sweep rate, β, as 

shown in figure 3.5 which plots the harmonic spectrum generated from argon 

gas as a function of β. It is useful to recall here that theoretically the chirp 

parameter scales linearly with the grating separation while the pulse duration 

scales quadratically with this separation.  

Figure 3.5 indicates that a variation of the chirp of the laser pulse can alter 

the harmonic spectrum. Firstly, the cut-off energy of the observed spectrum is 

shifted when the chirp is adjusted. The highest cut-off energy is about 48 eV 

(H31) and it is reduced to 44.7 eV (H29), 41.7 eV (H27), 38.6 eV (H25) and 

35.6 eV (H23) in succession when the chirp is moved away from zero (toward 

to a larger chirp on the positive or negative sides). This may be attributed to a 

reduction of the peak intensity of the fundamental laser which occurs when the 

pulse is stretched. Indeed, when varying the chirp from negative to positive, 

H23 appears for a pulse duration of ~ 110 fs, H27 appears for a pulse duration 

of ~ 80 fs and H31 appears for a pulse duration of fs40~ . The decrease of 

the peak laser intensity also causes a rapid reduction of the harmonic intensity 

when the chirp is varied from the transform-limited condition.  

Also, there is a spectral shift of the harmonics and this spectral shift for all 

harmonics follows the same trend. Clearly, in figure 3.5, the harmonics 

produced by large chirped pulses on both the positive and negative sides are 

red-shifted relative to those produced by free chirped pulses and the shift on 

the positive side is much stronger than that on the negative side. Figure 3.6 

shows the measured maximum energy shift (ΔEq,max) for different harmonics. 
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Figure 3.5.Variation of the harmonic spectrum as a function of the chirp parameter, β. 

 

Figure 3.6.Maximum energy shift for different harmonics. 

From figure 3.6, we find that the maximum energy shift scales almost 

linearly with the harmonic order (ΔEq,max ~ q). This implies that the frequency 
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shift of the fundamental laser field leads to the shift of the harmonic spectrum, 

q/q  . 

In order to be more apparent for further analysis, figure 3.7 plots the 

spectrum of H25 which has the highest intensity among the available 

harmonics when the fundamental laser pulse is transform-limited as a function 

of the chirp parameter β.  

 

 

Figure 3.7.Variation of the H25 spectrum as a function of the chirp. 

In figure 3.7, the spectrum at the transform-limited condition exhibits a 

redshift for both positive and negative chirps in which the redshift on the 

positive sign (ΔEmax,positive ~ 1.21 eV) is much more pronounced than that on 

the negative sign (ΔEmax,negative ~ 0.3 eV). That the harmonic peak strongly 

shifts to longer wavelengths for positive chirp is consistent with the 

observation in [9, 80]. As stated above, this behaviour can be easily explained 

in terms of the frequency change of the fundamental field on the leading edge 

of the laser pulse when the pulse is chirped. On the other hand, with negatively 

chirped pulses the harmonic spectrum is well defined and exhibits a slight 
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redshift. This behaviour which is different to that observed in [9, 80] indicates 

that in our experiment the positive chirp of the fundamental laser field induced 

by the dispersion associated with the propagation of the laser field in the 

ionized gas medium and through the focusing lens strongly affects the spectral 

structure of the harmonic. This positive chirp is compensated by the negative 

chirp of the laser pulse leading to a sharp and intense harmonic spectrum with 

the maximum intensity occuring for a negative chirp ~ 200 fs
2
 (~ 35 fs in pulse 

duration). On the other hand, this positive chirp can be added to the positive 

chirp of the laser pulses resulting in a strong redshift and a broad spectrum 

which is seen in figure 3.7. We should note that the positive chirp induced by 

the propagation of the laser field in the ionized medium depends on the laser 

intensity which is strongest when the pulse duration is shortest; therefore the 

influence of this positive chirp on the harmonic spectrum becomes weaker 

when the pulse duration is stretched. This may explain why in figure 3.7, for 

the positively chirped pulses, the harmonic spectrum exhibits a significant 

redshift for a chirp less than 500 fs
2
 (~ 55 fs in pulse duration). In addition, the 

strong influence of two different positive chirps (the positive chirp induced by 

the propagation of the fundamental laser field on the ionized medium and 

through the focusing lens when β is between 250 fs
2
 to 450 fs

2 
and the positive 

chirp induced by the variation of the grating separation in the pulse 

compressor) may also cause the considerable modulation of the spectral line 

which is observed in figure 3.7 in this region of β. For larger positive chirps, 

the spectral structure exhibits a narrow line without any shift and modulation 

and a sharp decrease in intensity due to the reduction of the fundamental laser 

intensity.  

