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Abstract
Owing to the photonic band gap effect, light propagation can be controlled in photonic crystals (PCs). In this way, the propagation of light
can be controlled, which enables fabrication of novel photonic devices
and improves properties of existing ones. The PCs containing metallic
medium have attracted special interests due to the frequency-dependent of
dielectric constant. Based on the numerical results of photonic band structures, many properties and applications can be predicted. Therefore, it is
of both intrinsic and practical interest to develop a numerical framework
capable of describing and distinguishing the photonic band structures of
metal/dielectric (M/D) PCs.
The traditional plane wave expansion method is a straightforward
method for numerical calculations of dielectric PCs band structures.
However, for the M/D PCs, the resulting secular equation is nonlinear and
hard to solve as the frequency-dependent dielectric constants are involved.
In this chapter, an improved plane wave expansion method is proposed for
the calculation of photonic bands of M/D PCs with the Drude dielectric
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function model without solving a nonlinear secular equation. The proposed method is applicable to all dimensional M/D PCs. For the purpose
of illustration, this method was applied to the band structure calculations
of one-dimensional (1D) and three kinds of two-dimensional (2D) M/D
PC structures. In addition the photon density of state (DOS) is calculated
along with the band structure.

PACS: 42.70Qs, 02.60Cb, 78.66Bz, 41.20Jb, 02.60Lj
Keywords: photonic crystal, metallic medium, plane wave expansion, band
structure
AMS Subject Classification: 53D, 37C, 65P

Introduction
Since Yablonovitch E [1] and John S [2] first proposed the photonic band gap
structures for achieving a complete control of the spontaneous emission, the PCs
have aroused great interest in the optical field and developed rapidly [3–9]. PCs
are periodic materials with spatial variations of dielectric constant on the order
of an optical wavelength, which can control radiation field and light propagation
characteristics [10].
Owing to the periodic structure, the electromagnetic (EM) modes in PCs
have special features when compared to homogeneous material, such as the
photonic band gap. Due to the property of acting as ’optical insulator’, photonic band gap structures offer the opportunity of achieving a complete optical
confinement, and a lot of novel PC-based devices have been developed [11–14].
Another interesting feature of PCs is the possibility of achieving very small
group velocities associated with the flat band [15, 16]. Moreover, the DOS can
engineer the atomic spontaneous emission and exhibit band gap or pseudogap
structure, which is in accordance with the band structure [17–19].
There exist two types of EM modes in PCs, transverse electric (TE) and
transverse magnetic (TM) modes, for which the electric and magnetic field are
parallel to the interface plane respectively [20]. Unlike the dielectric/dielectric
(D/D) PC, the metallic medium’s dielectric function is frequency dependent and
we will use the Drude model to describe
it [21, 22]. In this model the dielectric

2
2
function is ε (ω) = ε∞ − ωp /ω , where ε∞ is the high-frequency dielectric
constant and ωp is the plasmon frequency [22, 23]. For the sake of simplicity,
the imaginary part in the dielectric function of metal is omitted.
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One of the basic problems for the PCs is the numerical calculation of the
photonic band structure and the EM modes propagation. Up to now, as we
know, there have been many successful calculation methods for the photonic
bands of D/D PCs, but the method to calculate the band structures and EM field
distribution of the M/D structures is rare [24–28]. Sakoda et al. [25] calculated the dispersion relation, the field distribution, and the lifetime of the radiational eigenmodes in 2D PCs composed of metallic cylinders by means of
the numerical simulation of the dipole radiation based on the FDTD method.
Kuzmiak et al. [27, 28] considered an 1D periodic
 array of alternating layers
of vacuum(ε = 1) and metal ε(ω) = 1 − ωp2 /ω 2 . They employed the plane
wave expansion and transfer matrix methods, and constructed an equivalent enlarged matrix to calculate the photonic band structures. They also calculated the
2D systems consisting of an infinite array of identical, infinitely long, parallel,
metallic cylinders of circular cross section.
The plane wave expansion method is a straightforward method for the numerical calculation of dielectric PC band structures [29–31]. It expands the
fields into the plane wave series, and leads to a finite matrix eigenvalue problem
that can be readily solved by the standard LAPACK subroutines [32]. However,
when it is applied to the M/D PCs, the eigenvalue equation is nonlinear and
hard to solve. In this chapter, we develop an improved plane wave expansion
method in order to make it suitable for the calculation of the M/D PCs’ band
structures [33, 34].
Within the classic theory, all the EM phenomena can be described by the
system of Maxwell equations [35]. Based on these equations, we proposed
an improved plane wave expansion method for the M/D PCs. This improved
method is suitable equally to the 1D D/D PCs. Then we apply the improved
method to the 1D M/D PC case in Sec.2, and calculate the photonic band structure of the corresponding 2D M/D sawtooth PCs. The photonic band structures and the corresponding DOS of cylindrical PCs are obtained in Sec.3.3 and
Sec.3.4. Finally, we present the band structures of the square pillar and hole
PCs, and compare the results with those of the cylinder and hole PCs.
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Wave Equations and Eigen Modes
of Photonic Crystals

