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MINIMUM SYMBOL ERROR RATE PULSE DESIGN
WITH ROBUSTNESS TO TIMING JITTER

Jacob Gunther and Todd Moon∗
Department of Electrical and Computer Engineering

Utah State University
Logan, Utah

Abstract

For a communication system employing linear modulation, an expression for the
probability of symbol error is derived under the assumption that the receive matched
filter is sampled with a timing offset. This expression is used as an objective to de-
sign filters for digital data transmission that are robust in the sense that they attain
low symbol error rates in the presence of sampling jitter. Several simplifications lead
to a convex objective function which is easily optimized subject to linear constraints
for controlling attributes such as stopband attenuation. The simplified objective mea-
sures the inner boundary of the eye pattern at points away from the ideal sample times.
Filters designed using this technique satisfy the Nyquist property and have equirip-
ple behavior in the stopband. Comparisons with existing filter design techniques are
presented.

1. Introduction

Linear pulse amplitude modulation is one of the most widely used formats for digital com-
munication systems. Receivers for this type of modulation usually pass the received signal
through a filter that is matched to the transmitter pulse and then sample the output of this
filter at the symbol rate to produce symbol decision variables. Sample timing errors, also
known as timing jitter, cause intersymbol interference and increases the probability of sym-
bol decision error. We present an approach for designing transmit and receive filters to
be used with linear digital modulation. A specific definition for robustness is adopted in
the following: A filter is said to be robust if it provides for low symbol error rates in the
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presence of sample timing errors at the output of the receive matched filter. The relation-
ship between robustness, intersymbol interference, the Nyquist criterion, and eye patterns
is discussed further ahead.

1.1. Background

Achieving low symbol error rates with digital communication systems employing linear
modulation depends upon the co-occurrence of two special circumstances: (1) the com-
bination of transmitter filtering, channel response, and receiver filtering must satisfy the
Nyquist property; and (2) perfectly synchronized sampling must occur. For non-dispersive
channels, the first condition can be achieved through careful design of the transmit filter and
by using a matched filter at the receiver. However, even if perfect Nyquist filter responses
are employed, the zero intersymbol interference (ISI) property is attained only if the receive
filter output is sampled at the ideal sampling instants, t = kTs, where Ts is the symbol pe-
riod. Any distortion in sample times leads to ISI and results in an increase in the probability
of error. While designing Nyquist and root-Nyquist filters has been and continues to be an
active area for research [1–10], robustness to timing jitter has gained increasing attention in
recent years.

Without loss of generality, the zero-ISI property is satisfied by any continuous-time
filter whose impulse response passes through zero at all non-zero integer multiples of the
symbol period and whose response is equal to one at time zero. Additionally, to have
practical value the filter’s frequency response must be bandlimited. Nyquist [11,12] showed
that the magnitude frequency response of a bandlimited, zero ISI filter has odd symmetry
about a frequency equal to half the symbol rate. The set of bandlimited filters satisfying this
condition is infinite. Thus there is an opportunity to explore this set to find filters that have
other desirable properties. Characteristics that have been used as the basis for comparison in
the literature are passband energy compaction [9,10] and robustness to timing jitter [1,6,8].

The raised-cosine filter [13, 14] is perhaps the most widely known Nyquist filter, being
described in most textbooks. Other filter shapes have also been proposed. For example,
Beaulieu, Tan and Damen [6] showed that, relative to the raised-cosine filter, a filter having
a flipped-exponential rolloff in the transition band has faster decaying tails in its impulse
response and a more open eye pattern leading to lower probability of error in the presence
of sample timing errors. Assalini and Tonello [8] examined the bit error rate versus sam-
ple timing error performance of filters having fliped-hyperbolic secant and flipped-inverse
hyperbolic secant magnitude response in the transition band.

In a digital communication system employing linear modulation, it is the cascade com-
bination of the transmit and receive filters that must satisfy the Nyquist criterion. Therefore,
a given continuous-time Nyquist filter must be factored into a matched pair of square-root
Nyquist filters which are then applied, one at the transmitter and one at the receiver. The
square-root raised-cosine filter is available in many books [13, 14]. Additional work is
required to find square-roots versions of the filters in [6, 8].

Often the transmit and receive filtering is performed in discrete-time. Therefore,
finite-length discrete-time approximations of continuous-time square-root Nyquist filters
are needed. Sampled representations of continuous-time square-root Nyquist filters loose
no information provided the sample rate is sufficiently high and that an infinite number of
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uniformly spaced samples are preserved. However, as soon as these filters are truncated,
they loose both the bandlimited property and the zero ISI property. Assalini and Tonello [8]
explain that filters whose impulse response tails decay faster suffer less when truncated than
those with slowly decaying impulse responses.

The main drawback of the Nyquist and square-root Nyquist filters described in [6, 8,
13, 14] is that in a finite-length discrete-time representation the only adjustable parameters
are the excess-bandwidth and truncation length. There is little control over the truncation-
induced spectral growth in the stopband.

A variety of Nyquist and root-Nyquist filter design algorithms have been developed to
specifically control stopband spectral growth and residual ISI. From their inception, these
filter design approaches work with finite-length discrete-time representations. Thus, the
results are immediately useful in a discrete-time system implementation. Vaidyanathan
and Nguyen [2] adopted a squared error objective to control both frequency-domain and
time-domain properties of filters. The formulation leads to finding the minimal eigenvector
of a symmetric positive definite matrix. So it is reasonably fast, and computer software
is readily available. Building upon [2], Tuncer [7] explored ISI-free and approximately
ISI-free designs. The latter trades ISI in the time domain for stopband attenuation in the
frequency domain.

