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ABSTRACT 

Analysis of Φ values provides information on structures of transition 

states along a folding pathway of a protein via measurement of effects of a 

mutation on folding kinetics. In this chapter, we discuss the Φ values 

calculated for 27 proteins (54–128 amino acid residues long) by means of a 

simple statistical-mechanical model of protein folding (developed by us); we 

compare these data with experimentally observed Φ values. In the model, 

three-dimensional structure of a protein was taken into consideration via 

inter-residue contact information of the native structure obtained from the 

Protein Data Bank. A free-energy profile of the wild-type protein was 

calculated by assigning a single value to interaction energies of the inter-

residue contacts (regardless of the amino acid types) as an approximation. 
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The same procedure was applied to a protein with a single point mutation but 

with slightly greater or smaller values assigned to the interaction energies 

between the mutated and other (unmutated) residues. The folding and 

unfolding rates were individually estimated from the free-energy profiles of 

the wild-type protein and mutant protein. The Φ value was then calculated for 

every residue from the differences in the folding or unfolding rates between 

the wild-type and the mutant. Despite the simplicity of the model, 

corresponding experimental Φ values were fairly well predicted for most 

proteins. The successful cases point to the importance of topology of the 

three-dimensional structure and support validity of assumptions of the model. 

Conversely, the cases of failure are suggestive of the need for interaction 

details such as amino acid types and interaction modes during the calculation 

and revealed limitations of the model. Protein-folding mechanisms, namely 

the framework model and nucleation-condensation mechanism, are also 

discussed in terms of the advantages and disadvantages of the proposed 

model. 

1. INTRODUCTION 

1.1. The Protein-Folding Problem 

Genetic information is encoded in the nucleotide sequence of DNA. The DNA 

sequences are translated into amino acid sequences of proteins. Every protein 

has a unique amino acid sequence and consequently its own unique three-

dimensional (3D) structure determined by the amino acid sequence. One or 

more proteins are usually participating in a life-related function, and this 

function is strongly linked with the 3D structure. A living organism is a highly 

organized system of interacting biomolecules including proteins. In this 

scheme of flow of genetic information (according to the Central Dogma of 

molecular biology), the sequence-structure and structure-function relations of 

proteins have been challenging problems in life sciences. 

In particular, the protein-folding problem is one of such challenging 

topics, especially interesting from biochemical and biophysical perspectives. 

The protein-folding problem deals mainly with three questions: (1) how 3D 

structure of a protein is determined by its amino acid sequence, (2) how a 

protein folds from a random coil into native structure, and (3) what the static 

and dynamic properties of the 3D structure are. Question (2) is the focus of 

this chapter.  

Various scientific principles have been proposed to explain the 

mechanism of protein folding from a random coil into native structure. 

Regarding the question of how a protein molecule can find its native structure 
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spontaneously, the following two principles are widely cited. One is the 

consistency principle of Gō (1983), which stipulates that various energetic 

factors that stabilize the 3D structure of a protein are evolutionarily designed 

to be consistent with one another. Another is the minimal-frustration principle, 

which was proposed by Bryngelson and Wolynes (1987). This principle states 

that the energetic frustration exists in the native structure, in other words, 

energetic factors are not perfectly consistent, but this frustration is minimized. 

As for the question of how a protein can fold so rapidly—overcoming 

Levinthal’s paradox (Levinthal 1968)—the funnel hypothesis, i.e., a funnel-

shaped energy landscape with a downhill slope toward the native structure, is 

now a common view (Bryngelson et al. 1995; Dill and Chan 1997). Although 

these principles differ in their expression, they essentially emphasize 

specificity of the native structure, in comparison with the other (non-native) 

conformations. 

The folding process (or folding pathway) is another problem. There are 

two major hypotheses: one is the three-step mechanism or framework model 

(Anfinsen 1972; Tanaka and Scheraga 1977; Kim and Baldwin 1982; Ptitsyn 

1987), and the other is the nucleation-condensation model (Itzhaki et al. 1995; 

Fersht 1997). In the framework model, secondary-structure elements fold first, 

followed by coalescence of the preformed secondary-structure elements into 

the native structure. Step-by-step formation from short- to medium- to long-

range interactions is the key assumption. Although some researchers do not 

consider the step-by-step formation as an essential requirement of the 

framework model, this condition is imposed in the present chapter to make the 

assumptions of our model clear and to accentuate differences from the 

nucleation-condensation model. On the other hand, in the nucleation-

condensation model, secondary and tertiary structures are believed to form in 

parallel. In this model, the long-range interactions can be formed before or 

simultaneously with formation of the secondary structure. 

The above-mentioned key principles have contributed significantly to this 

field of research and helped to provide a conceptual basis for protein folding. 

Nonetheless, there is a critical limitation: the difficulty in connecting the 

theory to experimental results quantitatively (Muñoz 2014). Experimentalists 

could not use the existing theory to interpret their results. Such limitations 

have been progressively overcome by means of improved simulations 

(including molecular dynamics) and analytical calculations with simple 

statistical-mechanical models. Because computer simulations are a time-

consuming task and can usually be performed only for one protein at a time, 
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there is a need for simple statistical-mechanical models of protein folding, 

which allow for direct analysis and fitting of experimental data. 

An Ising-like statistical-mechanical model of protein folding was 

developed for the first time by Wako and Saitô (1978a, 1978b). This model 

was elaborated by Gō and Abe (1981), who demonstrated that it could well 

reproduce a simulation of two-dimensional (2D) lattice proteins (Abe and Gō 

1981). Nevertheless, it took a long time for a similar model to be applied to 

real proteins by Muñoz and Eaton (1999), who showed that theoretically 

calculated folding rates correlate well with experimentally observed ones. 

In this chapter, we discuss the Φ values that are calculated for every 

residue of a given protein with a simple statistical-mechanical model; we also 

compare these data with the corresponding experimental Φ values. Despite the 

simplicity of the model, the experimental Φ values were plausibly reproduced 

for most proteins. Although the successful cases support the validity of the 

assumptions of the model, the cases of failure revealed limitations of the 

model under such assumptions. We will discuss protein-folding mechanisms 

while examining these successful cases and failures. 

1.2. Φ Value Analysis 

The Φ value analysis was introduced by Fersht and coworkers (Matouschek et 

al. 1989; Fersht et al. 1992) to characterize the transition-state structures along 

the folding pathway of a protein by measuring the effects of mutations on 

folding kinetics. The Φ value is calculated as ΔΔG‡-D/ΔΔGN-D for a two-state-

folding protein, where ΔG‡-D and ΔGN-D are the free-energy differences between 

an unfolded state and transition state and between an unfolded and folded state, 

respectively, and ΔΔ denotes the change in these free-energy differences brought 

about by a point mutation in some amino acid residue. A Φ value of 1.0 

indicates that all of the interactions with the mutated residue are formed in the 

transition state, whereas a Φ value of zero means that the residue is not involved 

in stabilization of the transition state. Intermediate Φ values indicate that the 

interactions are formed partially or that there are two populations of mostly 

unfolded and mostly folded states. On the other hand, the relation between the 

actual Φ value and the extent of structure formation is not necessarily linear; 

thus, the interpretation of the intermediate Φ values is still controversial (Fersht 

and Sato 2004). 

The Φ values have been studied experimentally for many two-state-

folding proteins (Table 1). The Φ values obtained in these experiments have 
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provided valuable information on protein-folding mechanisms such as the 

nucleation-condensation mechanism and framework model (Nölting and 

Agard 2008). 

Furthermore, the Φ values have been studied from a theoretical point of 

view. Because folding simulations can provide information on the folding 

pathway, the transition-state structures in the simulations are associated with 

experimentally observed Φ values (Alonso and Daggett 2000; Settanni et al. 

2005; Banachewicz et al. 2011b). More directly, the Φ values were calculated 

on the basis of the free-energy profiles obtained by means of a statistical-

mechanical model of protein folding (Portman 1998; Galzitskaya and 

Finkelstein 1999; Alm and Baker 1999; Muñoz and Eaton 1999; Alm et al. 

2002; Zong 2006; Kubelka et al. 2008). Although many models have been 

proposed, their essential concepts of the modeling of protein folding are 

similar: each residue is assumed to be in one of two states: a native (or folded) 

state and a random-coil (or unfolded) state. One or more contiguous segments 

consisting of residues in the native state are assumed to form in a polypeptide 

chain, and only the interactions between the residues in contact in the native 

structure are considered (the so-called Gō model); no interactions are assumed 

to occur in segments consisting of residues in the random-coil state. The 

calculated Φ values were generally consistent with the experimental Φ values. 