The EM fields in mediums without free charges and currents can be described
by the following Maxwell equations
∂B
= 0,
∂t
∂D
= 0,
∇×H −
∂t
∇ · B = 0,
∇×E+

∇ · D = 0,

(1)
(2)
(3)
(4)

where E and H are the electric and magnetic field, and D and B are the electric
displacement and magnetic inductance, respectively. They are ralated by the
constitutive equations
D = ε(r)E,

(5)

B = µH.

(6)

We seek harmonic solutions with a factor of e−iωt for both E and H [21]
E(r, t) = E(r)e−iωt ,

(7)

H(r, t) = H(r)e−iωt .

(8)

By expanding the fields E(r) and H(r) in plane waves, and eliminating
E(r) or H(r) in Eq.(1)-(4), we can get a secular equation and the corresponding eigenmodes.

2.

Plane Wave Expansion Method to the 1D D/D
and M/D Photonic Crystals

The 1D PC model considered in this section is composed of layers A and B.
Layer B is a dielectric medium with dielectric constant ε2 and layer A is either
a dielectric medium with dielectric constant ε1 for the D/D PC, or a metallic
medium for the M/D PC with the Drude type of dielectric function
ε1 (ω) = ε∞ −

ωp2
.
ω2

(9)
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We choose the z axis perpendicular to the interface and the center of the
layer A at z = 0. The thickness of layer A(B) is a1 (a2 ), so the structure period
d = a1 + a2 . We assume that the propagation direction of the EM wave is in
the x–z plane and the field along the y axis is uniform.

2.1.

TM Modes of D/D Photonic Crystal

For the TM mode, we expand the magnetic field in terms of Fourier series
X
H(r) =
CG ei[kx x+(k+G)z] iy ,
(10)
G

where the reciprocal lattice vector G = 2πn/d with n = 0, ±1, ±2 . . ., kx and
k are the wave vectors in the x and z directions respectively. Hence the curl of
H is
X
∇ × H(r) = i CG ei[kx x+(k+G)z] [kx iz − (k + G)ix] .
(11)
G

For the 1D D/D PC with dielectric constants ε1 and ε2 ,
as

1
ε(z)

can be expanded

X
1
=
κ(G)eiGz ,
ε(z)

(12)

G

with the Fourier factor
1
κ (G) =
d

d/2

1 −iGz
e
dz =
−d/2 ε (z)

Z

(

1 a2
1 a1
d + ε2 d ,
1
1
1
ε1 − ε2 nπ

ε1

G = 0,
1
sin nπa
d , G 6= 0.