Another objective for filter design is maximizing the fraction of energy that is con-
centrated within the desired bandwidth subject to the zero-ISI constraint. To achieve this
objective, Sood and Xiao [9] expand the root-Nyquist pulse in a basis of prolate spheroidal
wave functions (PSWF). Then the energy objective leads to a quadratic program and the
zero-ISI property leads to quadratic equality constraints. A solution to this hard problem is
obtained using duality. Nigam, Singh and Chaturvedi [10] arrived at a simpler problem by
expanding the Nyquist pulse, rather than the root-Nyquist pulse, in PSWF basis. This led
to a more easily solved linearly constrained linear program.

Minimax or equiripple objectives are also popular for designing Nyquist and root-
Nyquist filters. Vaidyanathan and Nguyen [2] suggested an iterative approach in which each
iteration involves an eigenvector computation. Samueli [3] developed a linear programming
algorithm for designing equiripple Nyquist filters and then applied a spectral factorization
to obtain root-Nyquist versions. In [4] Samueli developed an iterative equiripple design
algorithm where each step requires solving a system of linear equations. Harris [15] devel-
oped an algorithm that iteratively adjusts the band edge frequencies of an equiripple filter
until it satisfies the Nyquist property.

The family of generalized raised-cosine filters proposed by Alagha and Kabal [5] offer
greater flexibility to control the asymptotic decay of the filter impulse response so that
residual ISI due to truncation is reduced. However, Tan and Beaulieu [16] showed that the
bit error rate at offset sampling times is better when using the standard raised-cosine filter
than when using the generalized versions.

1.2. Contributions and Overview

While robustness to timing errors is used as a basis to compare filters in [6,8], in none of the
foregoing work is robustness explicitly coded into the design algorithm. We note that Tufts
and Berger [1] approach the idea of robust pulse design through the addition of a flatness
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constraint. Besides having zero impulse response at the ideal sample times, they argue that
a filter will be robust to sample timing errors if the derivative of the impulse response is zero
at the ideal sample times. Enforcing flatness through derivative constraints prevents the ISI
from growing too quickly as the actual sample times depart from the ideal. Pulse designs
with robustness to timing jitter and other uncertainties is also considered by Davidson [17].

To address the filter design problem in the presence of timing jitter, this chapter adopts
a new strategy. We dispense with Nyquist’s criterion because it does not connect with the
idea of timing jitter which occurs away from the ideal sample times. Even enforcing deriva-
tive constraints as in [1] does not allow precise control over the filter response at points
away from the ideal sampling instants. Two things are needed: (1) a means to evaluate the
continuous-time filter response at arbitrary times, and (2) an objective for optimization. The
first need is addressed by expanding the filter response in a basis of continuous-time orthog-
onal functions. Given the coefficients in the expansion, the filter response can be evaluated
at any point in time. Rather than a PSWF basis as in [9], time-shifted sinc functions are
used in the sequel. Whereas the frequency support of the PSWF basis is concentrated below
the excess bandwidth, the sinc functions are not. Therefore, in the sinc-based formulation,
bandwidth limiting constraints must be employed. These translate into linear inequality
constraints in subsequent optimization problems.

The ultimate performance metric in any digital communication system is probability of
error. We adopt robustness, or probability of error in the presence of timing errors, as the
objective for pulse design. As we will see, rather than seeking a perfect ISI canceling solu-
tion at the ideal sampling instants, this objective seeks for a filter response that maintains a
low ISI across a user-specified band of time offsets. A more open eye pattern and improved
probability of error results.

The following sections are organized as follows. Section 2. develops a model for the
decision variables in a baseband digital communication system subject to sample timing
errors. Based on this data model, Section 3. derives an expression for the probability
of symbol decision error. Section 4. develops a suitable set of constraints and states the
minimum symbol error rate filter design problem. Section 5. presents comparisons between
filters designed according to the minimum error rate principle with other techniques in the
literature.

1.3. Notation

Signals, systems and transforms that depend on a continuous variable have parenthesized
arguments: p(t). Discrete-time signals and systems have subscripted arguments: pn. Linear
convolution is denoted p(t) ∗ q(t) or pn ∗ qn, and p∗(t) is the complex conjugate of the
function p(t).

Jacob Gunther and Todd Moon290
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sn p(t)
x(t)

n(t)

q(t)
y(t) z(t) s̃n

t = nTs + τ
decision ŝn

Figure 1. Continuous-time model of a baseband communication system employing linear
modulation. Timing jitter τ is present in the samples s̃n at the output of the matched filter
q(t).