Table 1. Proteins used in this study
a),f)

 

#     Protein nameb) PDB codec) 
No. of 

residuesd) 

Folding 

typee) 

1 engrailed homeodomain 1ENH 54 All α 

2 cMyb-transforming protein  1IDY 54 All α 

3 B1 IgG-binding domain of protein G 1PGB 56 α+β 

4 Src SH3 domain 1SRM 56 All β 

5 α-spectrin SH3 domain 1SHG 57 All β 

6 Fyn SH3 domain 1FYN(84–142) 59 All β 

7 B domain of protein A 1SS1 62 All α 

8 DNA binding protein Sso7d 1BF4 63 All β 

9 chymotrypsin inhibitor 2 3CI2 64 α+β 

10 B1 IgG-binding domain of protein L 2PTL(15–78) 64 α+β 

11 cold-shock protein 1CSP 67 All β 

12 ubiquitin 1UBQ 76 α+β 

13 procarboxypeptidase A2 active 

domain 

1AYE(4A–83A) 78 α+β 

14 acyl-coenzyme A binding protein 2ABD 86 All α 
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Table 1. Continued 

#     Protein nameb) PDB codec) 
No. of 

residuesd) 

Folding 

typee) 

15 TI I27 domain 1TIU 89 All β 

16 barstar 1BTB 89 α/β 

17 TNfn3 domain (tenascin) 1TEN 90 All β 

18 FNfn10 domain (fibronectin) 1TTF 94 All β 

19 U1A 1URN 96 α+β 

20 ribosomal protein L23 1N88 96 α+β 

21 ribosomal protein S6 1RIS 97 α+β 

22 acylphosphatase 2ACY 98 α+β 

23 FKBP12 1FKB 107 α+β 

24 barnase 1RNB 109 α+β 

25 villin 14T 2VIL 126 α+β 

26 azurin 1AZU 126 All β 

27 CheY 3CHY 128 α/β 

28 villin thermostable subdomain 1VII 36 All α 

29 formin binding protein  1E0L 37 All β 

30 WW prototype 1E0M 37 All β 

31 PSB domain of DLAT 2PDD 43 All α 

32 albumin-binding domain 1PRB(7–53) 47 All α 

33 E3-binding domain of BBL 2WXC 47 All α 

34 LysM domain of MltD 1E0G 48 α+β 

35 peripheral-subunit binding domain 1W4J 51 All α 

36 hTRF1 1BA5 53 All α 

37 ribosomal protein L9 1DIV(1–56) 56 α+β 

38 Pit1 homeodomain 1AU7(103–160) 58 All α 

39 actin-binding protein 1 SH3 domain 1JO8 58 All β 

40 Myb domain of human RAP1 1FEX 59 All α 

41 434 Cro protein 2CRO 65 All α 

42 cold-shock protein (B. caldolyticus) 1C9O 66 All β 

43 cold-shock protein (T. maritima) 1G6P 66 All β 

44 hypothetical protein EC0298  1RYK  69  All α  

45 cold-shock protein, CspA  1MJC  69  All β  

46 FF domain  1UZC  69  All α  

47 de novo designed 3-helix bundle  2A3D  73  All α  

48 Ras-binding domain of c-raf-1  1RFA  78  α+β  

49 cytochrome b5 1EHB  82  α+β  

50 C-domain of spore coat protein S  1PRS (91–173)  83  All β  

51 His-containing phosphocarrier protein  1POH  85  α+β  

52 colicin immunity protein Im7  1AYI  86  All α  
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#     Protein nameb) PDB codec) 
No. of 

residuesd) 

Folding 

typee) 

53 colicin immunity protein Im9  1IMQ  86  All α  

54 acyl-CoA-binding protein  1ST7  86  All α  

55 chitinase A1 fn III domain  1K85 (559–644)  86  All β  

56 PI3-kinase SH3 domain  1PNJ  86  All β  

57 HypF N-terminal domain  1GXT  88  α+β  

58 protein S  1PRS (1–90)  90  All β  

59 ribosomal protein L9  1DIV (58–149)  92  α+β  

60 twitchin Ig 18’  1WIT  93  All β  

61 Suc1  1SCE  97  α+β  

62 acylphosphatase  1APS  98  α+β  

63 Src tyrosine kinase SH2 domain  1SPR  103  α+β  

64 cytochrome b562 256B  106  All α  

65 α spectrin, repeat 16  1CUN (7–112)  106  All α  

66 α spectrin, repeat 17  1CUN (113–219)  107  All α  

67 p13MTCP1  1QTU (1–109)  109  All β  

68 myotrophin  2MYO  118  α+β  

69 hisactophilin  1HCD  118  All β  

70 ileal lipid binding protein  1EAL  127  All β  

71 cellular retinol-binding protein II  1OPA  133  All β  

72 cellular retinoic acid-binding protein I  1CBI  136  All β  

a) This table is mainly based on data from Garbuzynskiy et al., (2013). Data on Φ value 

analysis are available for proteins ## 1–27. Data on the folding rate are available for 

proteins ## 1–72 except for #26 (azurin). 

b) For some proteins, an abbreviated name is used for convenience.  

c) The chain region is indicated in parentheses if the kinetic study and/or the calculation 

uses only a part of the PDB data. Some PDB data that we used in this study are 

different from the data from Garbuzynskiy et al., (2013). 

d) The number of residues for calculation of a Φ value and/or folding rate is shown. In some 

cases, the number of residues is different between the experiment and calculation 

because some residues are missing in the PDB data. 

e) The folding type is defined in reference to SCOP database (Murzin et al., 1995). 

f) The literary references regarding the analysis of experimental Φ values and/or 

midtransition folding and unfolding rates are as follows: #1 and #2 Gianni, et al., 

(2003); #3 McCallister et al., (2000), Maxwell et al., (2005); #4 Riddle et al., (1999), 

Maxwell et al., (2005); #5 Martinez and Serrano (1999), Maxwell et al., (2005); #6 

Northey et al., (2002), Maxwell et al., (2005); #7 Sato et al., (2004), Myers and Oas 

(2001); #8 Guerois and Serrano (2000); #9 Itzhaki et al., (1995), Maxwell et al., 

(2005); #10 Kim et al., (2000), Maxwell et al., (2005); #11 Garcia-Mira et al., (2004), 

Perl et al., (1998); #12 Went and Jackson (2005), Maxwell et al., (2005); #13 Villegas 

et al., (1998), Maxwell et al., (2005); #14 Kragelund et al., (1999), Maxwell et al., 

(2005); #15 Fowler and Clarke (2001); #16 Nölting and Andert (2000), Schreiber and 
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Fersht (1993); #17 Hamill et al., (2000), Clarke et al., (1997); #18 Cota et al., (2001), 

Cota and Clarke (2000); #19 Ternström et al., (1999), Maxwell et al., (2005); #20 

Hedberg and Oliveberg (2004), Maxwell et al., (2005); #21 Otzen and Oliveberg 

(2002), Maxwell et al., (2005); #22 Chiti et al., (1999), Taddei et al., (1999); #23 

Fulton et al., (1999), Maxwell et al., (2005); #24 Serrano et al., (1992), Matouschek et 

al., (1990); #25 Choe et al., (1998, 2000); #26 Wilson and Wittung-Stafshede (2005); 

#27 López-Hernández and Serrano (1996), Muñoz et al., (1994); #28 Wang et al., 

(2003); #29 and #30 Ferguson et al., (2001); #31 Spector and Raleigh (1999); #32 

Wang et al., (2004); #33 Neuweiler et al., (2009); #34 Nickson et al., (2008); #35 

Sharpe et al., (2008); #36 Gianni, et al., (2003); #37 Maxwell et al., (2005); #38 

Banachewicz et al., (2011a); #39 Maxwell et al., (2005); #40 Gianni, et al., (2003); 

#41 Laurents et al., (2000); #42 and #43 Perl et al., (1998); #44 Maxwell et al., (2005); 

#45 Reid et al., (1998); #46 Jemth et al., (2005); #47 Zhu et al., (2003); #48 Maxwell 

et al., (2005); #49 Manyusa and Whitford (1999); #50 Wenk et al., (1998); #51 van 

Nuland et al., (1998); #52 and #53 Maxwell et al., (2005); #54 Teilum et al., (2005); 

#55 Lappalainen et al., (2008); #56 Guijarro et al., (1998); #57 Calloni et al., (2003); 

#58 Wenk et al., (1998); #59 Maxwell et al., (2005); #60 Clarke et al., (1999); #61 

Schymkowitz et al., (2000); #62 and #63 Maxwell et al., (2005); #64 Wittung-

Stafshede et al., (1999); #65 and #66 Scott et al., (2004); #67 Roumestand et al., 

(2001); #68 Lowe and Itzhaki (2007); #69 Liu et al., (2002); #70 Dalessio and Ropson 

(2000); #71 and #72 Burns et al., (1998). 