(13)

From the Maxwell equations Eq.(1)-(4), we can get
E=

−1 X
CG ei[kx x+(k+G)z] [kx iz − (k + G)ix] ,
ωε0 ε (z)

(14)

G

and the secular equation
X


ω2
κ(G − G0 ) kx2 + (k + g)(k + G0 ) CG0 = 2 CG .
c
0

(15)

G

Eq.(15) is a real symmetric eigenvalue equation. The band structure of D/D
PC can be obtained from its eigenvalue ω 2 /c2 .
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However, for PC containing metallic medium with a frequency-dependent
dielectric function, we can’t get a secular equation according to the above procedure. For this case we propose an improved plane wave expansion method [33].
By inspecting Eq.(2) and the expression of ∇ × H Eq.(11), we let
X
E=
DG ei[kx x+(k+G)z] [kxiz − (k + G)ix] ,
(16)
G

so its curl is
∇ × E = −i

X
G

= iωµ0



DG ei[kx x+(k+G)z] kx2 + (k + G)2 iy

X

CG ei[kx x+(k+G)z] iy ,

(17)

G

Comparing Eqs.(16) and (17) we obtain the coefficient
DG = −

kx2

ωµ0
CG .
+ (k + G)2

(18)

Then from
∇ × H = −iωε0 ε(z)E,
X


∇ × (∇ × H) =
CG ei[kx x+(k+G)z] kx2 + (k + G)2 iy ,

(19)
(20)

G

We obtain the secular equation
h

i
 ω 2 X
0
kx2 + (k + G)2 CG =
Akg ε(G − G )CG0 ,
c
0

(21)

G

where


0
kx2 + (k + G) k + G
,
Akg = 
2
kx2 + (k + G0 )
Z
1 d/2
ε(G) =
ε(z)e−iGz dz
d −d/2


ε1 ad1 + ε2 ad2 ,
G = 0,
=
1
1
(ε1 − ε2 ) nπ
sin nπa
,
G
6= 0.
d


(22)

(23)
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Eq.(21) is a real non-symmetric eigenvalue equation, which can be readily
solved by the LAPACK package. Then the band structures of the TM modes for
the M/D PCs can be obtained without solving the nonlinear equation.
The band structure of the TM modes for 1D D/D PC by the traditional and
improved plane wave expansion methods is shown in Fig.1(a) and Fig.1(b),
where ε1 = 2 and ε2 = 1, a1 /d = 0.6. The unit of the frequency is d/2πc,
and the unit of the wave vector k is 2π/d, these are used throughout this work.
The points Γ, Z, L, and X represent the special k points (0, 0), (0, 0.5), (0.5, 0.5),
and (0.5, 0) in the first Brillouin zone, respectively(see the inset of Fig.1(a)). No
band gap exists among the five lowest bands. The agreement between Fig.1(a)
and Fig.1(b) is good, which means these two methods are consistent.
Besides the photonic band structure, the distribution of the EM field of the
corresponding eigenmodes can also be obtained. The time-averaged EM energy
density Ukn (ρ) reads
Ukn (ρ) =

i
1h
ε0 ε(ρ) |E kn (ρ)|2 + µ0 |H kn (ρ)|2 ,
4

(24)

where, ρ is the position vextor with ρ = xix + yiy + ziz
The EM field Ukn (ρ) distributions in the 1D D/D PC of the lowest 5 modes
at kx = 0.1, k = 0.1 are plotted in Fig.2(a). The EM energies are concentrated
in the dielectric layer with a larger dielectric constant.

2.2.

TM Modes of M/D Photonic Crystal

The secular equation (21) also applies to the M/D PC case with
Z
1 d/2
ε(z)e−iGz dz
d −d/2

 ε a1 + ε a2  − ωp2 a1 ,
G = 0,
2 d
h ∞d
i ω2 d
=
ωp2
1
nπa
1
 (ε∞ − ε2 ) − 2
6 0.
nπ sin d , G =
ω

ε(G) =

(25)

Inserting Eq.(25) into Eq.(21), we obtain the secular equation as
h
i
“ ω ”2 X
“
”
“ ω ”2 X
“
”
00
0
0
0
p
kx2 + (k + G)2 CG +
Akg ε G − G CG0 =
Akg ε G − G CG0 ,
c
c
0
0
G