2. Data Model

The complex low-pass equivalent [13] of a bandpass communication system employing
linear modulation is depicted in fig. 1. The transmitted signal consists of the pulse train

x(t) =
∑
n

snp(t− nTs), (1)

where sn are complex-valued symbols chosen from the M -ary set C and p(t) is the impulse
response of the transmit filter. Throughout this chapter, the receive filter is assumed to be
matched to the transmit filter, q(t) = p∗(−t), and, since p(t) is real-valued, the conjugate
can be dropped. The received signal is y(t) = x(t) + n(t), where n(t) is complex circular
Gaussian white noise process. As this section deals mainly with a signal model in the
presence of timing jitter, the additive noise in the channel is neglected here, but noise will
be considered later when the probability of error is evaluated. Therefore, for the time being,
suppose the received signal is y(t) = x(t). In the absence of noise, the matched filter output
admits the model

z(t) =
∑
n

snr(t− nTs), (2)

where

r(t) = p(t) ∗ q(t) = p(t) ∗ p(−t) (3)

is the combined response of transmit and receive filters. If the Nyquist criterion was en-
forced on r(t), it would be required to satisfy

r(kTs) = δk =

{
1, k = 0,

0, k 6= 0,
(4)

and p(t) and q(t) would be referred to as root-Nyquist filters. Observe that Nyquist’s crite-
rion is silent about the response of r(t) at points away from the ideal sample times. In this
chapter, the Nyquist criterion is replaced by an objective that measures the probability of
error when r(t) is sampled with time offsets.

Ideally the matched filter output is sampled at t = nTs, but a random process τn,
referred to as timing jitter, distorts the sample times, and samples are obtained at t =
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nTs+τn. Henceforth, the time dependence on τ is dropped with the understanding that τ is
random, taking on new values at every sampling instant. The sample values s̃n = z(nTs+τ)
are used for making symbol decisions according to

ŝn = arg min
s∈C
|s− s̃n|. (5)

For convenience, a discrete-time parameterization for the filters p(t), q(t), and r(t) is
used here. These filters have one-sided bandwidth of (1 + β)/2Ts, where β ∈ [0, 1] is the
excess bandwidth. Therefore, according to the sampling theorem [18], the continuous-time
and discrete-time versions of these filters are related by

r(t) =

∞∑
k=−∞

rkϕ(t− kT ), −∞ < t <∞, (6)

rn = r(t)|t=nT , n ∈ {· · · ,−1, 0, 1, · · · }, (7)

where T = Ts/N is the sampling interval,N ≥ 2 is an integer, and ϕ(t) is the sinc function,

ϕ(t) =
sin(πt/T )

πt/T
, (8)

with Fourier transform

Φ(F ) =

{
T, |F | ≤ 1/2T,

0, otherwise.
(9)

A finite length approximation is obtained by truncating the sum in (6) to 2NL+1 terms.
Thus, in the following, we define

r(t) =

NL∑
k=−NL

rkϕ(t− kT ), − JTs ≤ t ≤ JTs, (10)

rn = r(t)|t=nT , n ∈ {−NL, · · · , NL}, (11)

where J is chosen large enough that the envelope of r(t) in (10) has decayed to negligible
values for |t| > JTs. Thus, the ISI due to r(t) in (10) spans 2J + 1 symbol periods.
Substituting (10) into (2) lets the matched filter output be written in terms of rn as

z(t) =
∑
k

∑
m

smrkϕ(t− [k +mN ]T ) (12)

=
∑
k

∑
m

smrk−mNϕ(t− kT ) (13)

Define α = τ/Ts = τ/NT to be the normalized timing error, and let z(t) be sampled with
jitter at

t = nTs + τ = (n+ α)NT (14)

Jacob Gunther and Todd Moon292
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to obtain the decision variables s̃n given by

s̃n =
∑
k

(∑
m

smrk−mN

)
ϕ([(n+ α)N − k]T ). (15)

This form for the decision variables s̃n has an intuitive interpretation as resulting from
a sequence of signal processing operations. The inner sum on m in (13) is a multirate
convolution between an N -fold upsampled version of sn with rn. The outer sum on k
shifts the time samples by αN samples through sinc interpolation, i.e. convolution with
ϕ([n+ αN ]T ), and finally downsamples the result by N . A more convenient form for s̃n,
involving matrix-vector products, can be obtained by inserting the sample times (14) into
(12) and then changing variables using i = n−m. This leads to

s̃n =
J∑

i=−J

NL∑
k=−NL

sn−irkϕ([(i+ α)N − k]T ), (16)

which is now readily recognized as the matrix-vector product

s̃n = rTF(α)sn, (17)

where F(α) is the (2NL+ 1)× (2J + 1) block Toeplitz matrix having elements

[F(α)](k,i) = ϕ([(i+ α)N − k]T ), (18)

and

r = [r−NL, · · · , r0, · · · , rNL]T , (19)

sn = [sn+J , · · · , sn, · · · , sn−J ]T . (20)

It is useful to encode the filter design problem in terms of the square-root filter p(t) and
its samples pn. Using (2), (3) and the sampled representations of p(t) and p(−t) we obtain
decision variables s̃n written in terms of pn as

s̃n =
∑
k

∑
l

∑
m

smpl−mNp−[k−l]ϕ([(n+ α)N − k]T ). (21)

This equation has the signal processing interpretation: sn is upsampled by N , convolved
with the transmit filter pn, convolved with the matched filter p−n, interpolated by αN , and
finally downsampled by N . This processing is illustrated in fig. 2. From the perspective of
the decision device looking back toward the information source, the systems in fig. 1 and
2 are equivalent in the sense that the that they both produce decision variables s̃n with the
same signal, noise and timing jitter.