 

In this chapter, we report the results of calculation of Φ values using a 

previously developed alternative and simple statistical-mechanical model of 

protein folding (Abe and Wako 2009; Wako and Abe 2011). Although this 

model was developed earlier than the above-mentioned models (Wako and 

Saitô 1978a, b; Abe and Gō 1981; Gō and Abe 1981), various researchers 

recently adopted or extended this model to study the protein-folding problem 

(Itoh and Sasai 2004; Imparato et al. 2007; Itoh and Sasai 2010; Bruscolini and 

Naganathan 2011; Caraglio and Pelizzola 2012; Sivanandan and Naganathan 

2013; Inanami et al. 2014). We also determined the Φ values for lattice 

proteins using this alternative model, with a particular focus on the 

dependence of the properties of lattice proteins on the amino acid sequence 

and the folding topology (Wako and Abe 2011). In line with these studies, we 

calculated the Φ values of real proteins. For the calculations, we selected 27 

proteins (54128 residues long) that already had experimentally derived Φ 

values. Their folding rates were also calculated in the process of the Φ value 

calculation. In addition, only the folding rates were calculated for another set 

(45 proteins), for which folding rates were experimentally determined, but Φ 

value analysis was not carried out. 

In the next section, our statistical-mechanical model of protein folding is 

described in detail. The calculated free-energy profiles, folding rates, and Φ 
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values are shown and discussed in Sections 3, 4, and 5, respectively. Because it 

is difficult to show all the results here, only a part of the results is presented as 

an illustration. Detailed results are available at http://www.f.waseda.jp/wako 

/PhiValues/. 

2. THE STATISTICAL-MECHANICAL MODEL  

OF PROTEIN FOLDING 

2.1. Assumptions about the Folding Mechanism 

The simple statistical-mechanical model of protein folding and unfolding that 

we used in this study was constructed with the intention of explaining the 

following mechanism of protein folding (Wako and Saitô 1978a, b; Abe and 

Gō 1981; Gō and Abe 1981; Abe and Wako 2006, 2009; Wako and Abe 

2011). A protein folds in a stepwise manner along the polypeptide chain. In 

this scheme, at the first stage of folding, short-range interactions are 

predominant and form small native-like structures such as the α-helix, β-

strand, and a turn. Next, these structures grow gradually via medium-range 

interactions. Finally, these substructures coalesce into the native structure by 

means of long-range interactions. 

The statistical-mechanical model of folding and unfolding of a protein 

consisting of n residues in the above-mentioned picture is formulated as 

follows (Abe and Wako 2009; Wako and Abe 2011). 

 

(i) Each amino acid residue is assumed to be in either a native (folded) or 

random-coil (unfolded) state. 

(ii) A protein conformation at any stage in the folding process is 

represented by a sequence of two types of regions of various sizes, 

namely a local structure and a random-coil region, arranged 

alternately along the chain. The term “local structure” has a specific 

meaning in this model. A local structure and a random-coil region are 

defined as continuous regions in which all amino acid residues are 

either in the native state or in the random-coil state, respectively. It 

should be noted that the number of local structures is not restricted to 

one in this model, whereas some other models restrict formation of 

the local structure to one instance. 

(iii) The key assumption of this statistical-mechanical model is that only 

the Gō-type native interactions between amino acid residues within a 
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local structure are considered (Taketomi et al., 1975). Other 

interactions, such as those between the residues in different local 

structures and those within a random-coil region, are ignored. 

(iv) As for the free energy within a random-coil region (where no 

interactions between the residues exist), it is assumed that only the 

chain entropy—which depends on the number of residues—

contributes to the partition function. The random-coil state is the 

reference state; i.e., its statistical weight is set to unity. 

(v) The minimal size of a local structure is four consecutive residues. An 

amino acid residue i is regarded to be in the native state if a region of 

four consecutive amino acid residues (i – 1) to (i + 2) adopts the same 

conformation as the native structure (i = 2, 3, ...., n – 2). Otherwise, 

the amino acid residue is considered to be in the random-coil state. In 

other words, interactions between amino acid residue i and amino acid 

residues i ± 1 and i ± 2 are ignored. 

2.2. The Partition Function 

The partition function for this statistical-mechanical model was obtained by 

calculating the sum of the statistical weights of the local structures and 

random-coil regions across all possible arrangements. The partition function 

can be derived via repetitive use of the following recurrent relation: 

 










 
3

1

1,1

1

1,1,1 )},(exp{),(
j

m

mjj ZjmEjmfZZ  ,  

(j = 4, 5, ... , n – 1, n) 

 

Z1,1 = 0, Z1,2= Z1,3 = 1, (1) 

 

where β = 1/kBT, kB is the Boltzmann constant, and T is the absolute 

temperature. Z1,j is the auxiliary partition function of a hypothetical protein 

molecule consisting of amino acid residues 1 to j. By definition, the partition 

function of the entire protein molecule is Z1,n (≡ Z(T)). 

The conformational energy of a local structure consisting of amino acid 

residues m to j is given as 
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where U(ξk, ξl) is the energy of interaction between amino acid residues ξk and 

ξl, the contact matrix k,l = 1.0 if amino acid residues k and l are in contact in 

the native conformation; k,l = 0 otherwise. Because the interactions between 

neighboring residues and residues separated by one residue are ignored, k,l = 

0 for |k − l| ≤ 2.U(ξk, ξl) depends on amino acid types ξk and ξl. k,l, i.e., the 

residue pair in contact, depends on the native structure. Consequently, E(m, j) 

depends on the amino acid sequence and the native structure. In other words, 

the amino acid sequence and the native structure are taken into account by 

means of E(m, j) in this model. 

The function f(m, j) corresponds to the number of possible conformations 

of a segment consisting of amino acid residues m to j in the random-coil state; 

thus, kB ln f(m, j) is the chain entropy of the segment in the random-coil state, 

and −kB ln f(m, j) yields the entropy loss of the segment, when the segment 

forms the local structure.  

In our previous studies on lattice proteins, we used values determined by 

means of the statistical distributions of contacts in real proteins according to 

Miyazawa and Jernigan (1985) for U(ξk, ξl) and the formula f(m, j) = 1.4084 × 

(4.750)
j–m–2

 obtained for a cubic lattice polymer (Abe and Wako, 2004) for the 

entropy term. In this chapter, however, we assigned a single value ε< 0 to U(ξk, 

ξl), regardless of the amino acid types, ξk and ξl, in the wild-type  

protein (homogeneous contact energy approximation) because 





jlkm

lklkUjmE
,

,),(),(  , as determined by Miyazawa and Jernigan (1985), 

does not necessarily satisfy the condition that the native conformation is at the 

energy minimum in the conformational ensemble. We preliminarily calculated 

the Φ values at various ε values, from −0.05 to −0.40, and found that the results 

were nearly independent of ε. Accordingly, we set ε to−0.10 for all calculations 

in this study. For f(m, j), because we did not have any established functional 

form of a real protein, we tentatively used the same formula as we did for the 

lattice protein, i.e., f(m, j) = 1.4084 × (4.750)
j–m–2

 according to Abe and Wako 

(2004). No optimization was conducted for the parameters in f(m, j). 

An additional consideration with a real-protein problem is how to define a 

contact between two residues in the native conformation, i.e., the k,l value. 

We defined the contact as follows: if a distance of at least one atom pair in two 

residues is shorter than a given cutoff distance, Dc, this residue pair is 
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considered in contact. We performed calculations of Φ values with four Dc 

values: 4.0, 5.0, 5.5, and 6.0 Å. The results were sensitive to the Dc value for 

some proteins. We will discuss this finding further later, referring to the 

calculation results. 

2.3. Thermodynamic Properties 

Because there are no distinctions between conformational energy and enthalpy 

in this system, we simply regard the conformational energy as enthalpy. For 

convenience of computation, the energy (enthalpy) of the system, Eh, is 

expressed as the integer h in units of 0.01, i.e., Eh = hε0 and ε0= 0.01. 

Eventually, the partition function Z is derived as a polynomial equation with 

two variables, t and u, as a function of the temperature T (Abe and Wako 2004, 

2009): 

 





h

huthTZ ),()( , (3) 

 

where 

)exp( 0u  (4) 

 

and t is a dummy parameter introduced to count the number of amino acid 

residues in the native state, η, and is set to unity in the last result. η varies from 

0 to n – 3. The coefficient Ω(η, h) for given values of η and h can be calculated 

using the recurrent equation, Eq. (1).  

The partition function Z(T) can be rewritten as follows: 
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h

h

uhTW  ),(),(2  , (8) 

 

where W1(h, T)u
h
 and W2(η, T)t

η 
are the sums of the statistical weights across 

all states, with the given enthalpy Eh (=hε0) and with the given number of 

amino acid residues in the native state η, at the temperature T, respectively. 

We define the free energy for a given η from Eq. (8) as 
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Eq. (9) is used to calculate the free-energy profile of the proteins studied in the 

present work.  

The partition function, free energy, enthalpy, and entropy at a given 

temperature T are given by Eqs. (10)–(13) (the dummy parameter t in Eqs. (6) 

and (7) is set to unity): 
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2.4. Folding and Unfolding Rates 

The kinetics of the folding and unfolding processes for a protein (such as 

folding and unfolding rates) were formulated as a motion along a 1D free-

energy profile, with the number of amino acid residues in the native state as a 

reaction coordinate, according to Muñoz and Eaton (1999) and extensive 

examination by Henry and Eaton (2004). Because we calculated the free-

energy profile F(, T) (Eq. (9)), we applied the former method. According to 

this method—a simple approach that involves solving a system of differential 
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equations describing reversible hopping between adjacent discrete values of 

reaction coordinates ( and + 1 in this study)—the characteristic relaxation 

rate can be calculated as follows: 
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Here, an equilibrium value of  (at temperature T) 
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can be calculated by means of F(, T), where peq(η) is the probability that a 

conformation has amino acid residues in the native state: 
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Here, ηeq and peq(η) are functions of T, but T is omitted for clarity. 