G

(26)
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Figure 1. Band structures of the lowest five eigenmodes for the D/D photonic
crystal (ε1 = 2, ε2 = 1, a1 /d = 0.6 ). The points Γ, Z, L, and X represent the
special k points (0, 0), (0, 0.5), (0.5, 0.5), and (0.5, 0) in the first Brillouin zone.
a): TM modes using secular equation as Eq.(15). b): TM modes using secular
equation (21). c): TE modes.
where Akg is given in Eq.(22), and


ε∞ ad1 + ε2 ad2 ,
G = 0,
0
ε (G) =
nπa1
1
(ε∞ − ε2 ) nπ sin d , G =
6 0.
00

ε (G) =



a1 /d,
G = 0,
nπa1
1
6 0.
nπ sin d , G =

(27)

(28)

The band structure of the TM modes for the 1D M/D PC is plotted in
ωp d
Fig.3(a), with parameters: ε∞ = 1, ε2 = 2, a1 /d = 0.5, Ωp = 2πc
= 1.
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Figure 2. Distribution of EM field energy of the lowest five eigenmodes of the
1D D/D photonic crystal (ε1 = 2, ε2 = 1, a1 /d = 0.6, kx = k = 0.1). a):TM
modes. b)TE modes. The energy units of a) and b) are the same.
Comparing Fig.3(a) with the D/D PC case in Fig.1(a), for the M/D PCs, there
is a large band gap between the lowest band and Ωp = 0 (∆Ω ≈ 0.5). The
lowest two modes are relatively flat, which means that the group velocities of
these two modes are small and different optical enhancement can be expected.
This property can be used to the development of efficient optical devices [21].
The eigen-frequencies of the lowest two modes are all smaller than Ωp = 1,
which means the dielectric function ε1 (ω) is negative for these two modes, i.e.
the metal layer acts as the absorption layer for the EM field. The EM field distributions for the lowest 5 modes at kx = 0.1, k = 0.1 are shown in Fig.4(a). The
energy densities oscillate near the interface, and the magnitudes decay with the
distance from the interface. These features are in accordance with the property
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of the surface plasmon mode [36]. It means surface plasmon modes exist near
the interface. As the eigen-frequency is smaller than Ωp , the energy of the first
mode is negative in the metal layer, which leads to the absorption of the EM
field energy.

Figure 3. Band structure of the lowest five eigenmodes of the 1D M/D photonic
crystal (ε∞ = 1, ε2 = 2, a1 /d = 0.5). a)TM modes. b)TE modes.

2.3.

TE Modes of D/D Photonic Crystal

We expand the electric field as
X
E= CG ei[kx x+(k+G)z] iy ,
G

(29)
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the magnetic field H and its curl ∇ × H can be obtained as
H=

1 1
1 X
∇×E =
CG ei[kx x+(k+G)z] [kxiz − (k + G) ix] ,
µ0 iω
µ0 ω

(30)

G

∇×H =

h
i
-i X
CG ei[kx x+(k+G)z] kx2 + (k + G)2 iy = −iωε0 ε (z) E.
µ0 ω
G

(31)

From Eq.(2) we get the secular equation
h

i

ω2 X
kx2 + (k + G)2 CG = 2
ε G − G0 CG0 ,
c
0

(32)

G

where ε (G) is given in Eq.(23). The band structure of the TE modes for the
D/D PC is shown in Fig.1(c) with parameters: ε1 = 2, ε2 = 1, a1 /d = 0.6. The
EM field distributions for the lowest 5 modes at kx = 0.1, k = 0.1 are shown in
Fig.2(b). We found that the band structures are similar to the 1D D/D photonic
crystals, and the EM energies are concentrated in dielectric layer with larger
dielectric constant.

2.4.