We are also aware that the observed weak spectral redshift on the negative 

chirp side in figure 3.7 may be mostly associated with the slight redshift of the 

fundamental laser pulse that occurs when the laser intensity rapidly decreases. 

Indeed, for large negative pulses, i.e., a large increase of the pulse duration, 

since the laser intensity is very weak, the effect of the positive chirp induced 

by the dispersion of the ionized medium on the modulation of the spectral 

feature becomes minor and can be neglected. 

In summary, we have shown the influence of the laser chirp on the 

spectral structure of the harmonics. In the experiment, variation of the chirp 

not only reduces the peak laser intensity due to the longer pulse duration but 

also leads to a temporal phase modulation of the fundamental field. Thus, the 

harmonic spectrum dramatically changes with the chirp of the fundamental 

laser pulses. First, the maximum cut-off energy is shifted from 48 eV down to 

35.6 eV when the chirp is moved away from the transform-limited condition 
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because of the rapid decrease of the peak laser intensity. Secondly, the spectral 

shifts of the harmonics are mainly due to the frequency shift of the 

fundamental field and we find that the maximum energy shift is 1.58 eV for 

the highest harmonic order H31 when the chirp is varied from the transform-

limited condition.  

 

 

3.3.2. Influence of the Driving Laser Intensity on Spectral 

Feature of HHG 
 

In the previous section, we demonstrated that the phase of the fundamental 

field strongly affects the HHG process. On the other hand, as presented in the 

theoretical background, the harmonic yield and harmonic spectrum are also 

considerably influenced by the fundamental laser intensity through the 

macroscopic phase mismatch and the atomic dipole. Thus, in this section, the 

experimental work involving the fundamental laser intensity dependence of 

the HHG process is presented.  

According to the theoretical studies in sections 3.2.2 and 3.2.3, one knows 

that during the laser pulse phase matching is transiently optimized at certain 

intensities In corresponding to a given time tn and can be expressed in terms of 

the peak intensity I0 as shown in equation (3.7). Moreover, the ionization 

fraction also strongly affects the HHG process. Hence, for different initial 

values of the laser energy which are applied to produce the harmonic radiation 

and limitthe ionization rate, the behaviour of the harmonic yield and the 

harmonic spectrum as a function of the laser energy may be different. In this 

work, the changes of the harmonic yield and the harmonic spectrum with 

variation of the laser energy are experimentally analyzed in two cases: without 

limitation of ionization and with limitation of ionization.  

 

3.3.2.1. Experimental Setup  

The laser system was reported in section 1.2.1. Pulses with a duration of 

30 fs centred at 805 nm are focused by a 300 mm focal length lens into a 

150 mm long gas cell with a glass window at the entrance and a 100 µm 

pinhole at the exit. A half-wave plate and a polarizing beam splitter are used to 

control the laser energy precisely and continuously without any change of the 

focusing geometry. Argon gas is used. The harmonic production and detection 

systems are the same as those in section 1.2.2.  
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Figure 3.8.A combination of a half-wave plate and a polarizing beam splitter to control 

the laser energy. 