The relaxation rate k is estimated as the mean rate of relaxation of the 

average number of native residues to its equilibrium value, starting with the 

entire population in the completely unfolded state, i.e., = 0: 
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The hopping rates from j to j + 1 and from j + 1 to j are assumed to be  
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respectively, to satisfy the detailed balancesj,j+1/sj+1,j = peq(j+1)/peq(j). 

According to Henry and Eaton (2004), we set  to 0.5 and  to 1 (the choice of 

 has little or no effect on the results according to Henry and Eaton (2004)). 

The characteristic relaxation rate depends on the initial condition because 

of approximation. We can consider another initial condition, i.e., all 

populations are in the native state of = n – 3: 
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In this estimation, the characteristic relaxation rate for a given temperature 

is considered to be approximated by the smaller of the two rates. Although it is 

possible to consider other initial conditions and it is possible that these 

conditions lead to different relaxation rates, we considered two extreme cases 

and chose one condition for a given temperature. As a result, kf above 1/Tm and 

ku below 1/Tm are the folding and unfolding rates, respectively. For estimation 

of ln kf and ln ku near the transition temperature Tm, we simply assumed 

linearity of the logarithmic rates in relation to the inverse temperature, ~1/Tm. 

We estimated ln kf and ln ku by linearly extrapolating ln kf from higher to 

lower 1/T and ln ku from lower to higher 1/T, respectively. The intersection 

point of the two extrapolated lines is defined as a transition temperature, Tm, 

i.e., ln kf(Tm) = ln ku(Tm). 

2.5. The Φ Value 

We considered a single amino acid substitution for each residue of the protein 

examined. For a single-amino-acid substitution of the kth residue (for example, 

amino acid residue ξk in the wild-type protein is replaced by amino acid wk), 

we simply assumed that U(ξk, ξl) is transformed to U(wk, ξl) in Eq. (2). Thus, 
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the Φ values of the kth residue were calculated for the two cases where U(wk, 

ξl) = ε + 0.01 and ε − 0.01 (referred to as plus and minus perturbations, 

respectively), and the results were averaged (recall that U(ξk, ξl) = ε for each 

residue pair in the wild-type protein). The responses to the substitutions were 

examined on the basis of changes in the logarithmic folding and unfolding 

rates, ln kf and ln ku, determined in this study. The changes, ln kf and ln ku, 

were used to calculate the  value defined by Eq. (23): 
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where Δln kf = ln kf
mut

(Tm) − ln kf
wild

(Tm) and Δln ku = ln ku
mut

(Tm) – 

ln ku
wild

(Tm) because ln kf
wild

(Tm) = lnku
wild

(Tm) and Δln kf − Δln ku = 

ln kf
mut

(Tm) − ln ku
mut

(Tm). The superscripts “wild” and “mut” denote the wild-

type protein and mutated protein, respectively. 

2.6. The Proteins Examined 

The Φ values were calculated for 27 proteins for which Φ value analysis was 

performed experimentally. In addition, only the free-energy profiles and 

folding and unfolding rates were calculated for another set (45 proteins), for 

which folding and unfolding rates were determined experimentally, but Φ 

value analysis was not performed (the free-energy profiles and folding and 

unfolding rates for the former 27 proteins were calculated during their Φ value 

calculations). The Protein DataBank (PDB) entry codes, sizes, and folding 

types of these proteins are listed in Table 1 along with the references to 

experimental studies in a footnote. During the selection of the proteins, we 

used the data from Garbuzynskiy et al., (2004, 2013) as a reference. Our 

protein set contains some homologous proteins. Because the available data 

were limited, we used all the data without considering the redundancy in the 

analyses that follow. PDB entry codes are used as protein names hereafter for 

convenience. 
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3. FREE-ENERGY PROFILE 

Protein behavior is controlled by the protein’s free-energy landscape, but it 

cannot be visualized because it spans a multidimensional space. It has to be 

projected into 1D or 2D space at the expense of details. Figure 1 shows free-

energy profiles, F(η, Tm), defined by Eq. (9), plotted against the ratio of amino 

acid residues in the native state, η, at the transition temperature Tm. The free 

energy at the largest local maximum, i.e., at the transition point, η
‡
, is set to zero 

for every protein in Figure 1. The ratio η is usually regarded as a reaction 

coordinate of a folding or unfolding process. Figure 1 shows the free-energy 

profiles of three proteins, 1AYI, 1GXT, and 1TEN, which have a similar size 

(86, 88, and 90 amino acid residues, respectively) and have different folding 

types (all α, α+β, or all β, respectively). 

The free-energy profile is characterized by two local minima—at ηu and ηf 

in the denatured and folded states, respectively—and a local maximum at η
‡
 in 

between, i.e., ηu<η
‡
<ηf. The denatured state is an ensemble of non-native 

structures including secondary-structure elements to be formed fully or 

partially. Consequently, how denatured a state is depends on the folding type 

of a protein. Although short-range interactions are dominant in an α-helix, 

long-range interactions play a central role in a β-sheet. Because the transition 

state arises from competing conformational energy and chain entropy, its 

height, F(η
‡
, Tm) − F(ηu, Tm), also depends on the folding type. Figure 1 shows 

that an all-β protein, 1TEN, has deeper local minima, i.e., a higher transition-

state barrier, but an all-α protein, 1AYI, has shallower local minima, i.e., a 

lower transition-state barrier, and an α+β protein, 1GXT, is in an intermediary 

situation. 
 

 

Figure 1. Free-energy profiles of three proteins: (A) 1AYI, (B) 1GXT, and (C) 1TEN. 
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Figure 2. Width and depth of an unfolding region in a free-energy profile of a protein 

from Table 1. The symbols indicate the folding type:  and , all α;  and , all β; 

and  and , α+β or α/β. The open and closed symbols indicate the protein sizes: 

smaller than and larger than 80 residues, respectively. 

In order to characterize all analyzed proteins in terms of a free-energy 

profile, we defined “width” and “depth” of an unfolding region. Width is 

defined as η
‡
 − ηu0, where ηu0 is the intercept of F(η, Tm) = 0 in the unfolding 

region (if F(η, Tm) ≠ 0 for any η in the unfolding region, e.g., 1TEN in Figure 

1, then ηu0is set to zero). Depth is the difference in free energy: F(η
‡
, Tm) − 

F(ηu, Tm). The width and depth of the unfolding region for the proteins listed 

in Table 1 are plotted in Figure 2, with classification according to their sizes 

and folding types. 

Obviously, the depth depends on protein size. The smaller the protein 

(denoted by an open symbol), the smaller the depth is. The folding types also 

affect the depth: the depth of an all-α protein is smaller than that of all-β 

proteins, and depths of α+β and α/β proteins are somewhere in between. 

Dependence of the size and the folding type on the depth are determined by the 

ratio of long-range interactions to short-range ones in the native structures. This 

ratio is also related to contact order, i.e., mean separation along a chain between 

residues making contact in the native structure. The depth is also the height at 

the transition-state barrier from the denatured state to folded state. Figure 1 is 

consistent with the well-known fact that the height is strongly related to the 

entropy loss during formation of a native-like structure, and that formation of 

long-range interactions is accompanied by a much greater entropy loss in 

comparison with short-range interactions. 
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The width of the unfolding region of a free-energy profile depends on a 

folding type but does not depend strongly on protein size. The smaller width of 

all-α proteins results from the unfavorable structures corresponding to smaller 

η, i.e., the complete random-coil structures; the formation of short α-helices is 

more favorable than formation of the random-coil state near Tm. The width for 

all-β proteins is relatively greater. This finding indicates that their transition 

points η
‡
 are closer to η = 1 than those of all-α and α+β proteins. In the 

competition between a conformational-energy gain and entropy loss, for the 

all-β proteins, it is necessary to form almost the whole structure at once. 

4. THE FOLDING RATE 

The folding and unfolding rates are some of the observable properties of a 

free-energy profile and of a native 3D structure of a protein. A correlation 

between the folding rate and contact order was shown in many studies (Plaxco 

et al. 1998, 2000; Gromiha and Selvaraj 2001; Kamagata et al. 2004; 

Kuznetsov and Rackovsky 2004). It was also shown that an Ising-like 

statistical-mechanical model, in which interactions are possible only between 

residues making contact in the native structure, can predict the relative change 

in rates with similar accuracy (Muñoz and Eaton 1999).  