TE Modes of M/D Photonic Crystal

Except for the Fourier component of ε(z), the secular equation (32) of the TE
modes for the D/D PC is also applicable to the M/D PC case. By inserting
Eq.(25) into Eq.(32), we obtain the secular equation



ωp2 X 00
ω2 X 0
kx2 + (k + G)2 CG + 2
ε (G − G0 )CG0 = 2
ε (G − G0 )CG0 , (33)
c
c
0
0
G

G

where ε0 (G) and ε00 (G) are given in Eq.(27) and (28), respectively.
In Fig.3(b), the band structure of the TE modes for the M/D PC is plotted
with parameters: ε∞ = 1, ε2 = 2, a1 /d = 0.5 and Ωp = 1. Similar to the
TM modes of the 1D M/D photonic crystal in Fig.3(b), there exists a wide band
gap (∆Ω = 0.4) between the lowest band and Ω = 0. The lowest two bands
are relatively flat. Fig.4(b) shows the energy densities for the lowest 5 bands at
kx = 0.1, k = 0.1. The EM energies are mainly concentrated in the dielectric
layer, which is more evident in the lowest two modes. The energies distribute
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evenly in both layers, and do not decay from the M/D interface. So no plasmon
mode exists for the TE modes.

Figure 4. EM field distribution of the lowest five eigenmodes for the M/D PC
(ε∞ = 1, ε2 = 2, a1/d = 0.5, kx = k = 0.1). a)TM modes. b)TE modes. The
energy units of a) and b) are the same.
The above photonic band structures of the M/D (see Fig.3) and D/D (see
Fig.1) PCs show that the metallic medium can induce more band gaps, which is
more attractive for the development of photonic devices.

3.

Photonic Band Structure of the 2D M/D
Photonic Crystals

There are various types of 2D PCs, in this section we apply the above improved
plane wave expansion method to the sawtooth, cylinder and hole 2D PCs. As
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shown in Fig.5 the cross section of the unit cell for these two structures are
assumed to be in the x − z plane, and the periods in the z and x directions are
d and b respectively. In this figure, I represents the metallic medium with the
dielectric functions ε1 (ω) of Eq.(9), II represents the dielectric medium with a
constant ε2 . For the 2D hole PCs, the I and II exchange.

Figure 5. Cross section geometry of the unit cells of the 2D M/D PCs.

3.1.

TE Modes of M/D Sawtooth Photonic Crystal

First we expand the electric field as
X
E=
CGei(k+G)·ρiy ,

(34)

G

with ρ and k + G in the x − z plane.
ρ = xix + ziz ,
k + G = (kx + F )ix + (k + G)iz .
k is the wave vector in the first Brillouin zone (k = kx ix + kiz ), G is the
reciprocal lattice vector (G = F ix + Giz , G = 2πm/d, F = 2πn/b with
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m = 0, ±1, ±2, . . .; n = 0, ±1, ±2, . . .), and d and b are the periods in the z
and x directions respectively. The magnetic field can be obtained as
1 1
∇×E
µ0 iω
1 X
CGei(k+G)·ρ(k + G) × iy ,
µ0 ω

H =
=

(35)

G

From the Maxwell equations, we can get the secular equation
(k + G)2 CG =

ω2 X
ε(G − G0 )CG0 ,
c2 0

(36)

G

where ε(G) is the 2D Fourier component of ε(ρ),
ε(G) =

1
db

Z

d/2

−d/2

dz

Z

b/2

dxε(ρ)e−i(F x+Gz) .

(37)

−b/2

For the sawtooth type PCs shown in Fig.5(a), the Fourier component of ε(ρ)
can be written as

X2 [ε1 Z1 +ε2 (1−Z1 )] + X1 [ε1 Z2 +ε2 (1−Z2)],



(ε1 −ε2)[(1−X1) sin πmZ1+X1 sin πmZ2 ])/(πm),
εm,n =
(38)
(ε

1 −ε2) sin πnX1 (Z2 − Z1 )/πn,


(ε1 −ε2) sin πnX1 (sin πmZ2 −sin πmZ1 )/(π 2 mn),

The four formulas in Eq.(38) correspond to 1 m = n = 0; 2 m 6= 0, n = 0;
3 m = 0, n 6= 0 and 4 m 6= 0, n 6= 0, respectively. And
X1 = 2x1 /b, X2 = 1 − X1 , Z1 = 2z1 /d, Z2 = 2z2 /d.
For the M/D PCs, by inserting the metal dielectric function Eq.(9) into
Eq.(36), we can get the secular equation
(k + G)2 CG +