3.3.2.2. Study of Driving Laser Intensity Dependence of the Harmonic 

Spectral Features without Limitationof Ionization Fraction  

First, the half-wave plate and the polarizing beam splitter are positioned so 

that the laser energy with full beam coming after the polarizing beam splitter is 

very low )mJ4.0(~ . In the following, the laser focus is set close to the exit 

of the gas cell and other experimental parameters such as the gas pressure and 

the aperture diameter are controlled so that a maximal photon flux and a 

narrow spectrum are observed for all available harmonics. Under these 

conditions, the energy of the fundamental laser is measured at ~ 0.4 mJ which 

corresponds to a very large diameter of the aperture (~ 10 mm diameter), i.e., 

the aperture is almost fully opened for the laser beam. Later, all the 

experimental parameters (e.g., the gas pressure and aperture diameter) are kept 

unchanged and only the laser pulse energy is varied continuously from            

~ 0.2 mJ, at which the harmonics start to be observed, to a maximum value of 

3.6 mJ by rotating the half-wave plate. Thus, in this case the ionization 

fraction can be much higher than the critical value when the laser energy 

increases.  

Figure 3.9 shows the harmonic spectrum at a laser energy of 0.4 mJ using 

argon gas.  

Figure 3.10 shows the H21 intensity, which is the strongest harmonic in 

the HHG spectrum shown in figure 3.9, as a function of the laser energy. The 

maximum photon flux of H21 during variation of the laser energy is

 
 

).scm/(photon105.1~ 210
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Figure 3.9.HHG spectrum with argon gas when the laser energy is 0.4 mJ. 

 

Figure 3.10.Intensity of harmonic H21 for argon when varying the laser energy of the 

fundamental laser. 

In figure 3.10, the development of the harmonic intensity with laser 

energy, i.e., the harmonic conversion efficiency, is relatively complicated and 

slow which may be explained by a large plasma phase mismatch resulting 

from the very high free electron density in the medium. Moreover, the 

defocusing effect due to the high ionization fraction reduces the focusing. 

Consequently, a saturation of the harmonic intensity can be seen for laser 

energies higher than 2.3 mJ.  
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As shown theoretically in sections 3.2.2 and 3.2.3, for high laser energy, 

the influence of the modulation of the harmonic dipole phase and the high 

ionization on the harmonic spectrum can be clearly observed. In addition, the 

change of the harmonic spectral line for the off-axis region which has the 

dominant contribution of the long trajectory with large coefficient, αq, would 

be stronger than that for the on-axis region. Therefore, firstly, we measure the 

harmonic spectrum of the H21 off-axis selection as a function of the laser 

energy.  

 

 

Figure 3.11.Measured H21 spectrum of the off-axis selection as a function of the laser 

energy. The black lines are calculated from equation (3.32), fitted to the experimental 

spectrum. 

In figure 3.11, spectral interference fringes are visible. This is similar to 

the results obtained in [71] and may also be attributed to transient phase 

matching during the pulse. A first fringe with a maximum blueshifted 

wavelength of ~ 1.4 nm, a second fringe with a maximum blueshifted 

wavelength of ~ 0.8 nm and a third fringe with a maximum blueshifted 

wavelength of ~ 0.2 nm are observed for laser energies ~ 0.6 mJ, 0.9 mJ and 

1.6 mJ, respectively.  
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Although the strongly ionized medium may significantly influence the 

spectral properties of the fundamental laser, this only causes an overall 

spectral shift, not double peak structures of the driving laser field [66]. This 

confirms that the spectral features in figure 3.11 do not originate from the 

structure of the fundamental spectrum.  

The blueshifting and splitting observed in the experiment may be 

associated with the strong harmonic phase modulation which is indicated by 

equation (3.8). To compare the experiment with the theory, we perform a 

calculation of the H21 spectrum as a function of the laser pulse energy. Based 

on equation (3.8), one can obtain an equation which describes the exponential 

shape of the maximum signal in the harmonic spectrum plotted as a function 

of the laser intensity [71]  
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In this calculation, we estimate that the diameter of the focus point is 

around 150 μm. For simplification, we neglect the defocusing effect in this 

laser energy range and then the laser intensity axis can be converted linearly 

from the laser energy axis. For different intensities In, i.e., different fringe 

patterns, the coefficient, α, is adjusted to obtain the best agreement with the 

experimental harmonic spectral lines. The simulated results are shown by the 

black lines in figure 3.11. We find that the maximum coefficient is around 

11.5×10
14

 cm
2
/W which is consistent with a larger contribution from the long 

trajectory in the off-axis region.  