Figure 3 shows the folding rates at a transition temperature, Tm, i.e., 

ln kf(Tm) = ln ku(Tm), calculated by means of Eqs. (14) and (20) at Dc = 5.0 Å. 

The good correlation between experimentally observed and theoretically 

calculated ln kf(Tm), which have already been obtained previously by means of 

a simple statistical-mechanical model by Muñoz and Eaton (1999), are 

reproduced well with additional data. The correlation coefficient for all 

proteins is 0.81, and those for the three folding types (all-α proteins, all-β 

proteins, and α+β and α/β proteins) are 0.67, 0.79, and 0.76, respectively. The 

correlation coefficients for the proteins larger than 80 residues and smaller 

than 80 residues are 0.74 and 0.72, respectively. The regression line for all 

proteins in Figure 3 is y = 0.64x + 9.95, where x and y are the theoretically 

calculated folding rate and experimentally observed folding rate, respectively. 

The proteins are classified according to their sizes and folding types in 

Figures 2 and 3. In general, the smaller the protein, the faster the folding is, and 

an all-α protein folds faster than an all-β protein does, whereas α+β and α/β 

proteins are somewhere in between. Because the folding rates were derived on 

the basis of the free-energy profiles discussed above, the same argumentation is 
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true for the folding rates with respect to the size and folding type as with the 

free-energy profile.  

 

 

Figure 3. The correlation between experimentally observed and theoretically calculated 

midtransition folding (unfolding) rates, i.e., ln kf(Tm) = ln ku(Tm), at Dc = 5.0 Å. The 

two proteins with exceptionally high folding rates observed in an experiment, 2A3D 

and 1PRB, are indicated. See also the caption of Figure 2 for the definitions of the 

symbols and explanation of the regression line in the main text. 

There are two exceptions, proteins 2A3D and 1PRB, as shown in Figure 3. 

Both are small three-helix bundle proteins. They were reported as ultrafast-

folding proteins (Zhu et al. 2003; Wang et al. 2004). It may be necessary to 

formulate the model for a helix-coil transition more accurately to reproduce 

the data for such proteins. The correlation coefficients between experimentally 

observed and theoretically calculated folding rates for all proteins and all-α 

proteins increase to 0.83 and 0.70, respectively, if we exclude 2A3D and 

1PRB from the analysis. 

5. ANALYSIS OF Φ VALUES  

5.1. Comparison of Calculated and Experimental Φ Values 

The Φ values of 27 proteins were calculated by means of Eq. (23). Because 

Eq. (23) can be rewritten as 
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)ln/ln1/(1 fu kk  ,   (24) 

 

Δln ku and Δln kf should have a different sign for 0 < Φ < 1.0. In reality, 

sometimes Φ > 1 or Φ < 0, i.e., Δln ku and Δln kf have the same sign. In such 

cases, some of the calculated Φ values with the perturbations, U(wk, ξl) = ε + 

0.01 and ε − 0.01 (see section 2.5), differ substantially. In addition, there is a 

case where Φ cannot be calculated because a mutated residue has no contact 

with any other residues in the native structure for a given Dc value (remember 

that an inter-residue contact is considered only for a pair of residues separated 

by more than one residue along the chain).  

Most of such irregular residues do not have corresponding experimental Φ 

value data. In other words, a Φ value either could not be or was not obtained 

experimentally for such residues. The remarkable exceptions are 1TEN and 

1FKB. Many of the residues of the two proteins have irregular Φ values when 

the plus perturbation is imposed. This problem will be discussed below in 

relation to Figure 9. 

The Φ values calculated at Dc = 4.0, 5.0, 5.5, and 6.0 Å were assessed by 

means of correlation coefficients with the corresponding experimentally 

observed Φ values; these coefficients are hereafter referred to as γ(Exp, Cal). 

In this assessment, the residues with an irregular experimental Φ value, i.e., Φ 

< −0.1 or Φ > 1.1, were excluded from the analysis. If more than one mutation 

was examined for a given residue in the experiment, a mean Φ value for the 

residue was used to calculate γ(Exp, Cal). On the other hand, the calculated Φ 

value was used if it was obtained successfully, even if it was an irregular 

value. The results are shown in Table 2. For some proteins, the experimental Φ 

values were obtained under various conditions, but Table 2 shows only one of 

them. The full data are available at http://www.f.waseda.jp/wako/PhiValues.  

In Table 2, the results of Garbuzynskiy et al., (2004) are presented for 

comparison. In their assessment of their results, those researchers referred only 

to the experimental data for point mutations that decreased the side-chain 

volumes and satisfied the condition 0 < Φ < 1. When several Φ values 

satisfying these conditions were obtained for a residue, they were averaged. In 

the calculations, those researchers considered single-site substitutions with 

glycine; these substitutions decreased the side-chain volume. The search for 

optimal parameters was carried out via comparison of calculated and 

experimental Φ values. Although their statistical-mechanical model for 

calculation of a Φ value is rather different from our model, their results have a 

similar trend. 
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Table 2. Correlation between experimentally observed and theoretically 

calculated Φ values 

Protein Nra) Nmb) 
Correlation coefficientc) 

Descriptiond) 
4.0 5.0 5.5 6.0 Garbuzynskiy 

1ENH 54 13 0.28 0.43 0.62 0.59 N/A  

1IDY 54 18 0.69 0.62 0.65 0.58 N/A  

1PGB 56 25 0.36 0.31 0.09 −0.02 0.76 (0.74)  

1SRM 56 34 0.63 0.62 0.64 0.65 0.63 (0.63)  

1SHG 57 14 0.23 0.75 0.75 0.74 0.82 (0.81) pH 7 

1FYN 59 9 0.35 0.42 0.34 0.39 N/A  

1SS1 62 31 0.28 0.33 0.71 0.63 N/A 2 M GdmCl 

1BF4 63 21 0.31 0.36 0.35 0.32 0.81(0.58)  

3CI2 64 40 0.45 0.37 0.30 0.19 0.46 (0.35) 4 M GdmCl 

2PTL 64 46 0.12 0.25 0.28 −0.36e) 0.30 (0.26) Folding 

1CSP 67 20 0.49 0.58 0.54 0.50 N/A 
H2O 

(kinetics) 

1UBQ 76 20 −0.03 0.03 0.01 −0.01 N/A Unfolding 

1AYE 78 18 −0.22 −0.22 −0.21 −0.25 N/A  

2ABD 86 16 −0.76 −0.73 −0.75 −0.74 N/A  

1TIU 89 26 0.46 0.45 0.51 0.44 0.66 (0.66)  

1BTB 89 28 −0.09 −0.18 −0.10 −0.18 0.27 (0.20)  

1TEN 90 26 0.61e) 0.68e) 0.65e) 0.66e) 0.68 (0.58)  

1TTF 94 20 0.46 −0.21 −0.10 −0.02 −0.22 (−0.12) 1.75 D’ 

1URN 96 10 0.89 0.94 0.94 0.94 0.90 (−0.71) β = 0.5 

1N88 96 16 0.49 0.59 0.59 0.47 N/A  

1RIS 97 20 0.17 0.10 0.03 0.03 0.49 (0.41) 
1–4 M 
GdmCl 

2ACY 98 22 0.37 0.45 0.42 0.42 N/A  

1FKB 107 22 −0.47 −0.40e) −0.50e) −0.47e) 0.32 (0.25) 0 M urea 

1RNB 109 28 0.39 0.42 0.40 −0.21 0.66 (0.56) Water 

2VIL 126 24 0.46 0.55 0.47 0.45 0.40 (0.35)  

1AZU 126 17 0.65 0.65 0.64 0.59 N/A 0 M GuHCl 

3CHY 128 19 0.81 0.15 0.77 0.83 0.67 (0.65)  

a) The number of residues. 

b) The number of mutated residues in Φ value analysis. The residues with an irregular Φ 

value, i.e., Φ < −0.1 or Φ > 1.1, were excluded from the analysis. 

c) Correlation coefficients between experimental and calculated Φ values at cutoff distances 

Dc = 4.0, 5.0, 5.5, and 6.0 Å; the results from Garbuzynskiy et al., (2004) are also 
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shown if available. The values calculated by Garbuzynskiy et al., (2004) are shown for 

analyses including and excluding hydrogen atoms (the latter value is shown in 

parentheses). 

d) The experimental conditions in an abbreviated form according to the original paper. 

These data are shown here only if the experiment was carried out under more than one 

condition. Only one of the conditions is presented here. See the corresponding 

reference in footnote f) of Table 1 for details of the experiment. 

e) The Φ value shown in this table is the mean of two cases, plus and minus perturbations of 

the energy of an inter-residue interaction, i.e., U(wk, ξl) = ε ± 0.01 (see section 2.5 for 

details). It should be noted that this Φ value is the one obtained from the minus 

perturbation only because the Φ value corresponding to the plus perturbation is quite 

irregular (see subsection 5.1.6). 