ωp2 X 00
ω2 X 0
0
0 =
ε
(G
−
G
)C
ε (G − G0 )CG0 ,
G
c2 0
c2 0
G

(39)

G

where ε0 (G) and ε00 (G) are εm,n in Eq.(38) by setting ε1 = ε∞ , ε2 = 2, and
ε1 = 1, ε2 = 0 respectively.

Band Structure of Metal/Dielectric Photonic Crystals

71

The photonic bands from the Γ to the X point as functions of kx for the
2D M/D sawtooth PC are shown in Fig.6(a), with parameters: ε∞ = 1, ε2 =
2, X1 = 0.5, Z1 = 0.4, Z2 = 0.5, d/b = 2, Ωp = (ωp d/2πc) = 1. The
corresponding 1D PC case of Z0 = a1 /d = 0.45 is shown in Fig.6(b), where
a1 is the thickness of the metallic layer. The band structure of this 2D PC can
be well represented by folding that of 1D PC at kx = π/b = 2π/d. There is a
large band gap between the lowest band and Ω = 0 (∆Ω = 0.395). The lowest
two bands of the 2D M/D case are relatively flat with Ω < Ωp , i.e. for these two
modes the dielectric constant of metal is negative.

Figure 6. Band structure of the TE modes of ε∞ = 1, ε2 = 2, d/b = 2, Ωp = 1
for: (a) 2D M/D sawtooth PC(X1 = 0.5, Z1 = 0.4, Z2 = 0.5), (b) the corresponding 1D PC(a1 /d = 0.45).
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TM Modes of M/D Sawtooth Photonic Crystal

For the 2D PC case, the expressions of ∇ × H and its curl are
∇ × H = −iωε0 ε(ρ)E,
X
CGei(k+G)·ρ(k + G)2 iy ,
∇ × (∇ × H) =

(40)
(41)

G

while E and its curl become
X
E=
DGei(k+G)·ρ(k + G) × iy ,

(42)

G

∇ × E = −i

X
G

= iωµ0



DGei[kx x+(k+G)z] kx2 + (k + G)2 iy

X
CGei(k+G)·ρ(k + G)2 iy .

(43)

G

From Eq.(40), (41) and (43), we get
DG = −
and
(k + G)2 CG =

ωµ0
CG.
(k + G)2

(44)

 ω 2 X
Bkg ε(G − G0 )CG0 ,
c
0

(45)

G

where,
Bkg =

(k + G) · (k + G0 )
.
(k + G0 )2

(46)

For the metal dielectric function of Eq.(9), the following secular equation
can be obtained
(k + G)2 CG +

ε0 (G)

“ ω ”2 X
p

c

G0

“ ω ”2 X
`
´
`
´
Bkg ε00 G − G0 CG 0 =
Bkg ε0 G − G0 CG 0 , (47)
c
0

ε00 (G)

G

where
and
are given in Eq.(38) in the same way as in Eq.(39).
The photonic bands from the Γ to the X point as functions of kx for the 2D
M/D sawtooth PC are shown in Fig.7, with parameters: ε∞ = 1, ε2 = 2, X1 =
0.5, Z1 = 0.4, Z2 = 0.5, d/b = 2, Ωp = (ωp d/2πc) = 1. Comparing Fig.7
with the TE modes in Fig.6(a), band structures of TE and TM modes are similar.
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There is a larger band gap between the lowest band and Ω = 0(∆Ω = 0.538).
The bands of the lowest two modes are relatively flat with Ω < Ωp , which means
for these two modes the dielectric constant of the metal is negative.