While the matched filter output zn is oversampled by a factor ofN , it is likely that none
of these samples fall directly on the ideal zero-ISI sample times. Interpolators may be used
to resample the signal at the desired times. As pictured in fig. 2, a timing recovery phase
locked loop (PLL) can be used to control the interpolation and downsampling processes.
Timing recovery is treated in [14, 19] where it is shown that, in the absence of noise, a

Minimum Symbol Error Rate Pulse Design with Robustness to Timing Jitter 293
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interp.
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↓ N decision
s̃n

ŝn

timing PLL

δ(n− α)

Figure 2. Discrete-time model of a baseband transmitter/receiver system including a symbol
timing recovery loop. Timing jitter α is present in the interpolator outputs.

fairly simple PLL can perfectly synchronize with the received pulse train. Here “perfect
synchronization” means having zero timing error after some initial transient. However, in
practice the additive noise in the received signal passes through the timing recovery PLL
and perturbs the interpolation process. This is one of the main sources of timing jitter.
For the sake of this discussion, it is sufficient to think of the interpolator as a filter that
implements a fractional sample delay, αN , which is random and varies with time.

3. Probability of Error

The developments in the previous section ignored noise. Let ηn be an i.i.d. discrete-time
complex circular Gaussian process with zero mean and variance σ2. To complete the model
in (17), ηn should be added on the right hand side. The decision variables s̃n are affected
by noise and by ISI due to both the pulse shape and timing error α. This section derives
an expression for the probability of error due to all these factors. Minimization of the error
probability with respect to r is considered in subsequent sections. Though expressions for
error probability for ISI channels with Gaussian noise were previously derived in [20], an
alternate route is pursued here.

The probability of error depends upon the distributions of the variables α, ηn, and sn.
Under the assumption that these variables are stationary, expressions for the probability of
error are time invariant. For convenience, we choose to evaluate the probability of error at
time n = 0. Henceforth time dependence is dropped in the notation except when referring
to the elements of the symbol vector s which are

s = [s−J , · · · , s−1, s0, s1, · · · , sJ ]T . (22)

Note that at time n = 0, the desired symbol is s0. Any contribution to s̃ from the other
symbols in s is ISI. With the notational updates described above, the model in (17) become

s̃ = rTF(α)s + η. (23)

Suppose the symbols are drawn uniformly from the set C = {c1, c2, · · · , cM}. We need
to consider cases in which s0 takes on different symbols in C and the notation

s[ci] = [s−J , · · · , s−1, ci, s1, · · · , sJ ]T (24)

Jacob Gunther and Todd Moon294
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is used to indicate a vector of random variables in which the center variable s0 takes on the
specific value ci. With this notation, assuming that s0 = ci was transmitted, the probability
of error is

P (E|s[ci], α) = P (ŝ 6= ci|s[ci], α), (25)

where ŝ is the result of the decision based on s̃ according to (5). Define the decision region
Ri associated with ci to be the set

Ri = {s̃ ∈ C||s̃− ci| < |s̃− cj |, for all j 6= i}, (26)

then the probability in (25) can be expressed as

P (E|s[ci], α) = P (s̃ ∈ ∪j 6=iRj |s[ci], α) (27)

=
∑
j 6=i

P (s̃ ∈ Rj |s[ci], α), (28)

where the second equality follows from the disjointness of the decision regions. Because the
shape of the regions Ri can be rather complicated, a simplification and bound is obtained
by defining the half spaces

Sji = {s̃ ∈ C||s̃− cj | < |s̃− ci|}. (29)

Then we have the bound

P (E|s[ci], α) ≤
∑
j 6=i

P (s̃ ∈ Sji|s[ci], α). (30)

This bound is a reasonably good approximation when the signal to noise ratio is high.
Define Ni to be the indexes of the nearest neighbor symbols to ci. As most of the error
probability is due to deciding in favor of one of these neighbors, we have

P (E|s[ci], α) ≈
∑
j∈Ni

P (s̃ ∈ Sji|s[ci], α). (31)

The error event can be expressed as

{s̃ ∈ Sji} = {s̃ ∈ C||s̃− cj |2 < |s̃− ci|2} (32)

=

{
s̃ ∈ C

∣∣∣∣< [(s̃− ci + cj
2

)(
ci − cj
|ci − cj |

)∗]
< 0

}
(33)

Using the model in (23), the error event in (33) can be expressed as{
η ∈ C

∣∣∣∣<[η] > <
[(

rTF(α)s[ci]−
ci + cj

2

)(
ci − cj
|ci − cj |

)∗]}
. (34)

Integrating over this set yields

P (E|s[ci], α) =
∑
j∈Ni

Q

(√
2

σ2
<
[(

rTF(α)s[ci]−
ci + cj

2

)(
ci − cj
|ci − cj |

)∗])
, (35)

Minimum Symbol Error Rate Pulse Design with Robustness to Timing Jitter 295



i
i

“Chapter.ID_14764_7X10” — 2013/2/21 — 15:53 — page 10 — #10 i
i

i
i

i
i

where Q(x) =
∫∞
x exp(−y2/2)dy/

√
2π is the standard Gaussian tail probability.

The expression in (35) gives the conditional probability of error assuming a specific
symbol sequence s[ci] was transmitted and given a specific timing error α. The total (aver-
age) probability of error can be obtained as

P (E|α) = EciEs[ci]P (E|s[ci], α) (36)

P (E) = EαP (E|α). (37)

Substituting from above yields a general expression for the total probability of error:

P (E) = EαEciEs[ci]

∑
j∈Ni

Q

(√
2

σ2
<
[(

rTF(α)s[ci]−
ci + cj

2

)(
ci − cj
|ci − cj |

)∗])
.