 

Figures 4–9 show the calculated Φ values plotted against the residue 

number (referred to as a Φ value profile) along with the experimental Φ values 

for six proteins as examples (the full data including other proteins are also 

available on the above website). In these figures, the experimental Φ values 

are sparse (compare Nr and Nm in Table 2) either because the Φ value 

experiments were performed for a limited number of residues or because the Φ 

value could not be obtained experimentally even though the experiment was 

performed for the relevant residue. In contrast, the Φ value can be calculated 

essentially for any residues except for some irregular residues as described 

above. Of the six examples, proteins 1SS1 and 3CHY (Figures 4 and 5) have a 

strong correlation, 1PGD and 1BF4 (Figures 6 and 7) a weak correlation, and 

2ABD and 1FKB (Figures 8 and 9) no correlation between experimentally 

observed and theoretically calculated Φ values. A more detailed discussion of 

Figures 4–9 is presented in the following subsections. 

5.1.1. The Protein 1SS1 

Figure 4 shows the results on 1SS1, which is a three-helix bundle protein of 62 

residues. This is a case where theoretically calculated Φ values well reproduce 

the experimentally observed Φ values: γ(Exp, Cal) = 0.71 at Dc = 5.5 Å (Table 

2). The experimental Φ values indicate that the central α-helix, α2, is nearly 

fully folded; the N-terminal α-helix, α1, is partially formed; and the C-terminal 

α-helix, α3, is poorly formed. Similarly, the calculated Φ values indicate that 

α2 is fully folded and α1 and α3 are partially folded. The gradations of the Φ 

values within α1 and α3 are also reproduced well. Because the formation of α1 

and α3 is at a comparable level in the calculated Φ values, the small but 

significant difference in the formation of α1 and α3 (revealed in the 

experiments) was not reproduced. 
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Figure 4. A theoretically calculated Φ value profile, experimentally observed Φ values, 

and a three-dimensional (3D) structure of the protein 1SS1. (Left) The dashed and 

solid lines are Φ value profiles at Dc = 4.0 and 5.5 Å, respectively.  and  are the Φ 

values obtained under different experimental conditions. The strings of a closed 

symbol at the bottom indicate the location of an α-helix in reference to PDBsum 

website (de Beer, 2014). In Figures 5–10, open symbols are also used to indicate the 

location of a β-strand. The residue numbering, −1 to 60, in the Protein DataBank 

(PDB) data on 1SS1 is shown as 1 to 62. (Right) The protein is presented as a cartoon 

model. The Cα atom of the residue whose Φ value was obtained in the experiment is 

shown by a shaded ball: black, gray, and light gray mean Φ > 0.75, 0.75 > Φ > 0.25, 

and Φ< 0.25, respectively.  

In the calculated Φ values, dependence on Dc is observed. As shown in 

Table 2, some proteins strongly depend on the Dc values, but others do not. 

Examples of the former case are 1SS1, 2PTL, and 1TTF, and those of the 

latter case are 1IDY, 1URN, and 1AZU. Because the Dc values reflect inter-

residue interactions, these results suggest that proper estimation of inter-

residue interactions is necessary to obtain more accurate Φ values. Further 

research is needed to incorporate Dc into the Φ value calculation. On the basis 

of such improvement, it would be interesting to see whether the large 

differences in the calculated Φ values of an α1-helix for Dc = 4.0 and 5.5 Å are 

related to the variability of the experimental Φ values of this α1-helix. 

5.1.2. The Protein 3CHY 

Figure 5 shows the results from 3CHY, which is a flavodoxin-like α/β protein 

of 128 residues. This is the largest of the proteins examined here. 3CHY can 

be subdivided into two subdomains. The N-terminal one comprises β1-α1-β2-

α2-β3, and the C-terminal subdomain β3-α3-β4-α4-β5-α5. The β3-strand 

belongs to both subdomains. The experimental Φ values suggest that β1-α1-β2 



Calculation of Free-Energy Profiles, Folding Rates and Φ Values … 43 

in the N-terminal subdomain is the nucleus around which the rest of the 

protein folds, whereas the C-terminal subdomain is unstructured. The 

calculated Φ value profile at Dc = 5.5 Å excellently reproduces the 

experimental data: γ(Exp, Cal) = 0.77 at Dc = 5.5 Å (Table 2). 

 

 

Figure 5. The same analysis as in Figure 4 but for the protein 3CHY. The dashed and 

solid lines are Φ value profiles at Dc = 5.0 and 5.5 Å, respectively. The residue 

numbering, 2 to 129, in the PDB data on 3CHY was changed to 1 to128. 

 

In contrast, the Φ value profile at Dc = 5.0 Å is considerably different 

from that at Dc = 5.5 Å. In fact, as Dc increases from 5.0 to 5.5 Å, the number 

of inter-residue contacts increases from 414 to 483. Of the 69 additional 

contacts, 36 and 21 are within the N-terminal and C-terminal halves of 3CHY, 

respectively, and the remaining 12 are contacts between them. Consequently, 

the N-terminal subdomain is more strongly stabilized than the C-terminal 

subdomain as Dc increases from 5.0 to 5.5 Å. In other words, the inter-residue 

contact information that was obtained at Dc = 5.0 Å is insufficient to reproduce 

the experimental data. 

5.1.3. The Protein 1BF4 

Figure 6 shows the results on 1BF4. This is an SH3-fold family protein, as 

are 1SRM, 1SHG, and 1FYN (the results from these proteins are not shown 

here). Nevertheless, the correlation coefficient, γ(Exp, Cal), for 1BF4 (0.36 

at Dc = 5.0 Å; Table 2) is lower than that for 1SRM, 1SHG, and 1FYN (0.62, 

0.75, and 0.42, respectively, at Dc = 5.0 Å; Table 2). The secondary structure 

sequence of 1BF4 is β1-β2-α1-β3-β4-α2-β5-α3. The difference between 

experimental and calculated Φ values is significant around the β-hairpin β4-

α2-β5. In contrast, the experimental Φ values of the corresponding regions of 
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1SRM, 1SHG, and 1FYN indicate that they are a part of the folding nucleus, 

and their calculated Φ values also suggest the same. What is so special about 

1BF4? Guerois and Serrano (2000) assumed that three and two glycine 

residues in the α2-helix and β5-strand, respectively, are responsible for the 

experimental Φ values of the β-hairpin β4-α2-β5 because these glycine 

residues imply an additional entropy cost for folding of this β-hairpin. The 

amino acid sequence features were not taken into consideration in the 

calculation. Consequently, this result suggests that the protein topology is 

essential, but amino acid sequence information is also important for accurate 

calculation of the folding process. 

The problem with the β-hairpin β4-α2-β5 is also the problem with the 

interpretation of an experimentally observed fractional Φ value. This notion 

will be discussed below from various points of view. Here, we would like to 

point out a characteristic feature of an Ising-like statistical-mechanical model 

related to this problem. This is the boundary effect, which is not negligible in a 

finite system. Because of this effect, the N- and C-terminal regions are less 

likely to be in the native state than the central region is. In other words, it is 

more likely that the Φ value is higher in the central region and lower in the N- 

and C-terminal regions, all else being equal. These phenomena are more 

pronounced in a smaller system. The boundary effect is not an artifact of the 

theoretical model but should be taken into account in a real polypeptide. On 

the other hand, this effect appeared to be somewhat exaggerated in some cases 

such as 1BF4 although it is difficult to assess it accurately. 

 

 

Figure 6. The same analysis as in Figure 4 but for the protein 1BF4. The solid line is a 

Φ value profile at Dc = 5.0 Å. The residue numbering, 2 to 64, in the PDB data on 

1BF4 was changed to 1 to 63. 
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5.1.4. The Protein 1PGB 

1PGB, which is shown in Figure 7, and 2PTL (whose results are not shown 

here) are IgG-binding domains of protein G and protein L, respectively. Their 

3D structures are very similar; both of them comprise two β-hairpins, β1-β2 

and β3-β4, and one α-helix, α1, in between. The experimental Φ values, 

however, suggest that the β-turn of β3-β4 is formed, but that of β1-β2 is 

disrupted in the transition state of 1PGB, whereas the β-turn of β1-β2 is 

formed, but that of β3-β4 is disrupted in 2PTL. Obviously, the difference in 

amino acid sequences (amino acid identity between these proteins is 15%) 

must be responsible for these phenomena. Because their amino acid sequences 

were not taken into consideration, the Φ values of the β1-β2 and β3-β4 regions 

are similar to each other in the calculated Φ value profiles of 1PGB and 2PTL. 

Although the calculated Φ values of α1-helices of 1PGB and 2PTL are 

indicative of full formation in the transition state, the experimental Φ values 

are fractional. A fractional Φ value generally means that a structure is present 

but is not fully formed. This topic is controversial. It is interesting to compare 

these proteins with 3CI2, which has an α-helix located over the β-sheet, as do 

1PGM and 2PTL. The experiment with the Φ value shows that the α-helix is 

within the most ordered element of 3CI2, and the calculated Φ values also 

indicate this state of affairs. Because the α-helix is mainly stabilized by short-

range hydrogen bonding interactions, this helix is likely formed at the early 

stages of folding. It should be noted that the Φ value is an indicator of 

interactions between residues not properties of individual residues. 