As shown by the simulations, the exponential shape of the harmonic 

spectral distribution may be visible. However, in the experiment, we cannot 

see clearly the red wings (the dashed lines) and this is likely to be due to the 

significant plasma phase mismatch induced by the strong ionization rate on the 

trailing edge of the pulse which distorts the harmonic emission on this edge. 

This behaviour also allows us to confirm that the quantum path interference 

(QPI) is not principally responsible for the interference fringes observed in our 

experiment. For QPI, as indicated in [72], changes in phase matching may also 

occur with increased intensity but the shapes with both the blue and red wings 

still appear at low intensities.  

Unlike the simulations, the experimental spectral lines do not shift 

anymore for laser energies higher than 2.3 mJ. As explained above, this is a 
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direct consequence of the almost saturation of the laser intensity induced by 

the defocusing effect and this is also seen through the saturation of the 

harmonic intensity for laser energies higher than 2.3 mJ in figure 3.10. We 

note that in practice, in the case without limitation of ionization, the 

defocusing effect can even occur for laser energies less than 2.3 mJ. This is 

one of reasons for the difference between the simulated and measured 

harmonic spectrum in this laser energy regime.  

We have already studied the spectrum of the harmonic emission in the off-

axis region as a function of the laser energy. Now, we investigate the variation 

of the spectral line in the on-axis region where theoretically the short trajectory 

predominantly contributes to the harmonic radiation.  

 

 

Figure 3.12.Measured H21 on-axis selection as a function of the laser energy. The 

black lines are calculated from equation (3.32), fitted to the experimental spectrum (a); 

and the harmonic spectrum for a laser energy ~ 3.3 mJ (b). 

In figure 3.12, for laser energies less than 0.6 mJ, as the laser energy 

increases, the harmonic signal increases and the spectrum still appears to be 

narrow. For laser energies greater than 0.6 mJ, the spectrum exhibits a 

blueshifting causing the first fringe. We would observe a second fringe when 

the laser energy is ~ 0.9 mJ. However, because this shifting may be very small 

a second fringe cannot be seen. In this case, we just see the central component.  

Similarly to the case of the off-axis selection, by performing a simulation 

and fitting to the experimental results, we find a maximum coefficient ~ 

7×10
14

 cm
2
/W which is in agreement with the major contribution of the short 
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trajectory. However, this value is higher than the theoretical values given by 

[73] which indicates a non-negligible contribution of the long trajectory for the 

harmonic emission on the spectral axis. Apart from the defocusing effect, the 

simultaneous contributions of the long and short trajectories to the harmonic 

generation may lead to the fact that the measured harmonic spectrum becomes 

more complicated than the calculated ones.  

Similarly to figure 3.11, the spectral shape in figure 3.12 is also 

asymmetric, i.e., the red wing of the first fringe (the dashed line) is not visible. 

This phenomenon originates from the distortion of the harmonic emission 

from the trailing edge due to the significant plasma phase mismatch. 

Furthermore, the observation that the experimental blueshifted wavelength 

achieves a maximum value (~ 0.9 nm) when a pulse energy of 2.3 mJ is 

applied is also understood by the almost saturation of the laser intensity 

induced by the defocusing effect.  

Interestingly, when the laser energy is above 3 mJ, we can observe a slight 

splitting between the blue wing of the first fringe and the central component. 

The splitting becomes stronger with increase of the laser energy and may be 

attributed to the modification of the harmonic propagation in the ionizing 

medium as mentioned theoretically in section 3.2.3. Indeed, without limitation 

of the ionization fraction, the rapid ionization of the gas can strongly modify 

the harmonic propagation and this also leads to a more complicated 

experimental harmonic spectrum compared to the calculated ones based on 

equation (3.32). In order to see this splitting clearly, figure 3.12b shows the 

measured harmonic spectrum for a laser energy ~ 3.3 mJ.  