(38)

This expression is parameterized by the probability distribution on the timing error α and
on the probability distribution on the symbols in the constellation C.

The expectations over ci and s[ci] involve sums over all M2J+1 possible symbol vec-
tors. Even for binary symbol alphabets where M = 2, these sums can be prohibitively
expensive to compute. Lower complexity approaches are desirable. Furthermore, while the
probability of error in (37) is not a convex function of r, it can be transformed in several
different ways into problems that are convex. Several convexity-revealing transformations,
approximations and simplifications are considered below.

Because the Q function decays rapidly, most of the terms in expectations in (36) are
insignificant. Indeed, a reasonable approximation is to retain only the terms that maximize
the conditional probability of error in (35). Define

S(α) = arg max
s[ci]

P (E|s[ci], α) (39)

to be the set of symbol vectors s[ci] that maximize P (E|s[ci], α) for a given timing error
α. The set S(α) will depend upon the timing error α. To see this, note that the symbol
sequence that maximizes the error probability for timing error α would be different than for
an error of −α. There is a direct correspondence between the symbol vectors in S(α) and
the eye pattern. In particular, given the filter r, the inner boundary of the eye pattern may be
generated by plotting s̃ = rTF(α)s versus α ∈ [−0.5, 0.5] and for all s ∈ S(α). Examples
will be shown in section 5..

Using the symbol vectors in S(α) a simplified objective for filter design would be

Pmax = Eα

 ∑
s[ci]∈S(α)

P (E|s[ci], α)

 . (40)

The expectation over α in (40) overcomplicates the objective Pmax. A significant simplifi-
cation may be obtained by recalling that the filter response is bandlimited. This prevents the
impulse response from changing significantly over short time intervals. This has a direct
impact on the eye pattern which is that the eye pattern may not fluctuate rapidly in a short
interval. We can use this to advantage by focusing filter design on the error probability at

Jacob Gunther and Todd Moon296
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only a few timing errors α. Let A = {0, 0.5αmax, αmax} be a set of three timing errors
where the maximum offset αmax ∈ [0, 0.5] is specified by the user. Because of the band-
width limitation and the objective favoring low error probability, the eye pattern will tend to
open wider for timing errors in the range [−αmax, αmax]. Though we have no proof of this,
the examples shown in section 5. support this claim. Also, because of the even symmetry
of the filter impulse response r (a constraint we enforce), only positive timing errors need
be considered because the eye pattern will be symmetric.

Based on the foregoing considerations, given a user specified αmax, define S =
∪α∈AS(α). An objective that could be optimized for filter design is

P1(r) =
∑

s[ci]∈S

P (E|s[ci], αmax). (41)

A special case of (35) is worth considering for its simplification. For the binary alphabet
C = {−1,+1}, the error probability in (35) reduces to

P (E|s[+1], α) = Q
(√

2 rTF(α)s[+1]/σ
)
. (42)

Because of the symmetry of C, P (E|s[−1], α) = P (E|s[+1], α). Therefore, (42) is equal
to EciP (E|s[ci], α). The symbol sequence that maximizes (42) can be determined in closed
form. First define

r(α) = F(α)T r. (43)

As Q is a monotonically decreasing function, maximizing (42) with respect to the 2J free
variables in s[+1] is equivalent to minimizing the inner product

P2(r) = rT (α)s[+1] (44)

= (+1)r0(α) +
∑
i6=0

ri(α)si. (45)

Minimizing the second term subject to the constraint si ∈ C = {−1,+1} leads to si =
−sign(ri(α)). Substituting this into (45) yields

P2(r) = r0(α)−
∑
i6=0

|ri(α)| (46)

= 2r0(α)−
J∑

i=−J
|ri(α)| (47)

= 2rTF(α)e0 − ‖F(α)T r‖1, (48)

where e0 = [0, · · · , 0, 1, 0, · · · , 0]T is a (2J + 1)× 1 vector of zeros with a 1 in the center
position. In the binary case, plotting (48) versus α shows the inner boundary of the eye
pattern. Note that the second term in (46)-(47) is the peak ISI. Thus P2(r) in (46) through
(48) measures the maximum deviation away from r0(α). Relating (46) back to (42) agrees
with the intuition that the filter r that minimizes the maximum probability of error is related
to the filter that maximizes (48), which is essentially equivalent to minimizing the peak
ISI. Note that P2(r) in (48) is concave in r being the sum of affine and concave (negative
1-norm) functions [21].
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4. Minimum Symbol Error Rate Filter Design

4.1. Constraints

4.1.1. Filter symmetry

The because r(t) is the autocorrelation of p(t), it should be symmetric. This can be enforced
by requiring rn−r−n = 0 for n = 1, 2, · · · , NL. Arranging these relations in matrix-vector
form leads to NL linear equality constraints

Br = 0, (49)

where the elements of B satisfy

[B]i,j = δi−j − δi+j−2NL−2, (50)

i = 1, 2, · · · , NL, j = 1, 2, · · · , 2NL+ 1. (51)

4.1.2. Spectral mask

In (10) the filter r(t) is represented using a finite length expansion in terms of ϕ(t − nT ).
The functions ϕ(t − nT ) are bandlimited to 1/2T Hz, but r(t) should ideally have all
its energy concentrated below (1 + β)/2Ts = (1 + β)/2NT < 1/2T Hz. This can be
accomplished through constraints on the coefficients in r.