Accordingly, it is possible that the Φ values of the residues in an α-helix are 

small even if the α-helices are formed, as long as the interactions with the 

residues surrounding each residue under study in the native structure are 

formed only partially. In addition, it is known that the fractional Φ value is not 

necessarily proportional to the extent of the interactions formed (Fersht and 

Sato 2004). Therefore, the difference between the experimental and calculated 

Φ values for the α1-helices is not easy to understand. 
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Figure 7. The same analysis as in Figure 4 but for the protein 1PGB. The solid line is a 

Φ value profile at Dc = 5.0 Å. 

 

Figure 8. The same analysis as in Figure 4, but for the protein 2ABD. The solid line is 

a Φ value profile at Dc = 5.0 Å. 

5.1.5. The Protein 2ABD 

Figure 8 shows the results on 2ABD, which is an all-α protein comprising five 

α-helices: α1 through α5. The experiment shows that the N-terminal and C-

terminal α-helices—α1 and α5—form zipper-type specific long-range 

interactions as a rate-limiting native-like structure, and then the process of 

folding into the native structure can proceed. In contrast, the calculated Φ 

value profile indicates that the central three α-helices, α2–α4, form first as a 

nucleus. Typically, the statistical-mechanical model examined in this chapter 

cannot deal with such cases: long-range interactions are formed before short- 

and medium-range interactions. Eventually, the correlation coefficient γ(Exp, 

Cal) is strongly negative (−0.73 at Dc = 5.0 Å; Table 2). 
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This is a drawback of the statistical-mechanical model presented here. 

Nonetheless, the results from a well-defined model may provide valuable 

information on a protein-folding mechanism. In particular, such results elucidate 

how the framework model and nucleation-condensation mechanism differ and 

also show that proteins folded via the nucleation-condensation mechanism 

indeed exist. 

5.1.6. The Protein 1FKB 

Figure 9 represents a negative result (with the protein 1FKB). The 3D 

structure of 1FKB is characterized by an antiparallel five-stranded β-sheet (β3 

and β4 in Figure 9 may be regarded as one β-strand), which is packed against a 

small α-helix, α1, and a long loop between β5 and β6 containing a short α-

helix, α2. Many long-range interactions stabilize the five-stranded β-sheet. 

Only one β-hairpin, which is stabilized by medium-range interactions, is 

formed by β2 and β3. The experimentally observed Φ values and a molecular-

dynamics simulation indicated the following: because all the interactions were 

substantially weaker, a secondary-structure element was not fully formed in 

the transition state (Fulton et al., 1999). In contrast, the residues with Φ near 

1.0 are relatively rare in the calculated Φ value profile at Dc = 4.0 Å, but some 

of the residues in β3 and α1 may play a role in the formation of nuclei. 

Incidentally, the correlation coefficient γ(Exp, Cal) is strongly negative (−0.47 

at Dc = 4.0 Å; Table 2).  

The experimental data seem to be consistent with the nucleation-

condensation mechanism of protein folding (Fulton et al., 1999), in which the 

nucleus does not form a stable structure because the β-sheet requires various 

long-range interactions to form. In this sense, this is another typical case where 

our statistical-mechanical model does not work properly. 

As mentioned at the beginning of this section, a normal Φ value is 

between 0 and 1.0. In fact, the calculated Φ values of most residues are in this 

range. Nevertheless, the calculated Φ values of a considerable number of 

residues in 1FKB are much greater than 1.0 or much smaller than 0. This 

phenomenon occurred only in the plus perturbation case (remember that plus 

and minus perturbations of the inter-residue interaction energy, i.e., U(wk, ξl) = 

ε + 0.01 and ε − 0.01, respectively, were used in the calculation of Φ values). 

Accordingly, the correlation coefficients for 1FKB in Table 2 were calculated 

only from the Φ values with the minus perturbation because they are normal. 

The same situation was observed for 1TEN whose folding type is β-sandwich 

of seven strands in two sheets. Nonetheless, the correlation coefficients γ(Exp, 



Hiroshi Wako and Haruo Abe 48 

Cal) for 1TEN are remarkably high (Table 2). This is probably because 1TEN 

contains three β-hairpins (in which a β-sheet is formed with neighboring β-

strands), whereas 1FKB contains only one. 

The odd results from 1FKB and 1TEN are impressive because both proteins 

comprise β-structures. Obviously, the long-range interactions could be 

responsible for these results. The plus perturbation means that long-range 

interactions between a specific residue and other residues surrounding it are 

strengthened. The change in these interactions is thought to move the transition 

state significantly (during competition with the relatively large loss of chain 

entropy) because of formation of long-range interactions. Because chain entropy 

was estimated here by the formula used for a lattice protein as a temporary 

expedient (see section 2.2), further research is needed regarding the method for 

estimation of chain entropy. It is a challenge to apply our statistical-mechanical 

model to such complex β-structures. 

 

Figure 9. The same analysis as in Figure 4 but for the protein 1FKB. The solid line is a 

Φ value profile at Dc = 4.0 Å. 

5.2. Application to Circular Permutation of a Protein 

The experiment with Φ value analysis involving a circular permutation of the 

ribosomal protein S6 (Haglund et al. 2008) may be useful for the discussion of 

theoretical calculation of a Φ value. A circular permutant is created so that a 

protein is divided into two fragments, let’s say, an N- and C-terminal fragment, 

by an incision anywhere in the polypeptide, and then the fragments are switched 

and linked covalently; that is, the N-terminal fragment now follows the C-

terminal fragment. The circular permutant that overall has a 3D structure similar 

to the original structure in spite of its different connectivity (order of secondary-



Calculation of Free-Energy Profiles, Folding Rates and Φ Values … 49 

structure elements) is expected to provide useful information on the protein-

folding problem.  

S6 comprises two α-helices and four β-strands: β1-α1-β2-β3-α2-β4. The 

PDB code is 1RIS (Lindahl et al., 1994). Five permutants, P
13-14

, P
33-34

, P
54-55

, 

P
68-69

, and P
81-82

, were constructed, where the superscripts indicate the position 

of the incision. All possible incisions between the secondary-structure 

elements of S6 were tested. The wild type of S6 is referred to as S6
wt

. 

The Φ values for the permutants were calculated by means of the same 

inter-residue contact information as was used for the native structure of S6
wt

, 

but we took into consideration the respective connectivity, e.g., 14–97-1–13 

for P
13-14

. 
 

 

Figure 10. The theoretically calculated Φ value profile, experimentally observed Φ 

values, and three-dimensional (3D) structures of the wild-type protein 1RIS and its 

circular permutants. (Top) Black, dotted, and gray lines are Φ value profiles of S6
wt

, 

P
13-14

, and P
33-34

, respectively, at Dc = 5.0 Å. The crosses indicate the incisions, 13-14 

and 33-34. The profiles of P
54-55

, P
68-69

, and P
81-82

 are not shown for clarity (see the text 

in section 5.2). The experimentally observed Φ values are plotted as symbols: , , 

and  for S6
wt

, P
13-14

, and P
33-34

, respectively. The strings of closed and open symbols 

at the bottom indicate the locations of an α-helix and β-strand, respectively. (Bottom) 

The experimental Φ values of S6
wt

, P
13-14

, and P
33-34

 are indicated on the 3D structure in 

a cartoon model (because the 3D structures for P
13-14

 and P
33-34

 are not known, the 
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structure of S6
wt

 is used). The Cα atom of the residue whose Φ value was observed in 

the experiment is shown as a shaded ball: light gray, gray, and black mean Φ < 0.15, 

0.15 < Φ < 0.3, and Φ > 0.3, respectively. The crosses indicate positions of the 

incisions: 13-14 and 33-34 in P
13-14

 and P
33-34

, respectively. These experiments and 

calculations revealed the significance of connectivity of the chain. S6
wt

 and the five 

permutants are classified according to the β3-strand and α2-nucleus: the secondary-

structure elements in β3-strand+α2-nucleus are connected consecutively as β3-α2-β4-

β1 in P
13-14

, P
33-34

, and P
54-55

 but separated into the N- and the C-terminal parts in S6
wt 

(β1 and β3-α2-β4, respectively), P
68-69 

(α2-β4-β1 and β3, respectively), and P
81-82 

(β4-

β1 and β3-α2, respectively). It is possible to classify S6
wt

 and the permutants according 

to the α1-nucleus and β2-strand; the secondary-structure elements are connected 

consecutively as β1-α1-β2-β3 in S6
wt

, P
68-69

, and P
81-82

 but separated into the N- and C-

terminal parts in P
13-14 

(α1-β2-β3 and β1, respectively), P
33-34 

(β2-β3 and β1-α1, 

respectively), and P
54-55 

(β3 and β1-α1-β2, respectively). The correlation coefficients 

γ(Exp, Cal) for S6
wt

 and the permutants show that the theoretical calculation can well 

reproduce the formed β3-α2-β4-β1 and unstructured β1-α1-β2-β3 for P
13-14

, P
33-34

, and 

P
54-55

, but such calculation cannot reproduce the parallel formation of α1- and α2-

nuclei of S6
wt

 and P
81-82

. The failure to reproduce the early-stage formation of long-

range interactions within β3-strand+α2-nucleus separated into N- and C-terminal parts 

in S6
wt

 and P
81-82

 is a shortcoming of our statistical-mechanical model as discussed 

above. On the other hand, the negative γ(Exp, Cal) of P
68-69

 arises from the difficulty to 

take into consideration the formation of the α1-nucleus without the formation of the 

β2-strand in it. 