Based on the harmonic spectral features shown above, it appears that 

when the aperture is almost fully open for the laser beam during the scanning 

of the laser energy (similar to without an aperture), there is no limitation of the 

ionization fraction at a high specific laser energy and there is no control of the 

wavefront of the driving pulse. Thus, we are not able to produce a sharp and 

strong harmonic spectrum during the scanning of the laser energy from 

minimum to maximum value. In this case, with an increase of the laser energy 

the harmonic conversion efficiency is very low due to significant plasma phase 

mismatch which can be seen in figure 3.10 and the harmonic spectrum exhibits 

strong shifting and splitting which can be seen in figures 3.11 and 3.12.  

 

3.3.2.3. Study of Driving Laser Intensity Dependence of the Harmonic 

Spectral Features with Limitation of Ionization  

In this study, the experimental setup is the same as in figure 3.8. However, 

at the beginning, the half-wave plate and the polarizing beam splitter are 
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positioned so that the laser energy coming after the polarizing beam splitter is 

maximal (~ 4 mJ). The laser focus is set close to the exit of the gas cell. Other 

experimental parameters such as the aperture diameter and the gas pressure are 

controlled so that all available harmonics appear to have intense on-axis 

emission and to be spectrally narrow which is typical for a dominant 

contribution from the short trajectory emission. Under these conditions, the 

energy of the fundamental laser is measured to be 2.1 mJ and corresponding to 

a reduced diameter of the aperture of the full beam (~ 6 mm in diameter). 

Later, all of the experimental parameters (e.g., gas pressure and aperture 

diameter) are kept unchanged and the laser pulse energy is varied continuously 

from a minimum value of 0.3 mJ, at which point the harmonics start to be 

observed, up to a maximum value of 2.1 mJ by rotating the half-wave plate. 

The gas pressure is kept relatively low (~ 70 Torr) to minimize absorption 

effects. By using the aperture to control the ionization fraction at the 

maximum laser energy, we can ensure that during scanning of the laser energy, 

the ionization fraction is kept below the critical ionization level (e.g., for 

argon, the critical ionization fraction is less than 5 % [34]). Figure 3.13 shows 

the observed harmonics at a laser energy of 2.1 mJ using argon.  

 

 

Figure 3.13.HHG spectrum with argon gas when the laser energy is 2.1 mJ. 

Figure 3.14 shows the spectrum of the four strongest harmonics (figure 

3.14a) and the selected harmonic H25 (figure 3.14b) as a function of the laser 

energy without any broadening or splitting. 
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Figure 3.14. Measured harmonic spectrum (a) and selected harmonic H25 (b) as a 

function of the laser energy. 

The spectrum remains narrow with high intensity on-axis during scanning 

of the laser energy from the minimum to the maximum value. This behaviour 

indicates that the short trajectory whose coefficient, αq, is relatively small 

contributes predominantly to the harmonic emission during the scanning of the 

laser energy. In addition, the influence of the ionization and the harmonic 

dipole phase, which vary strongly during scanning of the laser energy, on the 
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HHG process cannot be observed by examining the harmonic spectrum in this 

case. This suggests that these influences may be revealed by investigating the 

laser intensity dependence of the harmonic yield.  

In order to perform this task, we measure the intensity of the on-axis 

harmonic H25 when the laser energy varies from 0.6 mJ to 2.1 mJ (the H25 

harmonic appears when the laser energy is around 0.6 mJ). The maximum 

photon flux of H25 during variation of the laser energy is

).scm/(photon109~ 211  

 

 

Figure 3.15.Intensity of the harmonic H25for argon gas when varying the laser energy 

of the fundamental laser. 

In figure 3.15, it is clear that for low laser energies (below 1.2 mJ), the 

H25 intensity varies rapidly with the laser energy. The development of the 

harmonic signal in this region can be fitted very well with the function 6

0E , 

where E0 is the laser energy. Indeed, for low laser energies, the ionization 

fraction is very small, i.e., the defocusing effect can be ignored and therefore 

one can assume that the diameter of the focus point remains unchanged. 

Consequently, in this region, the peak laser intensity, I0, is directly 

proportional to the laser energy, E0, and this leads to the fact that the harmonic 

yield can be also fitted by the function 6

0I . In addition, for low laser energies, 

there is a minor influence of the ionization on the phase mismatch and the 

variation of the atomic dipole phase is also negligible since it scales linearly 
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with the laser intensity. This means that macroscopic effects can be neglected 

and only the single-atom response is exhibited in this regime.  