Let Rc(F ) and Rd(f) be the continuous-time and discrete-time Fourier transforms of
r(t) and rn, respectively. These functions are related by

Rc(F ) = Rd(FT )Φ(F ). (52)

Note that because of even symmetry of rn, Rd(f) may be expressed as

Rd(f) =
NL∑

n=−NL
rn cos(2πfn) (53)

= rT c(f) (54)

where c(f) = [cos(−2πfNL), · · · , cos(−2πf), 1, cos(2πf), · · · , cos(2πfNL)]T .
Consider the following simple spectral mask constraint

|Rc(F )| ≤ γ, |F | ≥ (1 + β)/2NT. (55)

Because Φ(F ) is already zero for frequencies above 1/2T , we can focus on the frequency
band (1 + β)/2NT ≤ |F | ≤ 1/2T . This is equivalent to the normalized frequency band
(1 + β)/2N ≤ f ≤ 1/2. Sample this band at K points given by

fi =
1 + β

2N
+ iδ, i = 0, 1, · · · ,K − 1, δ =

1
2

(
1− 1+β

N

)
K − 1

. (56)

At each frequency, we require −γ ≤ rT c(fi) < γ. Stacking these constraints leads to 2K
linear inequality constraints

Cr ≤ γ1, (57)

where the first K rows of C are c(fi)
T for i = 0, 1, · · · ,K − 1 and the last K rows are

−c(fi)
T .
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4.1.3. Impulse Response Constraints

The Nyquist property could easily be enforced on r using linear constraints. Even though
this course is not pursued here, an inspection of the filters that are designed show that they
do possess the Nyquist property.

The only impulse response constraint that we impose on r(t) is r(0) = 1. This is easily
accomplished by setting r0 = eT0 r = 1. This is a normalizing condition which assures that
p(t) has unit energy because r(0) =

∫
p2(t)dt.

4.2. Filter Design

Assembling the objective in (48) with the symmetry, stopband and energy constraints above
yields the following convex optimization problem.

maximize
∑
α∈A

2rTF(α)e0 − ‖F(α)T r‖1

subject to Br = 0, eT0 r = 1, Cr ≤ γ1
(58)

5. Results

This section compares filters designed to minimize the probability of error in the presence
of timing offsets with those presented in [2, 6, 8, 15]. Filters designed by the technique pre-
sented in this chapter, i.e. according to (58), are referred to as minimum symbol error rate
(MSER) filters. In the following comparisons, the filters being compared are constrained to
have the same length. The figure of merit used is the offset error rate which is defined to
be the probability of error obtained in the presence of a given timing offset α. As spectral
mask constraints must be satisfied in practice, another factor to be considered in the follow-
ing comparisons is stopband attenuation. The filter shapes proposed in [6,8] offer no control
over stopband attenuation when these infinite length filters are truncated. The design algo-
rithms in [2, 15] directly control attenuation in the stop band. These differences makes a
universal comparison difficult. Therefore, this section is divided into two parts: section 5.1.
compares the proposed technique to those in [6, 8], section 5.2. compares with [2, 15].

5.1. Comparison with Raised-Cosine and Flipped-Exponential Filters

As the raised-cosine (RC) filter is the most widely recognized Nyquist filter, it will be
used as a baseline for comparison. The flipped-exponential (FEXP) [6], flipped-hyperbolic
secant (FSECH), and filpped-inverse hyperbolic secant (FARSECH) [8] filters have lower
offset error rates than the RC filter. While FARSECH has the lowest error rate among these
four filters [8], we will compare with the FEXP filter in addition to the RC filter. The offset
error rate for FEXP is almost as good as that for FARSECH, and a closed form expression
for the impulse response of FEXP is available. Initially, we focus on the MSER versus RC
comparison.

An RC filter with 75% excess bandwidth was obtained by evaluating the impulse re-
sponse given in [6]. The coefficients r for a MSER filter were obtained according to the
optimization in (58). Each filter spanned 2L+ 1 = 13 symbol periods with N = 4 samples
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per symbol period. Because the truncated RC filter had an attenuation of -63 dB at the edge
of the stopband (f = (1 + β)/(2N) = 0.21875), the MSER filter frequency response was
constrained to be below -63 dB over the same band. The maximum timing offset for the
MSER filter was set to αmax = 0.1. Frequency responses for these two filters are shown
in fig. 3. The dashed vertical line in fig. 3 is placed at f = 0.21875 to mark the edge
of the stopband. Consider the response of the RC filter. Its first sidelobe is 63 dB below
the main lobe and the response decreases for higher frequencies. The MSER filter has an
approximately equiripple response across the stopband with an attenuation of -63 dB. We
have observed that equiripple behavior is typical for MSER filters. The MSER filters are
not designed to have equi-amplitude stopband ripples. The optimization in (58) utilizes all
available degrees of freedom to minimize a probability of error-related objective subject to
spectral mask constraints. That MSER filters have equiripple behavior in the stopband indi-
cates that some of the higher frequencies can be utilized to shape the time-domain response
to improve the offset error rate.
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Figure 3. Frequency response of the MSER (solid) and RC (dashed) filters.

Because the pulses have been designed or truncated to a reasonably small length and
because a binary symbol alphabet is being used, it is possible to calculate the offset error
rate P (E|α) exactly using (36). For the MSER and RC filters designed above, the error
rates for an offset of α = 0.1 are 5.96e−8 for MSER and 1.53e−7 for RC. This difference
in error probability can be investigated by examining the corresponding eye patterns.