Figure 7. Band structures of the TM modes for the 2D M/D sawtooth PC of
ε∞ = 1, ε2 = 2, X1 = 0.5, Z1 = 0.4, Z2 = 0.5, d/b = 2, Ωp = 1.

3.3.

TE Modes of M/D Cylinder and Hole Photonic Crystals

Since Ebbesen et al [37] found the extraordinary optical transmission in the 2D
PCs of holes in metallic medium, the optical properties of the cylinder and hole
PCs have became attractive in the optics research area. In this section we calculate the band structuress of cylinder and hole PCs as well as the corresponding
DOS. The latter was calculated according to Ref. [19].
Fig.5(b) shows the cross section geometry for the unit cell of the cylinder,
where I and II are metal and dielectric mediums, respectively. For the hole PCs,
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the I and II exchange. The secular equations of the TE modes for these two 2D
PCs are the same as Eq.(36) except for the Fourier component of the dielectric
function, which reads
Z
Z
1 d/2 b/2
ε(G) =
dρε(ρ)e−iG·ρ
db −d/2 −b/2

ε1 X + ε2 (1 − X),
G = 0,
R
=
(48)
2π R
(ε1 − ε2 ) db 0 ρdρJ0 (Gρ), G 6= 0.

where X = (πR2 /db) is the filling factor.
Fig.8 shows the band structures and the corresponding DOS of the TE
modes for the 2D M/D cylinder and hole PCs with parameters: ε∞ = 1, R/d =
0.2, d/b = 0.9, Ωp = 1. The band structure and DOS of the cylinder case with
ε2 = 2 are given in Fig.8(a). There exist a band gap between the lowest band
and Ω = 0(∆Ω = 0.194), the corresponding DOS is zero on the right. In addition, there are partial band gaps in the Γ–Z, L–Γ, and Γ–X directions between
the lowest two bands, the DOS values at these Ω regions are close to zero. There
are 7 photonic bands with Ω < Ωp , thus for these modes the dielectric constant
of metal is negative. Fig.8(b) shows the band structure and DOS of the hole case
with ε1 = 2, which has different features from Fig.8(a). There is a wide band
gap between the lowest two bands with ∆Ω = 0.307, which is not transparent for light. The lowest two bands are extremely flat, which means the group
velocities of these two modes are small and different optical enhancement can
be expected. This property can be used to the development of efficient optical
devices [21]. The band gap between the lowest band and Ω = 0 is ∆Ω ≈ 0.75,
which is larger than the cylinder case.

3.4.

TM Modes of M/D Cylinder and Hole Photonic Crystals

For this case the secular equation is the same as Eq.(45) with the Fourier component of the dielectric function given in Eq.(48).
The band structures and DOS of the TM modes for the 2D M/D cylinder
and hole PCs are shown in Fig.9 with parameters: ε∞ = 1, R/d = 0.2, d/b =
0.9, Ωp = 1. Fig.9(a) presents the band structure of the cylinder case with
ε2 = 2. The band structures of TM and TE modes are similar, except for the
large band gap between the lowest band and Ω = 0(∆Ω = 0.215). Fig.9(b)
gives the band structure of the hole case with ε1 = 2. As in Fig.8(b), there is
only one frequency band with Ω < Ωp , and the band gap between the lowest
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Figure 8. Band structures and DOS of the TE modes. a) 2D M/D cylinder (ε∞ =
1, ε2 = 2) b) hole (ε∞ = 1, ε1 = 2) PCs with R/d = 0.2, d/b = 0.9, Ωp = 1.
band and Ω = 0 is ∆Ω = 0.81. While the band gap between the lowest two
bands does not exist.
By comparing the band structures in Fig.8 with that in Fig.9, we found that
for both the cylinder and the hole type M/D PCs, there exists a large band gap
between the lowest band and Ω = 0.

3.5.