 

Figure 11. Schematic representation of folding of wild-type and five circular 

permutants of S6. The α-helix and β-strand are shown as a circle and rectangle, 

respectively. They are shaded according to average experimentally observed Φ values: 

white, gray, and black indicate Φ < 0.15, 0.15 < Φ < 0.3, and Φ > 0.3, respectively; the 

figure was made by reference to Haglund et al., (2008). 
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Figure 10 shows theoretically calculated Φ value profiles of S6
wt

, P
13-14

, 

and P
33-34

 at Dc = 5.0 Å together with the corresponding experimentally 

observed Φ values. The profiles of P
54-55

, P
68-69

, and P
81-82

 are not shown for 

clarity; the Φ value profile of P
54-55

 is very similar to that of P
33-34

, and the 

profiles of P
68-69

 and P
81-82

 are very similar to that of S6
wt

. The correlation 

coefficients between experimental and calculated Φ values for S6
wt

, P
13-14

, 

P
33-34

, P
54-55

, P
68-69

, and P
81-82

 are 0.20, 0.89, 0.47, 0.57, −0.16, and −0.20, 

respectively. 

The experiments suggested that the S6 structure is composed of two 

competing folding nuclei: β1+α1+β3 and β1+α2+β4, referred to as the α1-

nucleus and α2-nucleus, respectively (Haglund et al. 2008). The two nuclei fold 

in parallel in S6
wt

 and P
81-82

; the α2-nucleus is dominant in P
13-14

, P
33-34

, P
54-55

, 

and the α1-nucleus is dominant in P
68-69

. These results are summarized 

schematically in Figure 11. On the other hand, the calculated Φ values indicate 

that the α1-nucleus is dominant in S6
wt

, P
68-69

, and P
81-82

, whereas the α2-nucleus 

is dominant in P
13-14

, P
33-34

, and P
54-55

. The calculations, however, suggested that 

the α1-nucleus should be defined as β1+α1+β2 rather than β1+α1+β3.  

Among the circular permutants, a given inter-residue interaction can be 

short range in one permutant but long range in another. Although some 

permutants are folded according to a framework model scheme, others are 

folded according to the nucleation-condensation mechanism. Therefore, the 

model considered here can well reproduce the experimental Φ values only for 

some permutants. If more Φ values were available for S6, then we would have 

a more extensive discussion. 

5.3. Problems with Analysis of the Calculated Φ Values 

The Φ value calculations are assessed by the correlation coefficients γ(Exp, 

Cal) between experimental and calculated Φ values, as shown above. γ(Exp, 

Cal) is, however, not necessary to properly assess our Φ value calculations for 

the following reasons. 

First, the experimental data on Φ values are sparse. Consequently, the 

large differences between the experimental and calculated Φ values for a few 

residues can significantly decrease the correlation coefficient. For example, 

γ(Exp, Cal) = 0.36 of 1BF4 at Dc = 5.0 Å (Table 2) increases to 0.53 only if 

the experimental Φ value of the 30th residue is excluded from the calculation  
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Figure 12. Theoretically calculated Φ values are plotted against experimentally 

observed ones. (A) The proteins 1IDY, 1PGB, 1SRM, 1SHG, 1FYN, 3CI2, 2PTL, 

1CSP, 1TEN, 1TTF, 1URN, 1N88, 2ACY, 1FKB, 1AZU, and 3CHY. (B)  and  

mean 1PGB(1–10, 39–56) and 1PGB(11–38),  and  1BF4(1–20, 47–63) and 

1BF4(21–46),  and  1BTB(30–89) and 1BTB(1–29), and  and  1TTF(1–

40,55–73) and 1TTF(41–54, 74–94), respectively (Dc = 5.0 Å). See Table 2 for their 

correlation coefficients. 

 

of γ(Exp, Cal). In addition, it is difficult to analyze the case where a Φ value 

for a given residue cannot be obtained either experimentally or by calculation 

although such a case provides some valuable information. 

The second problem is a fractional value of Φ. In general, fractional 

values of Φ are not linear during the formation of an inter-residue interaction, 

and only the extreme values of zero and 1.0 are fully interpretable per se as 

being completely denatured-like or completely native-like, respectively (Fersht 

and Sato 2004). Fractional values can arise from either genuinely weakened 

interactions in a single transition-state ensemble or from a mixture of states in 

parallel pathways of folding. Because of these uncertainties in the 

interpretation of Φ, it was recommended that Φ values be subdivided into three 

classes: “weak,” “medium,” and “strong” (Fersht 1995). Nevertheless, it is 

hard to assess the calculated results with such three-grade evaluation. 

Third, a good correlation does not always mean that the calculated Φ 

values are nearly equal to experimental ones. In fact, Figure 12A shows that 

calculated Φ values are greater than experimental ones even if the correlation 

coefficients are relatively high. In contrast, Figure 12B shows the cases when 

the residues in some region have a high correlation and nearly equal values to 

the experimental ones, but those in another region do not. For such a protein, 
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the correlation coefficient covering all residues is reduced although it is 

significantly higher for a limited region of the protein. For example, γ(Exp, 

Cal) = 0.31 for all of 1PGB (Table 2) coexists with 0.75 and 0.35 for some 

regions: 1PGB(1–10, 39–56) and 1PGB(11–38), respectively; γ(Exp, Cal) = 

0.36 for all of 1BF4 (Table 2) coexists with 0.73 and −0.22 for 1BF4(1–20, 

47–63) and 1BF4(21–46), respectively. 

Finally, it should be noted that the uncertainty in experimental data also 

makes it difficult to assess the calculated Φ values. As described above, a 

fractional Φ value and substitution of an amino acid type are major problems 

in the analysis of Φ values.  

CONCLUSION 

In this chapter, the Φ values that we obtained by means of a simple statistical-

mechanical model of protein folding are discussed and compared with 

experimentally observed ones. The significance of a study involving a well-

defined analytical model is that this approach makes it possible to 

quantitatively analyze the experimental data instead of conceptually expressed 

hypotheses about protein folding such as the nucleation-condensation 

mechanism and framework model. An essential feature of the nucleation-

condensation mechanism is concurrent formation of secondary- and tertiary-

structure interactions. In contrast, the framework model means hierarchical 

assembly of structures in which secondary-structure elements are initially 

formed, independently of tertiary-structure formation; these preformed 

secondary-structure elements are then thought to coalesce into the native 

tertiary structure. The model that is presented here is based on the framework 

model and cannot take into account the concurrent formation of secondary- 

and tertiary-structure interactions that the nucleation-condensation model is 

based upon. The above analysis of Φ values shows that the model considered 

here well reproduces the experimental results for some proteins. In other 

words, some proteins seem to fold according to the framework model scheme, 

and others in accordance with the nucleation-condensation mechanism. Thus, 

there is a need for a novel statistical-mechanical model of protein folding that 

amalgamates the framework model and nucleation-condensation mechanism in 

order to solve the protein folding problem. 

One limitation of the present model results from the assumption that two 

residues can interact only if the two residues and the residues in between along 

the chain are in a native state. This assumption can plausibly introduce into the 
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model the specific interactions that represent the gist of the protein-folding 

hypotheses. The area accessible to a protein in the conformational space is 

considered to be restricted in this assumption; in other words, it is assumed that 

the protein cannot adopt all conformations. The major hypotheses about protein 

folding, namely, the consistency principle, the minimal-frustration principle, and 

the funnel hypothesis, are also based on this assumption explicitly or implicitly. 

The Gō model, in which an inter-residue interaction is allowed only for a residue 

pair that is in contact in the native structure, is a typical case. We do not believe 

that real-life protein folding is constrained by this assumption perfectly. In fact, 

this assumption had to be introduced because otherwise our statistical-

mechanical model could not be formulated in an analytically solvable form. If 

we could extend the model so that the accessible area in the conformational 

space were wider, e.g., if two residues could interact even if any of the two 

residues and the residues in between along the chain were not in a native state in 

the extended model, then formation of the hydrophobic core in remote regions 

(which is assumed in the nucleation-condensation mechanism) could be 

considered. A new approach was proposed recently to overcome this problem 

(Inanami et al. 2014). None of the models of the protein-folding mechanism that 

have been proposed to date are perfect, but analysis of experimental data with a 

well-defined model can enrich the understanding of the protein-folding problem. 

We hope that the statistical-mechanical model of protein folding will be further 

improved in future studies. 
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