Eye patterns for MSER and RC filters appear in fig. 4. The dashed vertical lines corre-
spond to a timing offset of α = ±0.1 which is the maximum timing offset for the MSER
designs. From an inspection of the eye patterns, it is difficult to determine which eye is
more open. However, notice that the MSER filter does possess the Nyquist property even
though this was not a design constraint.

As noted above, plotting (48) versus α ∈ [−0.5, 0.5] gives the inner boundary of the
eye pattern. The small circles in the eye patterns in fig. 4 show these inner boundaries. In
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fig. 5 the inner boundaries for MSER and RC are shown together. We observe that the eye
patterns are nearly equal over a wide range of timing offsets. The inset plot in fig. 5 shows
a magnification of the eye pattern around α = 0.1. It is clear that the MSER eye is more
open. This agrees with the intuition that the more open eye should correspond with a lower
probability of error. While this is indeed the case, there is more going on here than meets
the “eye”.
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Figure 4. Eye patterns for the MSER (left hand side) and RC (right hand side) filters shown
together in one split plot. The vertical dashed lines correspond to a timing offset of α =
±0.1.

For a given time offset, the average probability of error behavior for a given filter is
determined by the distribution of the traces across the eye pattern and not the single trace
corresponding to the inner boundary. To investigate this idea, we computed cumulative dis-
tribution functions (CDF) for the eye patterns when sampled at time α = 0.1 corresponding
to the dashed vertical lines in fig. 4. Note that the CDFs are only for the positive portion of
the eye. These CDFs appear in fig. 6. The stair step behavior of the RC CDF arises from
the fact that the traces across the RC eye pattern are concentrated around a few points for
offset α = 0.1 (see fig. 4). The MSER CDF indicates that the traces across the MSER eye
are fairly uniformly distributed. While fig. 5 suggests that the inner eye opening is about
the same for the MSER and RC filters, the CDFs in fig. 6 reveals that MSER and RC filters
distribute traces across the eye pattern very differently.

The significant difference in the offset probabilities of error between these two filters
can be understood by comparing their CDFs. Notice that for low eye amplitudes the MSER
CDF tends to lie below the RC CDF. At higher amplitudes, the reverse occurs. The reason
that the MSER filter delivers a significantly lower offset probability of error is because the
probability of error is so much higher for low signal amplitudes. For reference, fig. 6 also
shows a plot of log10Q(

√
2A2/N0) which is the log of the probability of error for BPSK

when A is the amplitude of the signal, i.e. A is the eye amplitude. This plot corresponds
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Figure 5. Inner boundaries of the MSER (solid) and RC (dashed) eye patterns. The inset
plot magnifies the picture around the offset time α = 0.1.

to Eb/N0 of 12 dB when A = 1. Observe that the error probability is orders of magnitude
higher in the lower amplitudes than in the higher amplitudes. The high density of low-
amplitude traces across the RC eye pattern dominate its probability of error performance.
Relative to the low-amplitude traces, the contribution of the high-amplitude traces to the
probability of error is negligible. The density of low-amplitude traces across the MSER
eye is much lower than for the RC eye. The probability of error performance for any filter
is determined mainly by the way it distributes low-amplitude traces across the eye pattern.
At low signal to noise ratios where there is less dynamic range in the probability of error
across the range of eye amplitudes, there is also less difference in the performance gap. For
example, at Eb/N0 of 2 dB, the offset probabilities of error for the MSER and RC filters
is 4.20 × 10−2 and 4.24 × 10−2, respectively. The probability of error performance for a
timing offset of α = 0.1 across a range of signal to noise ratios is plotted in fig. 7.

The RC and MSER filters above have an excess bandwidth of 75%. Decreasing the
excess bandwidth in the RC filter decreases the stopband attenuation (increases the gain).
Raised cosine filters were obtained for β =50% and 25% excess bandwidths. The corre-
sponding stop band attenuations were γ =-55 dB and -45 dB, respectively. MSER filters
were designed with the same excess bandwidths and stopband attenuations. The offset (by
α = 0.1) probability of error was evaluated at Eb/N0 = 12dB for each of these filters and
are given in Table 1. At each excess bandwidth setting, the probability of error of the MSER
filter improves upon that for the RC filter.

Table 1 also compares the MSER filter with the FEXP filter [6] at the same signal to
noise ratio and excess bandwidths as above. The frequency characteristics of the FEXP
filter degrade more severely than the RC filter when its impulse response is truncated. At
an excess bandwidth of 75% for example, the first sidelobe is only 45 dB down from the
mainlobe and the rolloff of the sidelobes in the stopband is much slower than for the RC
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Figure 6. Cumulative distribution functions for the MSER (solid) and RC (dashed) filters
having 75% excess bandwidth. The probability of error for a given eye amplitude is also
shown.

filter. In addition, the magnitude frequency response of a truncated FEXP filter is down
only 36.1 dB at the stopband edge frequency f = (1 + β)/2N = 0.21875. To correct the
magnitude response at this frequency, the excess bandwidth for FEXP was decreased until
the magnitude response at f = 0.21875 was at the same level as the first sidelobe. The
corrected excess bandwidths were 0.96β, 0.93β, and 0.89β at β = 75%, 50%, and 25%,
respectively. With these corrections, the FEXP filter achieved the desired excess bandwidth.
MSER filters were designed to achieve the same stopband attenuations as obtained by the
FEXP filters. The offset probability of error was evaluated for each of the filters and appears
in Table 1 along with the specified excess bandwidth and stopband attenuation.