Eigen Modes of M/D Square Pillar and Hole Photonic Crystals

In order to study the effect of the cylinder and hole shape on the optical property
of the M/D PCs, we calculate the band structures of square pillar and hole PCs
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Figure 9. Band structures and DOS of the TM modes. a) 2D M/D cylinder
(ε∞ = 1, ε2 = 2) b) hole (ε∞ = 1, ε1 = 2) PCs with R/d = 0.2, d/b =
0.9, Ωp = 1.
shown in Fig.5(c). The Fourier component of ε(ρ) can be written as
 2
2
ε1 adb + ε2 (1 − adb ),



Z bZ b
(ε1 −ε2 )a
1 2 2
sin mπa
−i(F x+Gz)
b ,
εm,n =
ε(ρ)e
dzdx = (ε1mπd
−ε
)a
nπa
2
b
b

db − −
sin d ,

2
2

(ε1nπb
−ε2 )a
mπa
sin nπa
d sin b ,
mnπ2

(49)

for 1 m = n = 0; 2 m 6= 0, n = 0; 3 m = 0, n 6= 0 and 4 m 6= 0, n 6= 0,
respectively.
The secular equations of TE and TM modes for these two PCs are the same
as Eq.(36) and (45) respectively. ε0 (G) and ε00 (G) in Eq.(47) are given in
Eq.(49). For the square pillar, ε0 (G) and ε00 (G) are εm,n in Eq.(49) for the
case of ε1 = ε∞ , ε2 = 2 and ε1 = 1, ε2 = 0 respectively. While for the
square hole, ε0 (G) and ε00 (G) can be obtained by setting ε2 = ε∞ , ε1 = 2 and
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ε2 = 1, ε1 = 0 respectively.
The band structures of TE modes for the square pillar and hole PCs are
√
shown in Fig.10(a), with parameters ε∞ = 1, a/d = 0.2 π, d/b = 0.9, Ωp =
1. The cross section areas of the square pillar(ε2 = 2) and hole(ε1 = 2) PCs are
set to be equal to cylinder and hole cases respectively. By comparing Fig.8 with
Fig.10(a), we found that the band structure of square and circular PCs are very
similar when the cross section areas are equal(πR2 = a2 ). The band structure of
TM modes for the square pillar and hole PCs are shown in Fig.10(b), parameters
are the same with the TE modes. Comparison between Fig.9 and Fig.10(b)
shows that the band structure of TM modes for square and circular PCs are very
similar when the cross section areas are equal. Therefore, the band structure is
insensitive to the cross section shape for the same area.

Figure 10. Band structures of the eigen modes for the 2D M/D square pillar,
√
(ε∞ = 1, ε2 = 2) and hole (ε∞ = 1, ε1 = 2) PCs with a/d = 0.2 π, d/b =
0.9, Ωp = 1. a) TE modes. b) TM modes.
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Conclusion
For the numerical analysis of the photonic band structures of the M/D PCs, an
improved plane wave expansion method was proposed in detail in this chapter and applied to several M/D PC configurations. The main advantage of this
method is that it can avoid solving nonlinear eigenvalue equation when calculating the band structure of M/D PCs, and it is applicable to both D/D and M/D
PCs. This improved method was first applied to the 1D D/D PCs, and the results of this method are consistent with the traditional one, which proved its
correctness.
The results indicate that all the M/D PC configurations we choose show a
relatively wide band gap between the lowest mode and Ω = 0, which can be
used to control the propagation of light. The photonic band structures of the
1D D/D and M/D PCs show that the M/D PCs can get a band gap more easily
than the D/D ones, so the PCs containing metallic medium is more attractive.
For the 2D cylinder and hole PCs, the band structures are similar. However, the
lowest two bands of hole PC are flat, which means the group velocities of these
two modes are small and different optical enhancement can be expected. This
property can be used to the development of efficient optical device [21]. The
hole PC exhibits a larger band gap than the cylinder one, which is more useful
in the control of light propagation. Comparison between the circular and square
pillar and hole PCs shows that the shape influence on the band structure is small
when the cross section areas of both PCs are equal.
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