When the laser energy is above 1.2 mJ the ionization fraction becomes 

higher and, especially for the gas cell geometry, the rapid increase of 

ionization causes strong plasma dispersion and depletion of the neutral gas 

density. The laser intensity dependence of the harmonic yield in this region 

becomes more complicated. Indeed, in figure 3.15, for E0 > 1.2 mJ, it is shown 

that the development of the harmonic intensity with laser energy, i.e., the 

harmonic conversion efficiency, is slower due to the strong influence of the 

phase mismatch. In addition, the defocusing effect due to the high ionization 

fraction causes reduced focusing. Therefore, the laser intensity does not scale 

linearly with the laser energy anymore. The considerable phase mismatch and 

the defocusing leads to almost saturation of the harmonic yield at a laser 

energy of mJ9.1~ .  

In the high energy regime, the development of the harmonic intensity as a 

function of E0 can be fitted by the equation  
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and Δkq,eff is an effective phase mismatch which is proposed in order to 

simplify our calculation.  

The dependence shown in equation (3.33) suggests that when E0 is higher 

than 1.2 mJ, the phase mismatch plays a significant role in the variation of the 

harmonic yield and results in a slow rise of the harmonic conversion efficiency 

as plotted in figure 3.15. Moreover, with a constant a0 in the fitting equation, it 

is shown that the amplitude of the harmonic dipole moment remains nearly 

unchanged. The linear dependence of the phase mismatch on laser energy 

indicated in equation (3.34) reflects the more important contribution of the 

harmonic dipole phase term to the phase mismatch than the plasma 
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dispersionand the neutral gas dispersion. This makes sense since we initially 

keep the ionization fraction not higher than the critical level at the maximum 

laser energy.  

In figure 3.14b, for laser energies less than ~ 1.8 mJ, we observe a small 

blueshift (Δλ < 0.1 nm) in the H25 spectrum with increasing laser energy. This 

may be due to the larger contribution of the electrons accelerated in the 

leading edge of the laser pulse to the harmonic generation process and the 

dominant harmonic emission with the short trajectory. However, for laser 

energies higher than ~ 1.8 mJ, the defocusing effect causes almost saturation 

of the laser intensity and therefore the shift is no longer visible.  

Based on figures 3.14 and 3.15, we also find that when an aperture is used 

to control the ionization fraction at a high specific laser energy less than the 

critical ionization and to control the wavefront of the fundamental laser beam, 

we are able to generate strong and sharp harmonics with a dominant 

contribution from the short trajectory.  

 

 

CONCLUSION  
 

We have presented the influence of the driving laser on the spectral 

features of HHG. It has been shown that not only the temporal phase but also 

the intensity of the fundamental beam strongly affects the HHG process. 

Indeed, the harmonic spectra involving the cut-off energy and the spectral 

shape dramatically changed with the variation of the laser chirp. The 

maximum cut-off energy was shifted from 48 eV down to 35.6 eV and the 

maximum energy shift was 1.58 eV for the highest harmonic order H31 when 

the chirp was moved away from the transform-limited condition. In addition, 

in this chapter through studies of the laser intensity dependent harmonic 

generation, the influence of the harmonic dipole phase and the dispersion 

phase mismatches induced by a strongly ionized gas medium on the harmonic 

spectrum were clearly revealed. When there was no limitation of ionization 

fraction, spectral interference fringes in which a first fringe with a maximum 

blueshifted wavelength of ~ 1.4 nm, a second fringe with a maximum 

blueshifted wavelength of ~ 0.8 nm and a third fringe with a maximum 

blueshifted wavelength of ~ 0.2 nm have been observed for laser energies 

~0.6mJ, 0.9 mJ and 1.6 mJ, respectively. Furthermore, we have shown that use 

of an aperture to limit the ionization fraction to less than a critical level (~ 5 % 

in argon) at a high specific laser energy (~ 2.1 mJ) and to control the 

wavefront of the driving laser pulse for strongly coherent buildup of the on-
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axis harmonic radiation is critical for generating a sharp and intense harmonic 

spectrum.  