5.2. Comparison with Nyquist Filter Design Techniques

The main disadvantage of the RC and FEXP filters is lack of control over the stopband
attenuation obtained upon truncating these filters to be finite in length. The Nyquist filter
design techniques presented in [2, 15] do provide control over stop band attenuation. For
example, in the Nyquist eigenfilter approach [2] a parameter in the objective function trades
off suppressing error in the passband versus attenuation in the stopband. This parameter can
be tuned to obtain the desired level of stopband attenuation. In the iterative technique de-
scribed in [15], each iteration designs a standard equiripple filter. The stopband attenuation
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Figure 7. Offset probability of error performance for the MSER (above) and RC (below)
filters. The timing offset is α = 0.1. The excess bandwidth is 75%.

of equiripple filters can be specified directly.
This section compares filters designed according to [2] (denoted “Eigen” in the figures)

and [15] (denoted “Equi” in the figures) to MSER filters with αmax = 0.1. The length
of each filter spanned 13 = 2L + 1 symbol periods with N = 4 samples per symbol
period. The stopband attenuation was set to -90 dB. This is much lower than the attenuation
achieved by the RC or FEXP filters in the previous section. The frequency responses are
shown in fig. 8, and the inner boundaries of the associated eye patterns are shown in fig. 9.
The MSER eye is much more open than the eyes for either eigenfilter or equiripple filter.
A better understanding of the distribution of the traces across the associated eye patterns
can be obtained by examining the CDFs in fig. 10. Note that the CDFs are obtained by
slicing the eye pattern at a time offset of α = 0.1. The eigenfilter and equiripple filter

Table 1. Probability of Error for Eb/N0 = 12 dB, Timing Offset of αmax = 0.1,
BER=9.0060e-9 at the Optimum Sampling Time

Filter (β = excess bandwidth, γ = stopband attenuation)

(0.25,−45dB) (0.50,−55dB) (0.75,−63dB)

MSER 1.8023e-06 2.6882e-07 5.9552e-08
RC 2.7580e-06 5.3473e-07 1.5299e-07

(0.25,−33dB) (0.50,−43dB) (0.75,−45dB)

MSER 6.2642e-07 1.9693e-07 4.0141e-08
FEXP 1.6047e-06 2.2579e-07 4.9821e-08
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distribute traces approximately uniformly. Not only is the MSER eye more open, but its
traces appear to be concentrated around four amplitudes. Given the greater concentration
of low-amplitude traces in the eigenfilter and equiripple filters, it is not surprising that they
have higher offset error rates tabulated in Table 2. Probability of error curves for the three
filters are shown in fig. 11 for a time offset of α = 0.1. At high signal to noise ratios, the
probability of error for MSER is five times better than for the other filters.
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Figure 8. Filter frequency responses for MSER (blue-solid), Nyquist eigenfilter (green-
dashed), and Nyquist equiripple (red-dashed) filters with 75% excess bandwidth.

These results highlight the utility of optimizing the offset error rate through the opti-
mization problem described in (58). The eigenfilter minimizes error energy in pass and stop
frequency bands subject to Nyquist constraints. The equiripple Nyquist filter minimizes the
maximum error in pass and stop bands and iteratively enforces the Nyquist property. Nei-
ther of these design approaches is sensitive to the impulse response away from the ideal
sample times. Therefore, they tend to behave poorly when sampled with an offset. The
MSER filter design approach directly optimizes the impulse response to achieve good per-
formance when subject to sampling offsets.

Table 2. Probability of Error for Eb/N0 = 12 dB, Timing Offset of αmax = 0.1,
BER=9.0060e-9 at the Optimum Sampling Time

Filter (β = excess bandwidth, γ = stopband attenuation)

(0.25,−45dB) (0.50,−75dB) (0.75,−90dB)

MSER 1.8282e-06 5.6620e-07 1.5005e-07
Eigen 2.7250e-06 1.4131e-06 7.8197e-07
Equi 2.8452e-06 1.4322e-06 8.9575e-07
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Figure 9. Inner boundary of the eye patterns for MSER (solid), Nyquist eigenfilter (dashed),
and Nyquist equiripple (dash-dot) filters with 75% excess bandwidth.
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ter (dashed) and Nyquist equiripple (dash-dot) filters having 75% excess bandwidth. The
probability of error for a given eye amplitude is also shown.
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Figure 11. Offset probability of error performance for the MSER (solid), Nyquist eigenfilter
(dashed) and Nyquist equiripple (dash-dot) filters. The timing offset is α = 0.1. The excess
bandwidth is 75%.

Conclusions

This chapter proposed using the offset probability of error as an objective for designing
filters for digital data transmission. Using several simplifications, a convex optimization
problem was obtained. The simplified objective measures the inner boundary of the eye
pattern at points away from the ideal sample time. Symmetry and bandlimiting constraints
were added to control the shape and stopband attenuation of the filters designed. Filters
designed by this technique obeyed the Nyquist property at the ideal sample time. They
exhibited equiripple behavior in the stopband. When compared to truncated raised cosine
and flipped exponential filters with the same length and stopband attenuation, the minimum
symbol error rate filters were more robust to timing jitter because they achieved lower error
rates at offset sample times. The same is true for comparisons with Nyquist eigenfilters and
Nyquist equiripple filters.
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